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COMPLEXITY AND PERIODICITY

BY

PETTER ANDREAS BERGH (Trondheim)

Abstract. Let M be a finitely generated module over an Artin algebra. By consid-
ering the lengths of the modules in the minimal projective resolution of M, we obtain
the Betti sequence of M. This sequence must be bounded if M is eventually periodic,
but the converse fails to hold in general. We give conditions under which it holds, using
techniques from Hochschild cohomology. We also provide a result which under certain
conditions guarantees the existence of periodic modules. Finally, we study the case when
an element in the Hochschild cohomology ring “generates” the periodicity of a module.

1. Introduction. This paper is devoted to investigating connections
between periodicity and complexity for modules over Artin algebras, as was
done in [9] for modules over both group rings of finite groups and commuta-
tive Noetherian local rings. More specifically, let M be a finitely generated
module over an Artin algebra. By considering the lengths of the modules in
the minimal projective resolution of M, we obtain the Betti sequence of M.
If M is eventually periodic, i.e. if its minimal projective resolution becomes
periodic from some step on, then the Betti sequence of M must be bounded.
The converse, however, fails to hold in general, that is, it need not be true
that M is eventually periodic even though its Betti sequence is bounded.
We give conditions under which it holds, using techniques from Hochschild
cohomology. In addition we provide a result which under certain conditions
guarantees the existence of periodic modules.

One reason for restricting our attention to Artin algebras is that we
need to make sure that every finitely generated module has a unique min-
imal projective resolution. Therefore, throughout this paper, we let k& be a
commutative Artin ring and A an Artin k-algebra with Jacobson radical .
We fix a finitely generated A-module M with a minimal projective resolution

(P,d): - %P2 p B p %o,
i.e. Kerd; C ¢ P;. The integers (3, (M) = ¢(P,) are called the Betti numbers
of M, and they are all finite since a module is finitely generated over k
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whenever it is finitely generated over A. Moreover, these integers are well
defined since any minimal projective resolution is unique up to isomorphism.
Thus, we may associate the infinite sequence

/BO(M)vﬂl(M)752(M), S

to M, and this sequence is called the Beiti sequence of M. Over a commu-
tative Noetherian local ring it is customary to define the Betti numbers of a
finitely generated module as the ranks of the modules in its minimal free res-
olution. However, this would not make sense in our setting since projective
modules need not be free.

We say that M is periodic if there is an integer p > 1 such that M is iso-
morphic to 27 (M) (the pth syzygy in the minimal projective resolution P),
and the least such integer p is the period of M. Furthermore, M is even-
tually periodic if one of its syzygies (in the minimal projective resolution)
is periodic. Clearly, if M has this last property, then its Betti sequence is
bounded. The converse is not true in general. A counterexample was given
by R. Schulz in [14, Proposition 4.1], where he considered finite-dimensional
algebras of the form k(z,y)/(x% zy + qyz,y?), for k a field and ¢ € k a
nonzero element.

In [9] D. Eisenbud proved that the converse does hold over group rings
of finite groups, and that it also holds in the commutative Noetherian local
setting when the rings considered are complete intersections. In fact, it was
shown that over a hypersurface (that is, a complete intersection of codimen-
sion one) any minimal free resolution eventually becomes periodic. In the
same paper it was therefore conjectured that over a commutative Noetherian
local ring a module having bounded Betti numbers must be periodic.

However, just as in the case of Artin algebras, the conjecture fails to
hold in general. An example of this was given in [11]. Here V. Gasharov and
I. Peeva considered the commutative local finite-dimensional k-algebra

(R,m, k) = k[x1,x2, 23, x4, T5) /0,
where a is the ideal generated by the quadratic forms
2, 3, x%, T3T4, T3T5, T4Ts, T1T4 + Toly,
:17?1 — Toxs + T1T5, QIT1T3 + T2T3, azg — X295 + X1 5

for a nonzero element o« € k having infinite order in the multiplicative group
k\ {0}. They constructed the free resolution

d d d d
SRS RS RS M -0,

where the maps are given by the matrices

( 1 o"r3+ x4 )
d, =
0 T
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for n > 0, and M = Imdy. The module M has a constant Betti sequence,
but is not eventually periodic.

We now briefly describe the contents of the three main sections of this
paper. Section 2 is devoted to constructing a certain chain endomorphism
on the minimal projective resolution of a module, given a finite generation
hypothesis similar to the one used in [10]. This chain map eventually be-
comes surjective, and we use this to prove the main result: whenever the
finite generation hypothesis holds, a module has bounded Betti numbers
precisely when it is eventually periodic. In some cases (Theorem 2.5) we are
also able to determine what the period is.

In Section 3 we develop a method for “reducing” the complexity of a
module. More precisely, given a module M satisfying certain conditions
(and having finite nonzero complexity), we construct a new module closely
related to M and having complexity exactly 1 less than that of M. Iterating
this procedure, we end up with a module having complexity 1 (i.e. having
bounded Betti numbers), and this module must be periodic in view of the
main result in the first section.

Finally, in Section 4 we study the case when the period of an eventually
periodic module is “generated” by an element in the Hochschild cohomology
ring. As with many other concepts, the inspiration comes from the group ring
case, where one uses the group cohomology ring instead of the Hochschild
cohomology ring.

2. Preliminary results. The existence of eventually periodic mod-
ules of infinite projective dimension—and therefore of nonzero periodic mo-
dules—is far from obvious in general. In the next section we prove a result
which under certain circumstances guarantees the existence of such modules.
The proof is based on the main result of this section, which for a module
gives a sufficient condition under which having a bounded Betti sequence is
equivalent to being periodic.

The following proposition is the key to the main results. It guarantees
regular elements for graded modules, provided we go “far enough” in the
grading.

PROPOSITION 2.1. Let A = @;2,A; be a commutative Noetherian
graded k-algebra of finite type over k (that is, each A; is a finitely generated
k-module), generated as an Ag-algebra by homogeneous elements ay, ..., a,
of positive degrees. If N = @;°, N; is a finitely generated graded A-module,
then there exists a homogeneous element n € A of positive degree such that
the multiplication map
Ni % Ny
s a k-monomorphism for i > 0. Moreover, we can pick this n such that for
some j, the degree of a; divides |n).
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Proof. Consider the graded ideal AT = @;°; A; of A and the graded

submodule

(0:xy ATy ={z € N| ATz =0}
of N. Since N is Noetherian, this submodule is finitely generated. Moreover,
since it is annihilated by AT it is a finitely generated Ag-module (Ap =
A/AT). Now Ay, being finitely generated over k, is Artinian, hence (0 :x A™)
has the descending chain condition on submodules. Therefore there exists
an integer w such that (0 :x AT); =0 for i > w.

