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FUGLEDE-PUTNAM THEOREM FOR CLASS A OPERATORS

SALAH MECHERI (Medina)

Abstract. Let A € B(H) and B € B(K). We say that A and B satisfy the Fuglede—
Putnam theorem if AX = X B for some X € B(K, H) implies A*X = XB”. Patel et al.
(2006) showed that the Fuglede-Putnam theorem holds for class A(s,t) operators with
s+t < 1 and they mentioned that the case s = ¢ = 1 is still an open problem. In the present
article we give a partial positive answer to this problem. We show that if A € B(H) is a
class A operator with reducing kernel and B* € B(K) is a class ) operator, and AX = XB
for some X € B(K, H), then A*X = XB".

1. Introduction. Let H, K be infinite-dimensional separable complex
Hilbert spaces and B(H), B(K) the algebras of all bounded linear operators
on H and K, respectively. An operator T' € B(H) is said to be p-hyponormal,
for p € (0,1], if (T*T)? > (TT*)P [3]. A 1-hyponormal operator is hyponor-
mal and a %—hyponormal one is said to be semi-hyponormal. An invertible
operator T is said to be log-hyponormal if log|T| > log |T*| [2I]. An oper-
ator T is said to be paranormal if |[T?x|| > ||[Tx||?. It is known [I3] that
p-hyponormal and log-hyponormal operators are paranormal.

An operator T belongs to the class A(k) for k > 0 if

(T* ‘T|2kT)1/(k+1) > |T‘2

When k£ = 1 we say that 7" belongs to the class A. Furuta et al. [L0] showed
that every class A operator is paranormal.

As a further generalization of A(k), Fujii et al. [9] introduced the class
A(s,t): an operator T belongs to the class A(s,t) for s,¢t > 0 if

(|T*|t|T|23|T*|t)1/(t+s) > |T*‘2t.
The class AI(s,t) is the class of all invertible class A(s,t) operators for
s,t > 0. Fujii et al. [9] showed several properties of A(s,t) and AI(s,t) as
extensions of the properties of A(k) shown in [9]. They also showed that T'

is log-hyponormal if and only if 7" belongs to AI(s,t) for all s, > 0. It is
known [24] that the class A(k, 1) equals A(k).
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Let T' be an operator with polar decomposition T' = U|T|, where |T| =
(T*T)1/2. For s,t > 0, the generalized Aluthge transformation T, of T is

Ty = |T|PU|T| .

If s =t¢=1/2, then Ts,t is called the Aluthge transformation of T, denoted

by T [3]. The following equalities for s +¢ =1 are relations between T" and
its transform T ;:

T T = |TIPU|TV T = |T°T,
U|T|'Ts, = UIT|'|T)*U|T|" = TU|T]".

Aluthge and Wang [4] introduced w-hyponormal operators defined as
follows: An operator T is said to be w-hyponormal if |T| > |T| > |T*|.
Recall that the class A(1/2,1/2) coincides with the class of w-hyponormal
operators, and A(1,1) coincides with the class A. An operator T' € B(H) is
said to be a class Y, operator for a > 1 (or T' € }Y,,) if there exists a positive
number k, such that

|TT* — T*T|* < k2(T — XI)*(T — X\I) for all A € C.

It is known that Vo, C Vg if 1 <a < B. Let Y = U1<a Y. We remark that
a class Y operator T is M-hyponormal, i.e., there exists a positive number
M such that

(T — M) (T — XI)* < M*(T — XI)*(T — M) for all A € C,

and M-hyponormal operators are class Jo operators (see [23]). T is said to
dominant if for any A € C there exists a positive number M) such that

(T — XI)(T — MI)* < M}(T — \I)*(T — \I).

It is obvious that dominant operators are M-hyponormal. But it is known
that there exists a dominant operator which is not a class )y operator, and
also there exists a class Y operator which is not dominant [23].

In the following results we recall Fuglede-Putnam’s theorem.

THEOREM 1.1 (Fuglede). Let X, A be bounded linear operators on a

complex Hilbert space and assume that A is normal. If AX = XA, then
A*X = X A*.

