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AN m-CONVEX B0-ALGEBRAWITH ALL LEFT BUT NOT ALL RIGHT IDEALS CLOSEDBYW. �ELAZKO (Warszawa)Abstra
t. We 
onstru
t an example as announ
ed in the title. We also indi
ate allright, left and two-sided ideals in this example.An F -algebra is a 
omplete metri
 real or 
omplex topologi
al algebra.It is 
alled a B0-algebra if it is, moreover, lo
ally 
onvex. The topology ofsu
h a B0-algebra A 
an be given by means of an in
reasing sequen
e ofseminorms

(1) |x|1 ≤ |x|2 ≤ · · · , x ∈ A.In the parti
ular 
ase when the seminorms (1) 
an be 
hosen in su
h a waythat
(2) |xy|i ≤ |x|i|y|i for all x, y ∈ A, i = 1, 2, . . . ,

A is 
alled m-
onvex . The 
lass of m-
onvex B0-algebras is perhaps the bestunderstood 
lass of topologi
al algebras, stri
tly larger than the 
lass ofBana
h algebras. For more information on this 
lass the reader is referred to[4℄, [8℄, [9℄ or [11℄.The question whether there exists an F -algebra with all left but notall right ideals 
losed was posed in [13℄. Apart from its own interest, thisquestion is 
onne
ted with the study of Noetherian topologi
al algebras.Su
h a study was initiated by Grauert and Remmert, who proved that aNoetherian 
ommutative Bana
h algebra is ne
essarily �nite-dimensional([6, Chapter I, Remark 2 in the Appendix to �5℄). This result was extendedto the non-
ommutative 
ase by Sin
lair and Tullo [10℄, who proved that aleft Noetherian Bana
h algebra is also �nite-dimensional (and so it is rightNoetherian as well). Ferreira and Tomassini observed that there exist Noe-therian in�nite-dimensional 
ommutative m-
onvex B0-algebras, but in su
halgebras all ideals must be 
losed ([5, Theorem 4.6℄). A more general resulthas been obtained independently by Choukri and El Kinani [2℄ and the au-2000 Mathemati
s Subje
t Classi�
ation: Primary 46H10.Key words and phrases: B0-algebra, m-
onvex algebra, F -algebra, 
losed ideal.[317℄



318 W. �ELAZKOthor [12℄: a 
ommutative F -algebra has all ideals 
losed if and only if it isNoetherian. Finally, Choukri, El Kinani and Oudadess [3℄ have shown thatan m-
onvex B0-algebra has all left ideals 
losed if and only if it is left Noe-therian. Our present result shows that, in 
ontrast to Bana
h algebras, the
losedness of left ideals in m-
onvex B0-algebras does not imply that theright ones are also 
losed. Thus the result in [3℄ 
annot be improved in thisdire
tion. It is still an open question whether this result 
an be extendedto the 
lass of all F -algebras. It is only known ([13℄) that an F -algebra hasall one-sided ideals 
losed if and only if it is both left and right Noether-ian.Our example is 
onstru
ted as follows. Denote by A0 the (real or 
omplex)algebra of all formal power series
a =

∞∑

n=0

αn(a)tn

provided with the formal (Cau
hy) multipli
ation of power series, and thelo
ally 
onvex topology given by the seminorms
(3) |a|n =

n∑

n=0

|αn(a)|.Under this topology A0 is a 
ommutative m-
onvex B0-algebra, i.e. it is
omplete and the seminorms (3) satisfy relations (1) and (2). A0 treated asan F -spa
e was 
onsidered by Bana
h in his treatise [1℄ and is there denotedby (s). It is a unital algebra; its unity, denoted by e, is the �
onstant� powerseries with α0(e) = 1. An element a in A0 is invertible if and only if α0(a) 6= 0,and every element a 6= 0 in A0 
an be written in the form
(4) a = tnb−1for some non-negative integer n and invertible b ∈ A0 (we put t0 = e).Consequently, every non-zero ideal in A0 is of the form
(5) I = tnA0, n ≥ 1,and so it is 
losed. All the properties of A0 listed above are well known andeasy to see (
f. e.g. [5℄).Our example is an algebra of the form

A = A0 + A0w,where w is a new element and the multipli
ation in A is obtained frommultipli
ation in A0 and the relations w2 = 0 and wt = 0 (this idea 
omesfrom J. Dieudonné, who 
onstru
ted in this way a ring whi
h is left but notright Noetherian, see [7, Example 1.26, p. 21℄). Ea
h element of A is of the