Consider the graded A-submodule N>, = @fiw N; of N. Since it is
finitely generated, its set of associated prime ideals is finite and consists of
graded ideals each of which is the annihilator of a homogeneous element
(see, for example, [6, Lemma 1.5.6]); the union of these ideals is the set
of zero-divisors on Nx,. If A" is contained in any of these primes, then
AT annihilates a nonzero homogeneous element of N>, a contradiction.
Therefore, by the graded version of the “prime avoidance” lemma (see, for
example [6, Lemma 1.5.10]), there exists a homogeneous N>,-regular ele-
ment 1 in AT, obviously of positive degree. Since aq,...,a, generate A", a
slight modification of the proof of [6, Lemma 1.5.10] shows that 7 can be
chosen so that the degree of a; divides that of n for some j. m

From now on, we assume that A is projective (or, equivalently, flat) as a
k-module. We denote by A€ its enveloping algebra A ®j AP, and by HH*(A)
its Hochschild cohomology ring. Since A is projective as a k-module, we have

o0
HH*(A) = @D Ext/y. (4, A)
i=0
with Yoneda product as multiplication. For two A-modules X and Y we
denote the graded k-module ;7 Ext’(X,Y) by Ext’(X,Y), and this is a
left and right HH*(A)-module via the ring homomorphisms

—®2Y: HH*(A) - Ext3(Y,Y), —®1X: HH*(A) — Ext} (X, X)

followed by Yoneda composition. The left and right scalar multiplications on
this module are closely related as follows (see [15, Corollary 1.3]): for homo-
geneous elements 7 € HH*(A) and 6 € Ext*(X,Y) we have nf = (—1)I"1%lgn,
where |n| and |6| denote the degrees of these elements. In particular, we see
that Ext’ (X,Y) is finitely generated as a left HH*(A)-module if and only if
it is finitely generated as a right HH*(A)-module.

In view of the counterexamples provided by Schulz, Gasharov and Peeva,
we need to impose some restrictions in order to be able to prove that M is
eventually periodic whenever its Betti numbers are bounded. The assump-
tion we introduce is a “local variant” of those used in [10] to develop the
theory of support varieties for Artin algebras, and it enables us to use well
known techniques from commutative algebra to obtain our results.
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AssuMPTION Fg. Given the finitely generated A-module M, there ex-
ists a commutative Noetherian graded subalgebra H = @2, H ¢ of the
Hochschild cohomology ring HH*(A) with the property that H° = HH%(A)
(the center of A) and that the module Ext} (M, A/¢) is finitely generated
over H.

Now we apply Proposition 2.1 to H and to the graded H-module
Ext’ (M, A/t). This we can do because H, being Noetherian, is generated as
an algebra over H? by a finite set of homogeneous elements of positive de-
grees. From the homogeneous element granted by Proposition 2.1 we obtain
a negative degree chain endomorphism {&y,&1,...}: P — P (where P is the
minimal projective resolution of M) which eventually becomes surjective,
that is, the map &; is an epimorphism for ¢ > 0.

PROPOSITION 2.2. Assume Fg holds. Then there exists an integer n > 1
with a map &: 2% (M) — M and a chain map {&o,&1,...}: P — P over & of
degree —n, such that & is surjective for i > 0.

Proof. From Proposition 2.1 we see that there exists an integer w and
a homogeneous element 7 € H"| with || > 1, such that the multiplication
map

Ext’, (M, A/r) 2 Ext' " (01, A/v)

is injective for ¢ > w. Moreover, since (IP,d) is a minimal projective resolu-
tion we have Imd; C v P,_1, implying that the differential in the complex
Hom (P, A /t) is zero. Therefore Ext’ (M, A /t) = Hom(P;, A /t). Now con-
sider the element 7 and the maps it induces. The action on Ext’(M, A /t)
is via the map —®4 M : HH*(A) — Ext% (M, M), followed by Yoneda com-
position. Let £ denote the image of n in Ext’ (M, M). It can be interpreted
as a A-linear map

2oy &

and so by the Comparison Theorem there exist A-linear maps {&o, &1, &2, ... }
making the diagram

dip|+i+1 Al +i

- ——— Plyjtit Pyt Py QM) —0
l5i+1 lfi l&o l&
d; d; d
Py b P; Py ° M 0

commute. We show &; is surjective for i > w.

An element § € Ext'(M, A /t) can be interpreted as a A-linear map
P %A /¢ (having the property 6 o d;+1 = 0), and then scalar multiplica-
tion by 7 is given by 0n = 0 o &;: Py, — A/t. Thus the map n - (—):
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Hom (P, A /t) — Homa(Piyy, A /t) is simply given by
5: f = fofi)

and we know it is injective for i > w. Applying Hom/(—, A/t) to the exact
sequence

Py = Py — Cokeré; — 0

therefore shows that Hom(Coker&;, A/t) = 0 for ¢ > w. Now if X is any
finitely generated nonzero A-module, then X/t X is nonzero by Nakayama’s
Lemma. This factor module is semisimple, and since every simple A-module
occurs as a direct summand of A /¢, there exists a nonzero map X — A /t.
This shows Coker & = 0 for i > w. By taking n = |n|, we are done. =

We now prove the main result of this section, which gives sufficient (and
necessary) conditions for a module to be eventually periodic. Having Propo-
sition 2.2 at hand, the proof is only a formality, as it reduces to simply
comparing lengths in the minimal projective resolution of a module.

THEOREM 2.3. If Fg holds, then M has bounded Betti numbers if and
only if it is an eventually periodic module.

Proof. From the previous proposition, there exist integers w > 0 and
n > 1 such that we have n sequences of surjective maps

Ew+titan Ewtitn Ewti .
"'—>Pw+i+2n4> wtitn — 7 Lw+i, 0<i<n.