Colloquially, the theorem claims that commutativity between operators
is transitive under the given assumptions. The claim does not hold in general
if N is not normal. A simple counterexample is provided by letting N be the
unilateral shift and X = N. Also, when X is self-adjoint, the claim is triv-
ial regardless of whether N is normal: XN* = (NX)* = (XN)* = N*X.
In the following theorem Putnam obtained Fuglede’s result as a special
case.
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THEOREM 1.2 (Putnam). Let A, B, X be bounded linear operators on a

complex Hilbert space and assume that A, B are normal operators. If AX =
XB, then A*X = X B*.

This theorem was originally proved in [§] under the assumption that
A = B. As stated, the theorem was proved in [19]. In [1] Berberian observed
that Putnam’s version can be derived from Fuglede’s original theorem by
the following matrix trick. Let

(02 -0

Then L is normal on H ® H and LX = XL. Hence L*X = XL*, and this
gives Putnam’s version.

In the past several years, many authors have extended this theorem
to several classes of nonnormal operators. In [I6] [15], it was shown that
Fuglede—Putnam’s theorem holds for A p-hyponormal and B* class A, and
for A log-hyponormal and B* class ). Recently, Bachir [5] extended the
Fuglede-Putnam theorem to w-hyponormal operators. In [18], Patel et al.
extended the Fuglede-Putnam theorem to the class A(s,t) with s +¢ < 1
and they mentioned that the case s =t =1 was an open problem.

Here we give a partial positive answer to this problem. We will extend the
Fuglede-Putnam theorem to class A operators. In [I7] the authors extended
the Fuglede-Putnam theorem to class A operators in the case where A and
B* are class A operators and X is a Hilbert—Schmidt operator. Here we
extend that result to all X € B(H).

2. Preliminaries. Recall that every operator A € B(H) has a direct
sum decomposition A = A1 @ Ay, where A; and Ay are the normal and the
pure parts, respectively. Of course in the sum decomposition, either A; or
Ao may be absent. We begin with the following well known lemmas which
will be used in what follows.

LEMMA 2.1 (Hansen’s inequality [12]). If A,B € B(H) satisfy A > 0
and || B|| < 1, then

(B*AB)? > B*A°B  for all § € (0,1].

LEMMA 2.2 ([20]). Let A,B € B(H). Then the following assertions are
equivalent:

(i) The pair (A, B) satisfies the Fuglede—Putnam theorem.
(ii) If AX = XB, then Tan X reduces A, (ker X)* reduces B, and
Alzan x, Blker x)1 are unitarily equivalent normal operators.

LEMMA 2.3 ([11]). Let A € B(H) be a class A operator. If M is an
invariant subspace for A, then the restriction A|as is also a class A operator.
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LeEmMMA 2.4 ([13, Remark 3.3]). Let A € B(H) be a class A operator.
Then the generalized Aluthge transform Ay, = |A|U|A| is §-hyponormal,

that is, flm 1s semi-hyponormal.

LEMMA 2.5 ([6, Theorem 2.1]). Let A =U|A| € B(H). If A is of class A,
then Ay 1 = WU|A?|Y/2 is hyponormal.

3. Main results. Recall that an operator T is of class A if |T|? < |T?|.
We begin by proving a basic property of class A operators.

LEMMA 3.1. Let A € B(H) be a class A operator. If M is an invariant
subspace of A, and A|yr is an injective normal operator, then M reduces A.

Proof. Decompose

A A
A—(l 2

= ) on H=M + M+
0 As

and suppose A; = Al is an injective normal operator. Let P be the or-
thogonal projection of H onto M. Since ker A; = ker A} = {0}, we have
M =tan Ay C tan A. Then

[A1]* 0 2 2 212 py1/2
)) = PIAPP < PLA|P < (P|A*PP)

0
§ (|A%| o>
o 0 O

by Lemma Since A; is normal, we can write

c* D

Then
Al* 0 A +cCccr 0
<‘ ! > — PA*A*AAP = P|A%| |A%|P = (’ i >
0 0 0 0
and C = 0. Hence
Al 0
<‘ 1‘ >—|A22—A*A*AA
0 D2
_ ( ATATAlAl ATAT (A1A2 + A2A3) )
(A5AT + ASASA1A (ASAT + A5AS)(A1As + AxAz) + ASA5 A3 A3
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Since Aj is an injective normal operator, A1 As + AsA3 =0 and D = |A§|
Since A is a class A operator, we have

osm%—mfz( 0 A ).
—AgAy | A3| — |As]? — Ay

Thus A2 =0. =

THEOREM 3.2. Let A be a class A operator with reducing kernel and

suppose the adjoint B* of B is a class Y operator. If there exists an operator
C such that AC = CB, then A*C = CB*.