AN m-CONVEX B0-ALGEBRA 319form x = a + bw, a, b ∈ A0, so that A0 
an be treated as a subalgebra of A.The formula for multipli
ation in A is
(6) (a + bw)(c + dw) = ac + (ad + α0(c)b)w, a, b, c, d ∈ A0.We de�ne the topology in A by the seminorms
(7) ‖a + bw‖n = |a|n + |b|n, n = 1, 2, . . . .Using (2), (6) and the obvious relation |α0(c)| ≤ |c|n for all n, we obtain

‖(a + bw)(c + dw)‖n = |ac|n + |ad + α0(c)b|n

≤ |a|n|c|n + |a|n|d|n + |α0(c)| |b|n

≤ (|a|n + |b|n)(|c|n + |d|n) = ‖a + bw‖n‖c + dw‖nfor all n. Sin
e A is 
omplete as a dire
t sum of two 
omplete subspa
es
A0 and A0w, it is an m-
onvex B0-algebra. Observe that by (6) the unity
e of A0, treated as an element of A (e = e + 0w) is a unity in it, and that
A0w is a (
losed) subalgebra of A with zero multipli
ation. Observe alsothat an element x = a + bw in A is invertible if and only if a is invertible, or
α0(a) 6= 0. Indeed, the ne
essity of this 
ondition follows from (6). On theother hand, if a is invertible, then writing x = a(e+a−1bw) we immediatelysee that

x−1 = (e − a−1bw)a−1 = a−1 + α(a−1)a−1bw.It 
an be easily veri�ed that all left-invertible or right-invertible elements in
A are invertible.We 
an now formulate our main result.
Proposition 1. All left ideals in A are 
losed and some of its right idealsare non-
losed.Proof. Observe �rst that by (6), for every ve
tor subspa
e X of A0, thesubset Xw ⊂ A is a right ideal in A and, as a subspa
e, it is topologi
allyisomorphi
 to X. Choosing X to be non-
losed (e.g. all �nite linear 
ombi-nations of powers tn, n = 0, 1, . . . ) we obtain a non-
losed right ideal in A.We shall show below (Proposition 3) that these are the only non-
losed rightideals in A.It remains to show that all left ideals in A are 
losed. Let I be a properleft ideal, i.e. {0} 6= I 6= A. Sin
e the 
onstant term of any element in I iszero, the formula (6) implies A0wI = {0}, so that

(8) AI = A0I ⊂ I.In the proof we shall 
onsider four 
ases.
Case (1). Consider �rst the situation when tn ∈ I for some natural nand denote by n0 the least integer with this property. Assume moreover that



320 W. �ELAZKOthere is no non-negative integer m su
h that tmw ∈ I. We will show that inthis 
ase,
I = Atn0 = tn0A0and so, by the remark after formula (5), I is 
losed. In fa
t, if some x =

a−1tn + b−1tmw is in I (by (4) every element in A is of this form), then
tn0x = a−1tn0+n + b−1tn0+mw ∈ I,and the di�eren
e

tn0x − a−1tntn0 = b−1tn0+mwis in I. Thus tn0+mw ∈ I, whi
h is a 
ontradi
tion.
Case (2). Assume that tm0w is in I, m0 is the least non-negative integerwith this property, and tn is in I for no natural n. In this 
ase, similarly to
ase (1),

I = Atm0w = A0t
m0wand so it is 
losed.

Case (3). Assume that tn0 and tm0w are in I and m0, n0 are the leastintegers with this property (n0 ≥ 1, m0 ≥ 0). In this 
ase
I0 = Atn0 + Atm0w ⊂ I.We 
laim that the ideal I0 is 
losed. In fa
t, using (6), we 
an repla
e A by