Considering the lengths of these modules over k, we see that we have non-
decreasing sequences By+i(M) < Buytitn(M) < --- for 0 < i < n. Now if the
Betti numbers of M are bounded, then these sequences must all eventually
stabilize. Thus there is an integer ¢ such that &; is bijective for ¢ > ¢, and
diagram chasing in the commutative diagram

dn
Poiti1 — s Py QU (M) —0
l§t+1 lﬁt
d
P — P, Q4 (M) ——0

with exact rows provides an isomorphism 1) : QZH(M ) — Q4 (M). =

From this result we obtain some insight into the structure of the sequence
of Betti numbers of M. Determining how these sequences grow is a problem
which has been studied for a long time in the commutative Noetherian local
setting. In [1], L. Avramov asked whether the Betti sequence (bg, b1, b2, . . .)
of a finitely generated module over such a ring is eventually nondecreasing,
whereas a somewhat weaker question was asked by M. Ramras in [13]: is
it true that either (bg, b1, b, ...) is eventually constant, or lim;_,, b; = co?
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With these questions in mind, we include the following corollary to Propo-
sition 2.2 and Theorem 2.3. The result shows that we can split the “tail” of
the sequence of Betti numbers of M into a finite number of sequences, each
of which is either eventually constant or strictly increasing, depending on
whether M has bounded Betti numbers or not.

COROLLARY 2.4. Let the setting be as in the theorem. There exist inte-
gers w > 0 and n > 1 such that the n sequences

(5w+i+jn(M))?i0, 0 <1< n,

are nondecreasing. In fact, these sequences are all eventually constant if the
Betti numbers of M are bounded, and strictly increasing if not. In particu-
lar, if the Betti numbers of M are unbounded, then lim;_. 3;(M) = oco.

Proof. The n nondecreasing sequences were given in the proof of the
theorem. It is clear that if the Betti numbers of M are bounded, then the
sequences are all eventually constant. In the case when there is no bound
on the Betti numbers, the module M is not eventually periodic, and then
& cannot be bijective for any ¢ > w. For if £ were bijective for some ¢ > w,
then since &1 is surjective we would (as in the proof of theorem) have an
isomorphism 277 (M) ~ Q4 (M). =

Although Theorem 2.3 provides a tool for determining whether or not
a module M is eventually periodic, it does not indicate when the minimal
projective resolution of M becomes periodic, nor what the period actually
is, in contrast to the commutative local case. In [9, Theorem 4.1] it is shown
that over a commutative local complete intersection A any minimal free
resolution whose Betti sequence is bounded becomes periodic of period 2
after at most dim A + 1 steps.

QUESTION. Given the assumptions of Theorem 2.3, does there exist a
computable integer s such that the minimal projective resolution of M be-
comes periodic after at most s steps?

As to determining the period, the degree n of the element 7, which we
obtain from Proposition 2.1, is of course a candidate, but all that is certain
is that the (eventual) period must divide n. However, imposing moderate
restrictions on the rings k and H, we get a much stronger result.

THEOREM 2.5. Suppose k contains an infinite field, and let H be gener-

ated as an algebra over H° by homogeneous elements a1, . ..,a, of positive
degrees. Then if Fg holds and M has bounded Betti numbers, the eventual
period of M divides lem(|ay|, ..., |ar|). In particular, if |a;| = 1 for all i

then the eventual period of M is 1, and if |a;| < 2 for all i then the Betti
sequence of M is eventually constant.
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Proof. From Proposition 2.1 we know there exists an integer w and a
homogeneous element 1 € H, of positive degree, such that 7 is regular on
the H-module Es,, = @  Ext, (M, A /t). Now let {p;};_; be the (finite)
set of associated primes of E>,,, and denote lem(|a1],...,|ar|) by u. Then
a suitable power of each a; belongs to H*, and so if H* C p; for some j,
then each a; belongs to p;. This implies that the ideal HT = @;°; H' is
contained in p;, contradicting the fact that 7, which is an element of H, is
regular on E>,,. Therefore H* ¢ p; for 1 <1i < s, implying H* Np;, C H"
(strict inclusion). In particular, if £’ is an infinite field contained in k, then
H" N p; is a proper k’-subspace of H". Since over an infinite field no vector
space can be written as a finite union of proper subspaces, we get the (strict)
inclusion

(H'Npy)U---U(HNps) C HY,

and so H* must contain an element 7’ which is not contained in p; U- - -Ups.
This union is the set of all zero-divisors on E>,,, hence 1’ is regular on this
module. In the proofs of Proposition 2.2 and Theorem 2.3 we may replace
n by 7, thus proving the first statement.

Suppose |a;| < 2 for all i. Clearly, if each a; is of degree 1 then the
eventual period of M is 1, and the sequence of Betti numbers of M is
eventually constant. If one of the generators is of degree 2, then the eventual
period is either 1 or 2. If it is 2, then for some integer N > 0 we have
24(M) ~ 247*(M) for i > N. By taking the alternate sum of the k-
dimensions in the exact sequence

0— 257 (M) = Py — P, — 24(M) — 0,

and recalling that this sum has to be zero, we get 3;(M) = Biy1(M) for
1 > N. Therefore the sequence of Betti numbers of M is eventually constant
also in this case. =

The results we have proved in this section (and also the main result in the
next section) depend on the assumption that Ext’ (M, A /v) is finitely gen-
erated as a module over H, and therefore also as a module over HH*(A). As
the action of the Hochschild cohomology ring on this module factors through
the rings Ext} (M, M) and Ext’(A /v, A /¢) via ring homomorphisms, the
assumption forces Ext (M, A /t) to be finitely generated as a module over
both these last rings. In which situations this happens has been studied in
the commutative case.

Let (A, m, k') be a commutative Noetherian local ring, and N a finitely
generated A-module whose so-called complete intersection dimension (first
defined in [3]) over A is finite (as happens for example when A is a com-
plete intersection). Then L. Avramov and L.-C. Sun proved in [4] that the
graded module Ext’ (N, ') is finitely generated over Ext* (k’, k'), whereas
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L. Avramov, V. Gasharov and I. Peeva proved in [3] that the module is also
finitely generated over Ext% (N, N).