Proof. Let A = A; ® Ay and By & By where A1, B; and As, By are the
normal and the pure parts respectively. Let

c=(3 w)
zZ W
Then
1. A1 X = XBy,
2. A1Y =Y By,
3. AQZ = ZBl, and
4. AsW = W Bs.

Since A; is normal and B3 is a class ) operator, the relation 4;Y = Y By
implies A7Y = Y Bj [16, Theorem 7]. Moreover TanY™* reduces By and
By|tanY* is normal. This contradicts the fact that By is pure. Therefore
Y = 0. Next in the equation A3Z = ZBj, As is of class A(1,1) and By
is normal, we have A%Z = ZBj] and tan Z reduces Ay and As|TanZ is
normal [I8], which is a contradiction.

Finally, we show that the equation AsW = W Bs implies W = 0. Let
A = U|A]| be the polar decomposition of A and define its generalized Aluthge
transform by A = |A|U|A|. Then A is semi-hyponormal by Lemma Now
arguing as in [16] and using Lemmas and we get

|A2|W (B2 By — By Bs) = 0.

Now the condition ker A C ker A* and A, is pure implies As must be injec-
tive. Hence

(%) W (ByBj — BiBy) = 0.

Since AoW = W By, Tan W and (ker W)= are invariant subspaces of Ay and
Bj respectively. Therefore

A T
A2:< M > on H=rtanW @ (tan W)™,
0 A
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B 0
By = < 1 ) on H = (ker W)t @ ker W
By B

and

Wi 0
W = < 01 0) on (ker W)t @ ker W s tan W & (ran W)™*.

From (%), it will follow that B}, is hyponormal. Since AsW = W By, we
find A;; W, = W1 By;. Again by [18, Theorem 4.8], Tan W; reduces A;; and
Aj1|Tan Wy is normal, a contradiction. Therefore Wi and hence W is zero.
Now the equation A1 X = X B; implies A]X = XBj, and hence the result
follows. =

Let C5 denote the Hilbert—Schmidt class. Let T € C5 and assume that
{en} is an orthonormal basis for H. We define the Hilbert—Schmidt norm to

be
° 1/2
170> = (3 ITen)?)
n=1

This is independent of the choice of basis [7]. If ||T||2 < oo, then T is said
to be a Hilbert—Schmidt operator.

Let A,B € B(H). The operator I" defined on Cy by I'X = AXB has
been studied in [2]. It is easy to see that ||I'|| < ||A]| || B|| and the adjoint of
I' is given by I X = A*X B*. Indeed,

(I'X,Y) = (X,T'Y)

= (X, AYB) = tr((AY B)*X) = tr(X B*Y* A4%)

= tr(A*XB*Y*) = (A*XB*Y).
If A,B >0, then I" >0 and

r''2x = AYV2x B2,
Indeed,
(AXB, X) = tr(AXBX*) = tr(AY2X BX* A'/?)
= tr(AY2X BY2(AY2X BY/?)*) > 0.

In order to generalize the class of w-hyponormal operators, Ito [I3] intro-
duced the class wA(s,t). An operator T' belongs to the class wA(s,t) for
s,t > 0if

(3_1) (’T*|t‘T’2S‘T*’t)1/(s+t) > ’T*|2t,
(3.2) IT?* > (|T|°|T**|T|*)*/ =40

Ito [I3] showed that wA(s,t) can be expressed via the generalized Aluthge
transformation as follows:
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An operator T belongs to the class wA(s,t) for s,¢ > 0 if and only if
(3.3) ’Ts,t|2t/(8+t) > ‘T’2t and |T‘25 > ’T*|25/(s+t).
An operator T is said to be of class wF(s,t,q) for s,t >0 and ¢ > 1 if
(|T*|t|T|25|T*|t)1/q > |T*|2(S+t)/q,
‘T|2(s+t)(171/q) > (|T|S|T*|2t|T’5)171/q‘

Because ¢ and (1 —¢~1)~! with ¢ > 1 are a couple of conjugate exponents,
it is clear that the class wA(s,t) equals wF(s,t, (s +t)/t).
In the following lemma we exhibit some properties of the operator I'.

