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SYMMETRY CLASSES OF TENSORS ASSOCIATED WITH THE
SEMI-DIHEDRAL GROUPS SD8n

BY

MAHDI HORMOZI (Gothenburg) and KIJTI RODTES (Phitsanulok)

Abstract. We discuss the existence of an orthogonal basis consisting of decomposable
vectors for all symmetry classes of tensors associated with semi-dihedral groups SD8n. In
particular, a necessary and sufficient condition for the existence of such a basis associated
with SD8n and degree two characters is given.

1. Introduction. Let V be an n-dimensional complex inner product
space and G be a permutation group on m elements. Let χ be any irreducible
character of G. For any σ ∈ G, define the operator

Pσ :
m⊗
1

V →
m⊗
1

V

by

(1.1) Pσ(v1 ⊗ · · · ⊗ vm) = (vσ−1(1) ⊗ · · · ⊗ vσ−1(m)).

The symmetry class of tensors associated with G and χ is the image of
the symmetry operator

(1.2) T (G,χ) =
χ(1)

|G|
∑
σ∈G

χ(σ)Pσ,

and it is denoted by V m
χ (G). We say that the tensor T (G,χ)(v1 ⊗ · · · ⊗ vm)

is a decomposable symmetrized tensor, and we denote it by v1 ∗ · · · ∗ vm.
The inner product on V induces an inner product on Vχ(G) which sat-

isfies

〈v1 ∗ · · · ∗ vm, u1 ∗ · · · ∗ um〉 =
χ(1)

|G|
∑
σ∈G

χ(σ)

m∏
i=1

〈vi, uσ(i)〉.

Let Γmn be the set of all sequences α = (α1, . . . , αm), with 1 ≤ αi ≤ n.
Define the action of G on Γmn by

σ.α = (ασ−1(1), . . . , ασ−1(m)).
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Let O(α) = {σ.α | σ ∈ G} be the orbit of α. We write α ∼ β if α and β
belong to the same orbit in Γmn . Let ∆ be a system of distinct representatives
of the orbits. We denote by Gα the stabilizer subgroup of α, i.e., Gα =
{σ ∈ G | σ.α = α}. Define

Ω =
{
α ∈ Γmn

∣∣∣ ∑
σ∈Gα

χ(σ) 6= 0
}
,

and put ∆ = ∆ ∩Ω.

Let {e1, . . . , en} be an orthonormal basis of V , and denote by e∗α the
tensor eα1 ∗ · · · ∗ eαm . We have

〈e∗α, e∗β〉 =


0 if α � β,
χ(1)

|G|
∑
σ∈Gβ

χ(σh−1) if α = h.β.

In particular, for σ1, σ2 ∈ G and γ ∈ ∆ we obtain

(1.3) 〈e∗σ1.γ , e
∗
σ2.γ〉 =

χ(1)

|G|
∑

x∈σ2Gγσ−1
1

χ(x).

Moreover, e∗α 6= 0 if and only if α ∈ Ω.

For α ∈ ∆, V ∗α = 〈e∗σ.α : σ ∈ G〉 is called the orbital subspace of Vχ(G).
It follows that

Vχ(G) =
⊕
α∈∆

V ∗α

is an orthogonal direct sum. In [9] it is proved that

(1.4) dimV ∗α =
χ(1)

|Gα|
∑
σ∈Gα

χ(σ).

Thus we deduce that if χ is a linear character, then dimV ∗α = 1 and in this
case the set

{e∗α | α ∈ ∆}

is an orthogonal basis of Vχ(G).

A basis which consists of decomposable symmetrized tensors e∗α is called
an orthogonal ∗-basis. If χ is not linear, it is possible that Vχ(G) has no
orthogonal ∗-basis. The reader can find further information about the sym-
metry classes of tensors in [1–8], [10–11], [13–15] and [17].

In this paper we discuss the existence of an orthogonal basis consisting
of decomposable vectors for all symmetry classes of tensors associated with
semi-dihedral groups SD8n.
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2. Semi-dihedral groups SD8n. The presentation for SD8n for n ≥ 2
is given by

SD8n = 〈a, b | a4n = b2 = 1, bab = a2n−1〉,
where the embedding of SD8n into the symmetric group S4n is given by
T (a)(t) := t+ 1 and T (b)(t) := (2n− 1)t, where m is the remainder of m
divided by 4n.