QUESTION. When is Ext’ (M, A /r) finitely generated over (one of)
Ext (M, M) and Ext} (A /v, A /v)?

It is not difficult to see that Ext} (M, A /t) is finitely generated over
Ext’ (M, M) whenever M is periodic: suppose 2/ (M) = M and let x denote
the extension

O—M—-PFP, 1 —-—FP—M-—0.

If n > p, say n = gp + ¢ where 0 < i < p, then an element of Ext’{(M, A /t)
can be written as fu? where f € Ext% (M, A /t). Since Exty(M, A /t) is
finitely generated over k for 0 < i < p, the result follows.

As to the finiteness of Ext} (M, A /t) as an H-module, a criterion for
when this always happens was given in [10, Proposition 1.4]. This result is
actually much stronger, as it states that Ext’(X,Y) is finite over H for all
finite A-modules X and Y if and only if Ext} (A /v, A /¢) is finite over H.

3. Reducing complexity. We can use Theorem 2.3 to construct even-
tually periodic modules—and therefore also periodic modules—of infinite
projective dimension (the modules having finite projective dimension are
not very interesting in the context of eventual periodicity). This is done
by considering an (almost) arbitrary module and from it obtaining a new
module whose minimal projective resolution behaves “nicer”.

Let X = @, X, be a graded k-module of finite type. The rate of
growth of X, denoted v(X), is defined as

v(X) = inf{t € Ny | 3a € R such that ,(X,) < an'~! for n > 0},

and it may be finite or infinite (here Ny denotes NU {0}). Now consider our
module M with the minimal projective resolution (FP;, d;). The complexity of
M, denoted cx4 M, is defined as the rate of growth of the graded k-module
D, Pn, that is,

cxy M = inf{t € Ny | Ja € R such that 3,(M) < an'~! for n>> 0}.

Thus the complexity of M indicates how the sequence of Betti numbers
behaves with respect to polynomial growth. From the definition we see that
M has complexity 0 if and only if it has finite projective dimension, and
that it has complexity less than or equal to 1 if and only if its sequence of
Betti numbers is bounded.

The main result of this section gives the existence of a new module whose
complexity is exactly 1 less than that of M. The proof uses the identity

cxg M = y(Ext}y (M, A /v)),
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which provides a method for computing the complexity of a module. This
identity follows from the identities (see the paragraphs following [5, Defini-
tion 5.3.3])

Y(Ext (M, A /v)) = max{y(Ext} (M, S)) | S simple A-module},

i (Ps)
A (Exty (M
W= 2 Afom(s gy M09

where Pg denotes the projective cover of the simple module S.

Given a homogeneous element 1 in HH*(A) of positive degree, we can
interpret it as a A°linear map 7: Q‘"‘(A) — A, where 2%.(A) denotes the
1th syzygy in the minimal projective A°-resolution of A. Let Q); denote the
1th module in this resolution. By taking pushout we obtain the exact com-
mutative diagram

-1

of A°-modules, whose bottom row will be denoted by ¢,. Since QW 1(/1) is
projective as a right (and left) A-module, the exact sequence ¢, sphts when
considered as a sequence of right (and left) A-modules. Applying — ®,4 M
therefore gives the exact commutative diagram

00— 2(A) @4 M —= Qpyy ©4 M ——= Q1" Ay @4 M ——0

o |

0 M Ky@a M —— QM Ay o, M —=0

of left A-modules, whose bottom row will be denoted by ¢, ®1 M. Even
though (,, splits when considered as a sequence of left A-modules, this is not
necessarily the case for the new sequence. In fact, from [10, Proposition 2.2]
we see that the sequence splits if and only if 1 annihilates Ext’ (M, M).
The module K;,® 4 M is going to be the one having complexity 1 less than
that of M. However, as the above shows, the element n cannot be chosen
arbitrarily, for if ¢, ® 4 M splits then the complexity of K, ® 4 M equals that
of M. To see this, note that in a split short exact sequence the complexity of
the middle term equals the maximum of the complexities of the end terms,
and that the complexities of the end term modules in ¢, ® 4 M are equal since
(2‘/7176‘_1(/1) ®4 M is a syzygy of M (it does not matter that Q‘/?el_l(/l) @4 M
in general is not a syzygy in the minimal projective resolution of M, since



COMPLEXITY AND PERIODICITY 179

projectively equivalent modules are of equal complexity). Thus we must pick
an 7 not annihilating Ext’ (M, M).

Let N be any A-module. Applying the functor Hom,(—, N) to ¢, @1 M
gives the long exact sequence

Homa(M, N) 2% Extl? (M, N) — Ext}(K, ®4 M, N) — Ext}(M, N) 2%
O, Bxt (M, N) — Bxtly (K, @4 M, N) — Extiy (M, N) 2%

for Ext (we shall refer to this sequence as ES(M, N,n)), where we have
replaced Ext%(()l/?el_l(/l) ®A M,N) by EthAHn‘_l(M, N) for ¢ > 1 using
dimension shift. By making these replacements, the new connecting homo-
morphism

Exti, (M, N) 2 Ext’ " (M, N)

is just multiplication by (—1)'n, a fact which is vital for the proof of the
main theorem. To see this, note that applying Hom (—, N) to the above
commutative diagram gives rise to a commutative diagram of long exact
sequences in Ext. Tracing the connecting homomorphism 9, then gives the
desired result. Whenever we refer to the exact sequence ES(M, N,n), we
shall drop the sign (—1)? in front of the multiplication map induced by 7,
as it is of no relevance.

Note that if Fg holds, then Ext’ (K, ®4 M, A /v) is a finitely generated
H-module, regardless of the choice of n. To see this, consider the exact
sequence

(o.9] o0 o
P Ext’y "N (M, A fr) — @D Exctiy (K, @4 M, A Jr) — @) Extiy(M, A /)
i=1 i=1 i=1
induced by ES(M, A /t,n). Both the end terms are finitely generated over H,
hence so is the middle term because H is Noetherian. Since in addition
Homy (K, ®4 M, A /r) is finitely generated over k (which sits inside H?),
the claim follows.