LEMMA 3.3. Letp,r >0 and ¢ > 1. Let A and B* be of class wF (p,r.q).
If X is a Hilbert-Schmidt operator, then the operator I' : Cy — Co defined
by I'’X = AXB is also of class wF(p,r,q).

Proof. We have

(TP X = [A*[7|APP|A*)" X | BI"| B*[*?| B,

(T PITPT TP X = |A*P|A[PT|A*[PX| BIP|B*[*"| BIP
and

|F*|2 p+r /q |A*|2 p+r /qX|B|2 p+r)/

‘p|2(p+r (1-1/q) x — \A\Q p+r)(1-1/q) X\B*\Q (p+r)(1-1/q)
for any X € Cy. Then

(T[T [P\ (7)Y = (A" AP |A*[)Y9X (| BI"| B*[*P| B|")"/
and
(ITPLE | TPY =9 = (JAPLA PrLAR) X (1B BT B ) e,
Since A, B* are of class wF(p,r,q), we get
([P ey e — el x
= ((JA*["[A]PP|A* ") — |A* @0/ X (| BI"| B*[*P| B|") "/
AT (I B B — (B >

and
(P PEEC=Lay — (TP o Prirp) e x

‘A|2(p+r (1-1/q) _ (|A’p|A*‘2T’A‘p)1 UqX‘B*‘Q p+r)(1-1/q)

+ (JAP[AT P AP) Y ax (| Br Pyt U=Ya) — (157 B> | B P)' 1) >
Thus
(|7 (77| T ") e > | Pt/
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and
\DPP =19 > (0P| r*2 | rP) 9. u

LEMMA 3.4 ([25]). Let T be a class wF(p,r,q) operator for 0 < p+r <1
and q > 1. If Tx = Ax with X\ # 0, then T*x = Ax, i.e., the non-zero
etgenvalues of T are normal eigenvalues.

LEMMA 3.5 ([25]). If T is an invertible class wF(p,r,q) operator, where
p,r >0 and ¢ > 1, then T~ is wF(p,r,q'), where 1/q+1/¢ = 1.

THEOREM 3.6. Let T be a class wF(p,r,q) operator, where 0 < p +
r <1 and q > 1, and S* an invertible class wF(p,r,q") operator, where
1/p+1/¢d =1. If TX = XS for some Hilbert-Schmidt operator X, then
T™X =XS*.

Proof. Let I be the Hilbert-Schmidt operator defined by I'’X = T X S~!
for all X € Cy. Since (S*)~! = (S71)* is of class wF(q,7,q'), where 1/q +
1/¢' =1, Lemma implies that I" is of class wF(q,r,q"). The rest follows
as in [14]. =

Acknowledgements. I would like to express my cordial gratitude to
the referee for his valuable advice and suggestions. This work was supported
by Taibah University research center 1435.

REFERENCES

[1] S. K. Berberian, Note on a theorem of Fuglede and Putnam, Proc. Amer. Math.
Soc. 10 (1959), 175-182.

[2] S.K. Berberian, Extensions of a theorem of Fuglede and Putnam, Proc. Amer. Math.
Soc. 71 (1978), 113-114.

[3] A. Aluthge, On p-hyponormal operators for 0 < p < 1, Integral Equations Operator
Theory 13 (1990), 307-315.

[4]  A. Aluthge and D. Wang, w-hyponormal operators, Integral Equations Operator
Theory 36 (2000), 1-10.

[5] A. Bachir, Fuglede—Putnam theorem for w-hyponormal or class Y operators, Ann.
Funct. Anal. 4 (2013), 53-60.

[6] M. Cho and T. Yamazaki, An operator transform from class A to the class of
hyponormal operators and its application, Integral Equations Operator Theory 53
(2005), 497-508.