A0 in the above formula. If a sequen
e (xi) = (ait
n0 +bit

m0w), ai, bi ∈ A0, ofelements of I0 is 
onvergent, then, by (7), the sequen
es (ait
n0) and (bit

m0)are 
onvergent in A0 to some elements a0 and b0. Sin
e the ideals (5) are
losed in A0, a0 = a′0t
n0 and b0 = b′0t

m0 . Thus the sequen
e (xi) tends to
x0 = a0 + b0w, whi
h is in I0 and our 
laim follows. Moreover I0 has a �nite
odimension in A, equal to m0 + n0. Consequently, any larger subspa
e, inparti
ular the ideal I, is also 
losed. Indeed, 
onsider the quotient map qof A onto the �nite-dimensional spa
e A/I0. Then q(I) is a 
losed subspa
eof A/I0 sin
e all ve
tor subspa
es of a �nite-dimensional topologi
al ve
torspa
e are 
losed. Thus I is 
losed as the inverse image q−1(q(I)) of a 
losedset under the 
ontinuous map q.
Case (4). Finally, assume that no element of the form tn or tmw is in I.Sin
e I is proper, there is an element x = a−1tn0 +b−1tmw ∈ I with the leastpossible n0, and an element y = c−1tn +d−1tm0w with the least possible m0,

n0 ≥ 1, m0 ≥ 0, a, b, c, d ∈ A0. If m > m0 and n > n0 then x + y is in I andit is of the form a−1

1
tn0 + b−1

1
tm0w. Thus we 
an assume that I 
ontains anelement x0 of the form tn0+a−1tm0w and for any element y = b−1tn+c−1tmwin I, we have n ≥ n0 and m ≥ m0.



AN m-CONVEX B0-ALGEBRA 321Put I1 = Ax0 ⊂ I; we shall show that I = I1. All elements in I1 are ofthe form
(b−1tk + c−1tmw)(tn0 + a−1tm0w) = b−1(tn0+k + a−1tm0+kw)and, in parti
ular, all elements of the form

(9) y = tn0+k + a−1tm0+kw, k = 0, 1, . . . ,are in the ideal I1. If I 6= I1, then I 
ontains an element z0 = tn0+k1 +
b−1tm0+k2w, k1, k2 ≥ 0, and either k1 6= k2, or b 6= a. In the �rst situation,setting in (9) k = k1, we observe that y − z0 = (a−1tm0+k1 − b−1tm0+k2)wis a non-zero element in I, and it is of the form c−1tmw, where m =
min{m0 +k1, m0 +k2}. This 
ontradi
ts the assumption that no tmw is in I.Thus k1 = k2 and so y− z0 = (b−1 −a−1)tm0+k1w. Sin
e this is non-zero, wehave b−1−a−1 = c−1tp for some invertible c in A0 and some natural p. Thus
c−1tm0+k1+pw is in I and again we obtain the same 
ontradi
tion, provingthe equality I = I1.It remains to show that the ideal I = I1 = Ax0 is 
losed (using (8) we
an write I = A0x0). To this end it is su�
ient to show that if a sequen
e
(znx0) of elements of I (zn ∈ A0) is 
onvergent to, say, y, then the sequen
e
(zn) is 
onvergent to some z0, so that y = z0x0 is in I. Sin
e A is 
omplete,we have to show that (zn) is a Cau
hy sequen
e. Similarly to (8), we 
anprove that Ax0 = A0x0, so that we 
an assume that all zi are in A0. By (3)and (7) we have

|zx0|i = |z(tn0 + a−1tm0w)|i = |ztn0|i + |za−1tm0w|i ≥ |ztn0|i = |z|i+n0for all z in A0. This formula implies that whenever
zpx0 − zqx0 = (zp − zq)x0 → 0 for p, q → ∞,then, as well, zp − zq → 0. Thus (zi) is a Cau
hy sequen
e and we are done.The 
on
lusion follows.In the above proof we have �almost� des
ribed all left ideals in A. To�nish the job let us formulate the following

Proposition 2. Let I be a proper left ideal in A. Then I is of one ofthe following forms: I = Atn0 , n0 ≥ 1; I = Atm0w, m0 ≥ 0; I = Ax0,
x0 = tn0 + a−1tm0w, n0 > 0; I = Atn0 + Atm0w + Ax0, where x0 = 0 or
x0 = tn0−k0 + a−1

0
tm0−s0w with 0 < k0 ≤ min{n0 − 1, m0}, a ∈ A0.Proof. Most of the above statement is obtained within the proof ofProposition 1. We only have to 
onsider the 
ase when I0 = Atn0 +Atm0w isproperly 
ontained in a left ideal I and it is a maximal subideal of I of thisform. Following the proof of Proposition 1, we 
an assume that there is someelement x0 = tn1 + tm1a−1

0
w ∈ I, 0 ≤ m1 < m0, su
h that I 
ontains noelement of this form with exponents n2, m2 su
h that n2 < n1 or m2 < m1.