In addition to giving us an important tool for computing the complexity
of a module, the equality cxq M = v(Ext} (M, A /v)) implies that the mod-
ules we work with have finite complexity. For if Fg holds, then the rate of
growth of Ext (M, A /t) is not more than that of H, since it is a quotient of
a finitely generated free H-module. Now as in the proof of Proposition 2.2,
there is a finite set {ai,...,a,} in H of homogeneous elements of positive
degrees, generating H as an algebra over H'. By the Hilbert-Serre The-
orem (see [5, Proposition 5.3.1]) and [5, Proposition 5.3.2], we find that
v(H) equals the order of the pole at t = 1 of a certain rational function
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g(t)/ TTi—,(1 — tl@l), where g € Z[t]. Hence the rate of growth of H is not
more than r, implying cxq4 M < r.

The aim is now to pick 7 such that the rate of growth of Ext (K, @4 M,
A /) is 1 less than the rate of growth of Ext’ (M, A /r). That such an element
exists is a consequence of the following result.

PROPOSITION 3.1. Let A = @;2,A; be a commutative Noetherian
graded k-algebra of finite type over k, gemerated as an Ag-algebra by ho-
mogeneous elements a1, ...,a, with |a;) =n; > 0. Let N = @;2 N; be a
finitely generated graded A-module, and pick a homogeneous element n € A
as in Proposition 2.1. Let w € N be an integer such that n: Ni — Ny, is
injective for i > w, define V;_,, to be the cokernel of this map, and denote by
V' the graded k-vector space @;° Vi. If v(N) >0, then v(V) =~(N) — 1.

Proof. Consider the Poincaré series P(N,t) = >.2°) ¢x(N;)t" of N. By
the Hilbert—Serre Theorem we have

PNty = 40

[l (1 —tm)
for some f(t) € Z[t], and from [5, Proposition 5.3.2] we see that v(N) equals
the order of the pole of P(N,t) at ¢ = 1. By assumption this integer is
strictly greater than zero.

Now consider the exact sequences

0—N; LN¢+|7;\ — Vicw — 0

for i > w. Taking k-module lengths we get £x(V;) = £ (Nitwn|) — e (Nitw)
for ¢ > 0, giving

V. t) = ng( Zek z+w+\n\ ng H—w
=0

Multiplying this equation by th"' gives

thn\P V,t) ng Z+w+|n|)tz+w+|ﬁ| -yl ng i )terw
=0 =0

= (1=t P(N, 1) + g(t),
where ¢(t) is some polynomial in Z[t], and therefore
(L —thP(N,t) - g(t) (1=t f(t) 9(t)
tw+In| + tw+(n| tw+\n| H 1(1—tma) tw+inl”
Thus the order of the pole of P(V,t) at ¢ =1 is 1 less than that of P(N,t),
showing (V) =~v(N) —1. =

We now return to the setting given at the beginning of this section. With
Proposition 3.1 at hand, the main theorem is merely a corollary.

PV, t) =
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THEOREM 3.2 (reducing complexity). Assume that Fg holds and that M
does not have finite projective dimension. Then there exists a homogeneous
element n € H of positive degree such that cxa(K, ®1 M) =cxa M — 1.

Proof. We use Proposition 3.1 with A = H and N = Ext} (M, A /¢).
There is an integer w € N and a homogeneous element 17 € H of positive
degree such that the multiplication map Ext’ (M, A /t) EthAHm (M, A [x)
is injective for ¢ > w. From the long exact sequence ES(M, A /v, n) we then
get short exact sequences

0 — Extiy (M, A /) L Ext' (M, A Jr) — Bxti (K, @4 M, A Jt) — 0
for ¢ > w. Using Proposition 3.1 we now get

cxp(Ky @4 M) = ~(Ext) (K, ®a M, A /x))

= ( @D Exti(K, @4 M, A)¥))
=w+1
= ’y(EXtZ(M,A/t)) —l=cxyM—-1.n

As a corollary we get a result which under certain conditions guaran-
tees the existence of nonzero periodic modules. As mentioned at the begin-
ning of the previous section, the existence of such modules is not obvious.
For example, in [12], M. Ramras introduced a nonempty class of commu-
tative Noetherian local rings called BNSI rings (short for “Betti numbers
strictly increase” rings), which are rings for which every nonfree module
has a strictly increasing sequence of Betti numbers. There exist a lot of
finite-dimensional algebras which are BNSI rings, for example regular local
rings of dimension at least two modulo any positive power of the maximal
ideal. Clearly, such rings cannot have nonzero periodic modules.

COROLLARY 3.3. Suppose that Fg holds and that M has infinite pro-
jective dimension. Then A has a nonzero periodic module.

Proof. Let d denote the complexity of M (by assumption d > 0). If
d =1 then M is eventually periodic by Theorem 2.3, whereas if d > 1 the
previous theorem provides homogeneous elements 71, ...,14-1 € H having
the property
CXA(Km @A @ Ky QAM)=d—1i

for 1 <4 < d — 1. Denote the module K;, , ®4 --- ®4 K;; ®1 M by X.
This module has complexity one, and from the discussion prior to Proposi-
tion 3.1 we see that Ext’j (X, A /t) is a finitely generated H-module. Using
Theorem 2.3 once more, we deduce that X is eventually periodic.

Now if we take an eventually periodic A-module of infinite projective
dimension, one of its syzygies is a nonzero periodic module. m
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REMARK. (i) The existence of a periodic A-module implies the exis-
tence of a periodic module having period 1; if M is isomorphic to 2%(M),
where p > 1, then the module EB?;OI 24 (M) is periodic of period 1 (here
2%(M) = M).

(ii) Suppose A is a BNSI ring. Then there cannot exist a nonfree A-
module M for which Fg holds, i.e. Ext’ (M, A /t) is not finitely generated
over any commutative Noetherian graded subalgebra of HH*(A): if such a
module existed, then the corollary would imply the existence of a nonzero
periodic A-module.

4. Generating periodicity. In this section we consider the case when
the period of an eventually periodic module is “detected” by a homogeneous
element in the Hochschild cohomology ring. We start by recalling the group
ring case.

Assume k is an algebraically closed field and let G be a finite group.