[7] J.B. Conway, A Course in Functional Analysis, 2nd ed, Springer, New York, 1990.

[8] B. Fuglede, A commutativity theorem for normal operators, Proc. Nat. Acad. Sci.
U.S.A. 36 (1950), 35-40.

[9] M. Fujii, D. Jung, S. H. Lee, M. Y. Lee and R. Nakamoto, Some classes of operators
related to paranormal and log-hyponormal operators, Math. Japon. 51 (2000), 395—
402.

[10] T. Furuta, M. Ito and T. Yamazaki, A subclass of paranormal operators including
class of log-hyponormal and several related classes, Sci. Math. 1 (1998), 389-403.


http://dx.doi.org/10.1090/S0002-9939-1959-0107826-9
http://dx.doi.org/10.1090/S0002-9939-1978-0487554-2
http://dx.doi.org/10.1007/BF01199886
http://dx.doi.org/10.1007/BF01236285
http://dx.doi.org/10.15352/afa/1399899836
http://dx.doi.org/10.1007/s00020-004-1332-6
http://dx.doi.org/10.1073/pnas.36.1.35

FUGLEDE-PUTNAM THEOREM FOR CLASS A OPERATORS 191

(11]

[12]
(13]

(14]
(15]
[16]
(17]

18]

(19]
20]
21]
22]
23]
24]

[25]

F. G. Gao and X. C. Fang, On k-quasiclass A operators, J. Inequal. Appl. 2009, art.
ID 921634, 10 pp.

F. Hansen, An inequality, Math. Ann. 246 (1980), 249-250.

M. Tto, Some classes of operators associated with generalized Aluthge transformation,
SUT J. Math. 35 (1999), 149-165.

S. Mecheri, An extension of the Fuglede—Putnam theorem to (p, k)-quasihyponormal
operator, Sci. Math. Japon. 62 (2005), 259-264.

S. Mecheri and N. Bakir, Fuglede—Putnam theorem for log-hyponormal or class Y
operators, Studia Univ. Babes-Bolyai Math. 54 (2009), 75-82.

S. Mecheri, K. Tanahashi and A. Uchiyama, Fuglede—Putnam theorem for p-hypo-
normal or class Y operators, Bull. Korean Math. Soc. 43 (2006), 747-753.

S. Mecheri and A. Uchiyama, An extension of the Fuglede—Putnam’s theorem to
class A operators, Math. Inequal. Appl. 13 (2010), 57-61.

S. M. Patel, K. Tanahashi, A. Uchiyama and M. Yanagida, Quasinormality and
Fuglede—Putnam theorem for class A(s,t) operators, Nihonkai Math. J. 17 (2006),
49-67.

C. R. Putnam, On normal operators in Hilbert space, Amer. J. Math. 73 (1951),
357-362.

K. Takahashi, On the converse of the Fuglede—Putnam theorem, Acta Sci. Math.
(Szeged) 43 (1981), 123-125.

K. Tanahashi, Putnam’s inequality for log-hyponormal operators, Integral Equations
Operator Theory 43 (2004), 103-114.

A. Uchiyama, K. Tanahashi and J. I. Lee, Spectrum of class A(s,t) operators, Acta
Sci. Math. (Szeged) 70 (2004), 279-287.

A. Uchiyama and T. Yoshino, On the class Y operators, Nihonkai Math. J. 8 (1997),
179-194.

T. Yamazaki, On powers of class A(k) operators including p-hyponormal and log-
hyponormal operators, Math. Inequal Appl. 3 (2000), 97-104.

C. Yang and J. Yuan, Spectrum of class wF (p;r;q) operators for p+r < 1 and
g > 1, Acta Sci. Math. (Szeged) 71 (2005), 767-779.

Salah Mecheri

Department of Mathematics
College of Sciences

Taibah University

Medina, Saudi Arabia

E-mail: mecherisalah@hotmail.com

Received 10 December 20183;
revised 9 September 2014 (6101)


http://dx.doi.org/10.1007/BF01371046
http://dx.doi.org/10.4134/BKMS.2006.43.4.747
http://dx.doi.org/10.2307/2372180




	1 Introduction
	2 Preliminaries
	3 Main results
	REFERENCES