Definition 2.1. Define

C1 := {0, 2, 4, . . . , 2n},
C2 := {1, 3, 5, . . . , n} ∪ {2n+ 1, 2n+ 3, 2n+ 5, . . . , 3n},

C†even := {2, 4, . . . , 2n− 2},

C†odd = {1, 3, 5, . . . , 2[n/2]− 1, 2n+ 1, 2n+ 3, . . . , 2[3n/2]− 1}.
We define two-dimensional representations, for each natural number h

and ω = e
iπ
2n :

(2.1) ρh(ar) =

(
ωhr 0

0 ω(2n−1)hr

)
and ρh(bar) =

(
0 ω(2n−1)hr

ωhr 0

)
,

for each r ∈ {1, 2, . . . , 4n}.
Denote χh = Tr(ρh). The non-linear irreducible complex characters of

SD8n are the characters χh where h ∈ C†even or h ∈ C†odd. Since the numbers
of conjugacy classes of SD8n are different for n even (2n+ 3 classes) and n
odd (2n+6 classes), we consider the corresponding two non-linear character
tables separately.

Table I. The non-linear character table for SD8n, n even

Conjugacy classes → [ar], r ∈ C1 [ar], r ∈ C†odd [b] [ba]

Characters ↓
χh, h ∈ C†even 2 cos

(
hrπ
2n

)
2 cos

(
hrπ
2n

)
0 0

χh, h ∈ C†odd 2 cos
(
hrπ
2n

)
2i sin

(
hrπ
2n

)
0 0

Table II. The non-linear character table for SD8n, n odd

Conjugacy classes → [ar], r ∈ C1 [ar], r ∈ C2 [b] [ba] [ba2] [ba3]

Characters ↓
χh, h ∈ C†even 2 cos

(
hrπ
2n

)
2 cos

(
hrπ
2n

)
0 0 0 0

χh, h ∈ C†odd 2 cos
(
hrπ
2n

)
2i sin

(
hrπ
2n

)
0 0 0 0

3. Existence of an orthogonal basis for the symmetry classes
of tensors associated with SD8n. In this section we study the existence
of an orthogonal basis for the symmetry classes of tensors associated with
SD8n. As explained in the introduction, if χ is a linear character of G then
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the symmetry class of tensors associated with G and χ has an orthogo-
nal basis. Therefore we will concentrate on non-linear irreducible complex
characters of SD8n, i.e. the characters χh where h ∈ C†even or h ∈ C†odd.

Remark 3.1. Let ν2 be the 2-adic valuation, that is, ν2
(
2km
n

)
= k for

m and n odd. Then the condition ν2
(
h
2n

)
< 0 means that every power of 2

that divides h also divides n.

Lemma 3.2. Let G := SD8n and H be a subgroup of G. Then there is a
natural number r, 0 ≤ r < 4n, such that either H = 〈ar〉, or 〈ar〉 � H and
H ∩ 〈a〉 = 〈ar〉. In the latter case we have |H| ≥ 2|〈ar〉|.

Proof. This is straightforward.

Lemma 3.3. Suppose χ = χh. If r is defined by Gα ∩ 〈a〉 = 〈ar〉 and
l = 4n/gcd(4n, r), then∑

g∈Gα

χ(g) =

{
2l if rh ≡ 0 (mod 4n),

0 if rh 6≡ 0 (mod 4n),

and for α ∈ ∆, we have rh ≡ 0 (mod 4n).

Proof. Since Gα is a subgroup of G, using Lemma 3.2 there is a natural
number r, 0 ≤ r < 4n, such that either Gα = 〈ar〉 or 〈ar〉 < Gα. Using
Table I, we find that χ vanishes outside 〈a〉, therefore∑

g∈Gα

χ(g) =

l∑
t=1

χ(atr) = 2

l∑
t=1

cos

(
trhπ

2n

)
=

{
2l, rh ≡ 0 (mod 4n),

0, rh 6≡ 0 (mod 4n).

Also if rh 6≡ 0 (mod 4n), then
∑

g∈Gα χ(g) = 0, which shows α /∈ ∆.

Lemma 3.4. Let 1 ≤ h < 2n and let ν2 be the 2-adic valuation. Then
there exist t1, t2, 0 ≤ t1, t2 < 4n, such that cos

( (t1−t2)hπ
2n

)
= 0 if and only if

ν2
(
h
2n

)
< 0.

Theorem 3.5. Let G = SD8n be a subgroup of S4n, denote χ = χh
for h ∈ C†even, and assume d = dimV ≥ 2. Then Vχ(G) has an orthogonal
∗-basis if and only ν2

(
h
2n

)
< 0 .