A nonzero homogeneous element § € H/(G, k) = Extfg(k, k) can be in-

terpreted as a surjective kG-homomorphism : Q,LeG(k) — k; its kernel is
customarily denoted by Lg. The cohomological variety of Ly is easily com-
puted; from [8, Lemma 2.3] we deduce that Vg (Ly) equals V(6), i.e. the set
of maximal ideals in the group cohomology ring H (G, k) containing 6. Now
let N be a finitely generated kG-module. If Vg (0)NVg(N) = {0}, then from
the above and the equality Vg(X ®; Y) = Vg(X) N Vg(Y), which holds
for all finitely generated kG-modules X and Y, we get Vg (Lg @ N) = {0}.
This is equivalent to Ly ®; N being projective, and it follows from the proof
of [5, Theorem 5.10.4] that N is isomorphic to QLGC';(N) @ P, where P is a
projective module. This gives

0 0 0 0
QELN) = QELQEL(N) @ P) ~ 20NN,

showing that Q,LQC‘;(N ) is periodic and therefore that N is isomorphic to a
direct sum of a periodic module and a projective module. If N contains no
nonzero projective summand we must have N ~ Q]L%(N ), with the period
of N dividing ||, and in this case the element 6 is said to generate the
pertodicity of N.

Returning to the setting given in the previous sections, with k£ a com-
mutative Artin ring, A an Artin k-algebra (assumed to be projective as a
k-module) and M a finitely generated A-module, let 77 be a nonzero element
in HH*(A) of positive degree. Instead of considering the kernel of the corre-
sponding A°-linear map n: Ql/?e' (A) — A (which is not necessarily surjective),
we look at the pushout K, and the tensor module K; ®4 M, as we did in
the last section.
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PROPOSITION 4.1. If the A-module K,® M has finite projective dimen-
sion, then M is eventually periodic with period dividing |n|.

Proof. Denote the projective dimension of K, ©®4 M by d. From the long
exact sequence ES(M, A /r,n) we see that scalar multiplication by 7 induces
k-isomorphisms

Ext’, (M, A /v) 2 Ext’ (0, A Jr)
for i > d. Now let --- — P 4, Py D, A — 0 be the minimal projective
resolution of M, and recall the proof of Proposition 2.2. If we denote by &
the image of n in Ext’ (M, M), represented by a map QL?'(M) LN M, then
in the commutative diagram (obtained from the Comparison Theorem)

din|tit1 din|+s

T el T gl T P\Ti\ QT(M) —0
\Lgi-&-l l&' lfo l{
d; d; d
Py ————=P x5 P———=M 0

we see that &; is surjective for i > d. Applying Hom,(—, A /t) to the exact
sequences

0 — Ker&; — Py <5 P — 0

(for ¢ > d) then gives Hom g (Ker&;, A /t) = 0, hence Ker & = 0. This shows
& 1is bijective for ¢ > d, and as in the proof of Theorem 2.3 we see that
Qi (M) ~ QN (M) for i > d. w

The proposition motivates the following definition of an element gener-
ating the periodicity of a module:

DEFINITION 4.2. Let M be a A-module of infinite projective dimension.
A nonzero homogeneous element n € HH*(A) of positive degree generates the
periodicity of M if the A-module K, ®1 M has finite projective dimension.

Note that in the special case when K, ®, M is projective, all but the
end terms in the exact sequence

O—>M—>K,7®AM—>Q‘U|_2®AM—>---—>Q0®AM—>M—>O

are projective, hence M is isomorphic to (2‘;17‘ (M)® P, where P is a projective
A-module. As in the group ring case above, this implies that Q‘X'(M ) ~

Qiml(M ), and therefore M is isomorphic to the direct sum of a periodic
module and a projective module. In particular, if M contains no nonzero
projective summand then it is periodic.

Also note that, whenever there exists an element 7 generating the pe-
riodicity of M, for every A-module N we see from the long exact sequence
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ES(M, N,n) that multiplication
Ext/, (M, N) % Ext'} " (M, N)

is an isomorphism for ¢ > 0. From the proof of the previous proposition we
see that the converse is also true, hence the following result.

PROPOSITION 4.3. A nonzero homogeneous element n € HH*(A) gener-
ates the periodicity of M if and only if scalar multiplication by n induces
k-isomorphisms

Ext!y (M, N) 2 Ext’ " (M, N)
for every A-module N and i > 0.

As an immediate corollary we obtain the following finite generation re-
sult.

COROLLARY 4.4. If there exists an element 1 generating the periodicity
of M, then Ext(M,N) is a finitely generated HH*(A)-module for every
A-module N. In particular Ext’y (M, M) and Ext} (M, A /t) are finitely gen-
erated.

Proof. The k-bases of Hom, (M, N), Ext} (M, N),...,E><t‘/717|+d(]\47 N),
where d = pd (K, ®1 M), together form a generating set. m

REMARK. We actually obtain a stronger result, namely that for every
A-module N the k-module Ext’ (M, N) is a finitely generated module over
the commutative Noetherian graded subalgebra of HH*(A) generated by
HH°(A) and 7 (in particular Fg holds). As the element 7 is not nilpotent,
this subalgebra is actually the polynomial ring in one variable over HH®(A)
(the center of A).

It is natural to ask whether an element generating the periodicity of
M always exists when M is a periodic module. The following two examples
show that this is not the case. In the first example the algebra is selfinjective,
whereas in the second it is commutative local.

ExaMPLE 4.5. Let k be a field, and consider the 4-dimensional algebra

A =k(z,y)/ (2% zy + qyz,y°)
where 0 # ¢ € k is not a root of unity. Let M be any 2-dimensional k-vector
space having a basis {u,v}, say. Straightforward computation shows that
defining
zu=0, zv=0, yu=v,yv=0

gives a A-module structure on M (this module was also studied in [14]).
Define a A-linear map p: A — M by 1 — u. This is a surjective map, and
as a vector space Ker p has {z,xy} as a basis. Therefore Kerp is contained
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in the radical of A, showing p is the projective cover of M. Define a k-linear
map f: M — Kerp by u — = and v — zy. This is an isomorphism, and
direct computation shows it is A-linear. Hence M ~ 2} (M), and so M is
periodic of period 1.

Suppose 0 # 1 € HHM! (A) is an element generating the periodicity of M.
Then from Proposition 4.3 scalar multiplication by 7 induces isomorphisms
Extl (M, M) ~ EthAH"‘(M , M) for i > 0. Therefore multiplication by any
power of 7 also induces isomorphisms. However, from [7] we deduce that
HH"(A) = 0 for n > 3, in particular 7 is nilpotent. Hence Ext’(M, M) =0
for 7 > 0, and since for each i > 1 we have

Ext’y (M, M) ~ Ext} (27 1(M), M) ~ Ext} (M, M),
we get Extl (M, M) = 0. Therefore M is projective, since it is periodic of
A

period 1, and this is a contradiction.

EXAMPLE 4.6. Let k be an algebraically closed field of characteristic dif-
ferent from 2, and let k[x1, z2, x3, x4] be the polynomial ring in four variables
over k. Denote by R the finite-dimensional local k-algebra k[z1, z2, x3, 24]/a,
where a is the ideal generated by the quadratic forms

2 2 2 2
T1, T1T2 — T3, T1T3 — Tak4, T1T4, T3+ T3T4, T2T3, Ty

Define two R-endomorphisms ¢, : R?> — R? by the matrices
xr1 X3 Ty —XT3
() ()
T2 T4 —T2 T
and let M = Im1). In [2] it is shown that Im¢) = Ker ¢ and Im ¢ = Ker ),
hence M is periodic of period 2 and has the minimal free resolution
SRILIRULRLRY M.

As a k-vector space M is 8-dimensional, and the elements

T4 —x3 0 173

U1 = ) V2 = ) U3 = ) Vg4 = 3
—X9 T 12 0
T1T3 T3T4 —T1T2 0

U5 = , U = , U= , Usg =
T34 0 T1x3 T1x3

form a basis. Furthermore, as a graded R-module M consists of two

nonzero graded components My and My, with {v,v2} a basis for My and

{vs,...,vs} a basis for M;. The elements v1, vy generate M as an R-module.
Denote by p the extension

0-M—-RL R M0
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in Ext%(M, M). Then for all n > 0 every element of Ext%*(M, M) is of the
form fu™ for some f € Homp(M, M). Now suppose 0 # n € HH‘”‘(R) is an
element generating the periodicity of M. Then || is an even number (since
M is of period 2, i.e. 2L(M) % M), and so the image of n in Ext}(M, M)
under the ring homomorphism — ® p M can be written as fu”, where f
is an R-endomorphism of M and n = |n|/2. Since M = My @ M; as a
graded module, we can write f as h + g, where h and g are homogeneous
endomorphisms of degree 0 and 1, respectively (see the paragraphs following
[6, Theorem 1.5.8]). Therefore the element fu™ is the sum of two elements
hu™ and gu™ of different internal degrees in Ext‘g‘(M , M). Since the map
—®rM: HH(R) — Ext‘}g‘ (M, M) preserves internal grading, hp™ and gu™
must both lie in the image of — ®g M.

Suppose h is nonzero. Since the degree of this map is zero, we must
have h(v1) = c1v1 + covg and h(ve) = c3v1 + cqve for elements ¢; € k. As
vg = x3v1 = —x4vg and h is R-linear, direct computation of h(vg) gives

C1V6 + CoU7 = C3U8 + C4V6.
Thus ¢ = ¢3 = 0 and ¢; = ¢4, and we see that A is nothing but a scalar
c € k times the identity on M. Therefore the element cu™ belongs to the
image of — ®g M, and multiplying with the inverse of ¢ we deduce that p"
also lies in this image. From [15, Corollary 1.3] we see that every element of
Im(—®pg M) belongs to the graded center of Exty (M, M), and so p”, which
is of even degree, is a central element. We show that this is not the case.

An element of Exth(M, M) can be considered as an R-linear map 6:
R? — M such that 6 o ¢) = 0. Define three such elements 61, 6, 03 by

1 0
1 0

05 : (0>|—>0, <1>'—>U47
1 0

s : <0> — 0, <1> — V5.

It is easy to check that these elements are linearly independent, and when
they are multiplied on the right by any power of u they stay linearly inde-
pendent. Direct computation (lifting maps along the minimal free resolution
of M) gives

pby = (61/2 — 62 + 63/2) 1,

pbo = Oapu,

/L93 = (—91/2 - 92 + 3(93/2)/1,,
and so by induction we get u"0; = ([1 — n/2]01 — nby + [n/2]03)u™ for all
n > 1. This shows that p™ is not a central element, implying h must be zero.
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As a consequence, the image of n in Exth(M, M) is gu”, where g is a
homogeneous degree one R-endomorphism of M. In particular, since M only
lives in two degrees, we must have g2 = 0. From Proposition 4.3, the element
71 induces isomorphisms

Exti, (M, M) L Ext’ (0, br)

for i > 0, and in particular there is an i > 0 such that 1 - gu’ # 0 (because
gu™ # 0 implies gu' # 0, since the element g/ is not a zero-divisor for
any j). But gu™, being the image of 7, is a central element, giving 7 - gu’ =
(gu™)gpt = g(gu™)ut = 0, a contradiction. Therefore there does not exist a
nonzero homogeneous element of positive degree in HH*(R) generating the
periodicity of M.

These examples show that an element generating the periodicity of an
eventually periodic module does not exist in general. However, when dealing
with “suitably nice” algebras, such an element always exists. Suppose M is
an eventually periodic A-module satisfying Fg. Then Theorem 3.2 implies
the existence of a homogeneous element 7 € HH*(A) of positive degree with
the property that K, ®, M has finite projective dimension over A, and so
this n generates the periodicity of M.

The following example shows that it may be difficult to decide whether
or not there exists an element generating the periodicity of a module, even
when the algebra is commutative, local and selfinjective.

EXAMPLE 4.7. Let k be a field of characteristic different from 2, and let
k[x1, 2,23, x4, 5] be the polynomial ring in five variables over k. Denote
by R the finite-dimensional local k-algebra k[z1, xa, x3, 24, x5]/a, where a is
the ideal generated by the quadratic forms

ZL‘%, $g7 $E2)7 T3T4, T3T5, T4Ts5, 33?’, - $4217
T1T3 + ToT3,  T1T4 + TaTa, T3 — Tos + T1T5.