Proof. It is enough to prove that for any α ∈ ∆ the orbital subspace V ∗α
has an orthogonal ∗-basis if ν2(

h
2n) < 0. Let ν2(

h
2n) < 0 and assume α ∈ ∆.

By Lemma 3.2, either Gα = 〈ar〉 or 〈ar〉 < Gα. Let l = 4n/gcd(4n, r). Now
we consider two cases.

Case 1. If 〈ar〉 < Gα, then by Lemma 3.2 we obtain |Gα| ≥ 2l where

〈ar〉 = 〈a〉 ∩Gα = {ar, a2r, . . . , alr = 1}.
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By (1.4), |Gα| ≥ 2l and Lemma 3.3, we have

dimV ∗α =
χ(1)

|Gα|
∑
σ∈Gα

χ(σ) ≤ 2

2l
(2l) = 2.

If dimV ∗α = 1, then it is obvious that we have an orthogonal ∗-basis. Let us
consider dimV ∗α = 2. Set σ1 = aj , σ2 = ai. Then

σ2Gασ
−1
1 ∩ 〈a〉 = {ar+i−j , . . . , alr+i−j}.

Hence if σ1 = aj , σ2 = ai, by (1.3), we have

〈e∗σ1.α, e
∗
σ2.α〉 =

χ(1)

|G|
∑

x∈σ2Gασ−1
1

χ(x) =
2

8n

l∑
t=1

χ(atr+i−j)(3.1)

=
4

8n

l∑
t=1

cos
(tr + i− j)hπ

2n

=
1

2n

l∑
t=1

cos

(
trhπ

2n
+

(i− j)hπ
2n

)

=
1

2n

l∑
t=1

cos

(
(i− j)hπ

2n

)
=

l

2n
cos

(
(i− j)hπ

2n

)
where the penultimate equality is due to an application of Lemma 3.3. By
Lemma 3.4, there exist i and j such that

〈e∗aj .α, e
∗
ai.α〉 = 0,

which means that {e∗σ1.α, e
∗
σ2.α} is an orthogonal ∗-basis for V ∗α .

Case 2. If Gα = 〈ar〉 = {ar, a2r, . . . , alr = 1}, then by (1.4) and Lemma
3.3,

dimV ∗α =
χ(1)

|Gα|
∑
σ∈Gα

χ(σ) =
2

l
(2l) = 4.

For any σ1, σ2 ∈ G, we have

σ2Gασ1
−1 =

{ar+i−j , a2r+i−j , . . . , alr+i−j} if σ1 = aj , σ2 = ai,

{ar+i+j(1−2n)b, a2r+i+j(1−2n)b, . . . , alr+i+j(1−2n)b} if σ1 = ajb, σ2 = ai,

{a(1−2n)r+i−j , a2r(1−2n)+i−j , . . . , alr(1−2n)+i−j} if σ1 = ajb, σ2 = aib.

If σ1 = aj , σ2 = ai, by (3.1) we have

〈e∗σ1.α, e
∗
σ2.α〉 =

l

2n
cos

(
(i− j)hπ

2n

)
.
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If σ1 = ajb, σ2 = ai, we have

〈e∗σ1.α, e
∗
σ2.α〉 = 0,

and for σ1 = ajb, σ2 = aib, we have

〈e∗σ1.α, e
∗
σ2.α〉 =

χ(1)

|G|
∑

x∈σ2Gγσ−1
1

χ(x) =
2

8n

l∑
t=1

χ(atr(1−2n)+i−j)

=
4

8n

l∑
t=1

cos

(
(tr(1− 2n) + i− j)hπ

2n

)

=
1

2n

l∑
t=1

cos

(
trhπ

2n
+

(i− j)hπ
2n

− trhπ
)

=
1

2n

l∑
t=1

cos

(
(i− j)hπ

2n

)
=

l

2n
cos

(
(i− j)hπ

2n

)
where the penultimate equality uses Lemma 3.3. Therefore

〈e∗σ1.α, e
∗
σ2.α〉 =


l

2n
cos

(
(i− j)hπ

2n

)
, σ1 = aj , σ2 = ai,

0 σ1 = ajb, σ2 = ai,
l

2n
cos

(
(i− j)hπ

2n

)
, σ1 = ajb, σ2 = aib.

In view of Lemma 3.4, if ν2
(
h
2n

)
< 0, there exist t1, t2, 0 ≤ t1, t2 < 4n such

that cos
( (t1−t2)hπ

2n

)
= 0. Put

S = {at1 .α, at2 .α, at1b.α, at2b.α} ⊆ Γmn .
Then for every α, β ∈ S and α 6= β we have

〈e∗α, e∗β〉 = 0.

But dimV ∗α = 4; hence {e∗ξ | ξ ∈ S} is an orthogonal ∗-basis for V ∗α .

Conversely, assume that Vχ(G) has an orthogonal basis of decomposable
symmetrized tensors. Then since Vχ(G) =

⊕
α∈∆ V

∗
α for all α ∈ ∆, the

orbital subspace V ∗α has an orthogonal basis of decomposable symmetrized
tensors. Using [17, p. 642], we can choose α ∈ Γmn such that at /∈ Gα for 1 ≤
t < 4n. Thus for such α we have either Gα = {1} or Gα = {1, atb, a−(2n−1)tb}
for some 1 ≤ t < 4n, since if Gα 6= {1} and at1b, at2b ∈ Gα, then

at1b.at2b = at1b.ba(2n−1)t2 = at1+(2n−1)t2 ∈ Gα,
which shows that t1 = −(2n− 1)t2.

To prove that ν2
(
h
2n

)
< 0 is a necessary condition for existence of an

orthogonal ∗-basis for Vχ(G), it is enough to consider the cases Gα = {1}
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and Gα = {1, atb, a−(2n−1)tb}. For both, we have

‖e∗α‖2 =
χ(1)

|G|
∑
g∈Gα

χ(g) 6= 0,

so α ∈ ∆. First consider Gα = {1}. For any σ1, σ2 ∈ G, we have

σ2Gασ
−1
1 =


{ai−j} if σ1 = aj , σ2 = ai,

{ai+j(1−2n)b} if σ1 = ajb, σ2 = ai,

{a(1−2n)i−j} if σ1 = ajb, σ2 = aib.

Therefore by (1.3) we have

〈e∗σ1.α, e
∗
σ2.α〉 =


1

2n
cos

(
(i− j)hπ

2n

)
if σ1 = aj , σ2 = ai,

0 if σ1 = ajb, σ2 = ai,
1

2n
cos

(
(i− j)hπ

2n

)
if σ1 = ajb, σ2 = aib.

Hence 〈e∗σ1.α, e
∗
σ2.α〉 = 0 implies that there exist t1 and t2 such that

cos

(
(t1 − t2)hπ

2n

)
= 0,

therefore by Lemma 3.4 we get ν2
(
h
2n

)
< 0.

Now consider Gα = {1, atb, a−(2n−1)tb}. For any σ1, σ2 ∈ G, we have

σ2Gασ
−1
1

=


{ai−j , ba(2n−1)(j+t)−i, ba(2n−1)(j−(2n−1)t)−i} if σ1 = aj , σ2 = ai,

{ai+j(1−2n)b, aj+(2n−1)t+i, aj−t+i} if σ1 = ajb, σ2 = ai,

{a(1−2n)i−j , aj+(2n−1)t+ib, aj−t+ib} if σ1 = ajb, σ2 = aib.

Now similar to our previous calculations in this section, we get ν2
(
h
2n

)
< 0.

Remark 3.6. In the proof of the necessity part of Theorem 3.5, one can
choose α = (1, 2, . . . , 2). The proof given here shows the stronger statement
that the orbital subspace V ∗α has an orthogonal ∗-basis whenever Gα ∪ 〈a〉
= {1}.

Corollary 3.7. Let G = SD8n, n odd, be a subgroup of S4n, denote
χ = χh for h ∈ C†even, and assume d = dimV ≥ 2. Then Vχ(G) does not
have an orthogonal ∗-basis.

Proof. Since n is odd we have ν2(
h
2n) ≥ 0. Thus Theorem 3.5 implies

Vχ(G) does not have an orthogonal ∗-basis.

Theorem 3.8. Let G = SD8n be a subgroup of S4n, denote χ = χh
for h ∈ C†odd, and assume d = dimV ≥ 2. Then Vχ(G) does not have an
orthogonal ∗-basis.
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Proof. The proof is similar to the proof of Theorem 3.5. Using Table I
and Table II we conclude that 〈e∗σ1.α, e

∗
σ2.α〉 6= 0 since the imaginary and

real parts should both be zero; but i sinx and cosx cannot vanish simulta-
neously.
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