It is shown in [11] that R is graded selfinjective with Hilbert series 1+ 5¢ +
5t2 4+ t3, and that the R-endomorphism d: R? — R? defined by

Je < Tl X3+ x4 )
0 T2
satisfies Imd = Kerd. Letting M = Imd, we see that M is periodic of
period 1, with minimal free resolution
S RPLRL R g,
Denote by u the extension 0 — M — R? 4 M = 0in Exth(M, M). Then

for all n > 0 every element of Ext(M, M) is of the form fu™ for some
endomorphism f of M.
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Now suppose 0 # 7 € HH'”'(R) is an element generating the periodicity
of M. Then the image of n in Extj(M, M) can be written as fu and
as in the previous example this implies that /ﬂ”' belongs to the image of
—®@pM: HH"(R) — Ext‘]g‘(M, M) (in this case M is graded and “lives” in
three degrees, i.e. M = My ® M; @& Ms). In particular ,u'”' belongs to the
graded center of Extp (M, M).

An element of Ext’ (M, M) can be considered as an R-linear map 6:
R? — M with the property § o d = 0. In our case, Exth(M, M) is 12-

dimensional, and the maps
0
7: e1—0, eg— )
I2T5

9, - <x1> <x3+x4>
1: €1+ , €2 )
0 xI9
o e (1)

T1T2
0y : e +—
—I1x3

>

—X1T4

O3 : el +— <$10x5>, e e1— 0, eg— ( T25 >,

0 _
O1: e+ ( , €2 — 0, bro: e1 (331963 x1m4>’ ez — 0,
12 0
0 1,3
05: e1— 0, ex— ; b11: e1—0, e2— ;
T1X2X5 0
0 0
O : el — 0, egr—>( >, ngzelr—>< >,62r—>0
12 T1T4 — X123
represent a basis (here el = ((1)) and ey = ((1))) Direct computation shows
that p0; = O;u for j = 1,...,10, while pt; = —0;u for j = 11,12, and

therefore " cannot belong to the graded center of Extp(M, M) when n is
odd. However, the element u? does belong to the graded center, hence it is
possible that a homogeneous element of even degree in HH'”'(R) generates
the periodicity of M.

We end with a result providing a positive answer to the following nat-
ural question: if the product or sum of two homogeneous elements in the
Hochschild cohomology ring generates the periodicity of a module, do the
elements themselves (or one of them) generate the periodicity? As a corol-
lary, we obtain a result analogous to [5, Corollary 5.10.6], which states that
if the group cohomology ring of a finite group G is finitely generated over
a subring generated by homogeneous elements x1,...,x:, and N is a peri-
odic kG-module (where k is an algebraically closed field), then one of the z;
generates the periodicity of N.

PROPOSITION 4.8. Let 1, € HH™MI(A) and nos € HHI™I(A) be nonzero
homogeneous elements of positive degrees.
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(i) If 0 # mna2 generates the periodicity of M, then n1 and n2 both
generate the periodicity.

(ii) Suppose A is Gorenstein and k is an algebraically closed field. If
|m| = |n2|, and the sum m + n2 generates the periodicity of M, then
either m1 or mo generates the periodicity.

Proof. (i) From Proposition 4.3 we know that multiplication
Extiy (M, A Jv) 222 Ext' Ml (g 4 f)

is a k-isomorphism for i > 0, and since HH*(A) is graded commutative the
element 79m1 also induces isomorphisms. Therefore the map
Ext’y (M, A /) 2 Ext']™(0, A Jx)
is injective for ¢ > 0, whereas the map
Ext’ (0, A o) 2 Bxt! I A )

is surjective for i > 0. It follows from the long exact sequence ES(M, A /¢, n)
that Ex‘cZAJr‘mHl(Kn2 @A M, A /t) =0 for i > 0, hence K,, ®1 M has finite
projective dimension. Similarly K, ® M has finite projective dimension.

(ii) Denote n1+n2 by 1, and let H be the commutative Noetherian graded
subalgebra of HH*(A) generated by HH’(A) and 7. As mentioned in the
Remark following Corollary 4.4, the graded k-vector space Ext’ (M, A /t) isa
finitely generated H-module, and consequently Fg holds. We may therefore
apply the theory of support varieties from [10].

Recall that if X is a finitely generated A-module, then the support variety
Vi (X) is defined to be the variety in MaxSpec H defined by the annihila-
tor of Ext’(X,A/t) in H. Denote the annihilator ideal associated to M
by a. Since cxq M =1 and cx4(K, ®4 M) = 0, it follows from [10, Propo-
sition 1.1] that the variety Vg (M) = Vg(a) is one-dimensional, whereas
Vi (K, ®4 M) is zero-dimensional. By [10, Proposition 3.3] the latter va-
riety equals Vg (n) N Vy(a) = Vy((n) + a) (note that in order to apply
[10, Proposition 3.3] both Fg and the assumption that A is Gorenstein are
needed, as a substitute for the stronger finite generation hypothesis used in
that paper).

Suppose neither of the inclusions /a C \/(n;) + a is strict for ¢ = 1,2.
Then

Va= /) +a=/n) +va=/tm)+ /) +a =) + ) + .

and since

VaCV/n) +aCV/(m)+ () +a

we get the equality v/a = /(1) + a. Since the variety defined by any ideal
equals that defined by the radical of the ideal, we deduce that Vg (M) =
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Vi (K, ®1 M), which is impossible. Therefore /a C +/(n;) + a (strict in-
clusion) at least for one j € {1,2}, and as k is algebraically closed and H
is a finitely generated k-algebra, Hilbert’s Nullstellensatz gives the strict
inclusion Vg (K, ®1 M) C Vy(M). The variety Vy(K,, ®1 M) is then
zero-dimensional, and consequently K, ®4 M has finite projective dimen-
sion. m

COROLLARY 4.9. Suppose that A is Gorenstein and k is an algebraically
closed field, and that HH*(A) is generated over a subalgebra by homogeneous
elements x1, ..., x¢. If M is an eventually periodic module and there exists an
element in HH*(A) generating the periodicity, then one of the x; generates
the periodicity. In particular, the period of M divides the degree of one of
the x;.

REMARK. Proposition 4.8 enables us to strengthen Theorem 2.5 in the
case when A is Gorenstein and k is an algebraically closed field: when Fg
holds and H is generated as an algebra over HY by homogeneous elements
ai,...,a, of positive degrees, then if M has bounded Betti numbers it is
eventually periodic with period dividing one of |a;|.
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