322 W. �ELAZKOFirst we show that n0 − n1 = m0 − m1. Suppose that, say, n0 − n1

> m0 − m1. Sin
e tm0−m1x0 and tm0a−1

0
w belong to I, their di�eren
e

tm0−m1+n1 is also in I and m0 − m1 + n1 < n0, 
ontrary to the de�nitionof n0. Similarly we prove that n0 − n1 < m0 − m1 is impossible.Setting k0 = n0 − n1 = m0 − m1 we 
an now write x0 = tn0−k0 +
tm0−k0a−1

0
w so that I 
ontains all elements of the form x = tkx0 = tn0−k0+k+

tm0−k0+ka−1

0
w, 0 ≤ k < k0. The proof that no other elements of the form

tn+tmb−1w with n < n0 or m < m0 are in I is performed exa
tly in the sameway as in the proof of Proposition 1 when 
onsidering the 
ase I = Ax0. Wehave n0 > n0 − k0 ≥ 1 and m0 > m0 − k0 ≥ 0, whi
h implies the 
ondition
0 < k0 ≤ min{n0, m0 − 1}. The 
on
lusion follows.We shall now des
ribe all right ideals in A.
Proposition 3. Let I be a proper right ideal in A. Then either I is ave
tor subspa
e of A0w, and 
onversely all su
h non-zero subspa
es are rightideals, or

(10) I = x0A + X0w,where x0 is a non-invertible element of A and X0w is a �nite-dimensionalsubspa
e of A0w. Moreover , all ideals (10) are 
losed and of �nite 
odimen-sion.Proof. We already know (Proposition 1) that all ve
tor subspa
es of A0ware right ideals in A. Let now I be a proper ideal in A whi
h is not of thisform, and so it has an element x whi
h 
ontains a term tn1 . We have n1 ≥ 1and we 
an assume that n1 is the least natural number with this property.If I 
ontains tn1 , we put n0 = n1, and then I 
ontains the right ideal
(11) I0 = tn0A = tn0A0 + tn0A0w.In this 
ase we put x0 = tn0 . If some element
(12) x = a−1tm + b−1tnwis in I \ I0, then m ≥ n0 and so
(13) y = b−1tnw ∈ I \ I0.Consequently, n < n0. Write y =

∑
∞

i=n αit
iw = (

∑n0−1

i=n +
∑

∞

i=n0
)αit

iw =
y1 + y2. Sin
e y2 is in I0, y1 is in I and so in the set
(14) X0w = I ∩ span{tkw : 0 ≤ k < n0}.Sin
e all elements in I \I0 are of the form (12) or (13), we have I ⊂ X0w+I0.The opposite in
lusion is obvious, so that (10) holds in the 
ase 
onsidered.Consider now the 
ase when no tn1 belongs to I. Consider the elements
x in I of the form
(15) x = tn1 + a−1tmw



AN m-CONVEX B0-ALGEBRA 323with the minimal exponent n1. We have xt = tn1+1 ∈ I, and in this 
ase weput n0 = n1 +1, so that the ideal I0 given by (11) is 
ontained in I. Observethat the exponent m in (15) must be smaller than n0 − 1, otherwise we 
anwrite x = tn0−1(e + a−1tm−n0+1w) and multiplying it from the right by theinverse of e + a−1tm−n0+1w we obtain tn0−1 ∈ I, whi
h is a 
ontradi
tion.Taking in (15) the largest possible m = m0 we �x from now on an element
x0 = tn0−1 + a−1

0
tm0w, m0 < n0 − 1, obtained in this way. Sin
e x0t = tn0 ,we have

(16) I0 ⊂ x0A.We now prove (10). Clearly, the ideal given by this formula, with X0wde�ned by (14), is 
ontained in I, so that we have to obtain the 
onversein
lusion. The elements in I of the form a−1tk are in I0, as also are theelements of the form a−1tmw with m ≥ n0. An element x = a−1tmw ∈ I,
m < n0, 
an be written, as above, x =

∑n0−1

i=m αit
iw+

∑
∞

i=n0
αit

iw = y1+y2,with y1 ∈ X0w and y2 ∈ I0, so that it is again in the ideal of the form (10).The only remaining elements in I \ (I0 ∪X0w) are of the form x = a−1tn1 +
b−1tmw with m ≤ m0. We have

xa − x0 = tm(α0(a)b−1 − tm0−ma−1

0
)w ∈ I,so that, as before, xa−x0 = y1+y2 with y1 ∈ X0w and y2 ∈ I0. Thus, by (16),

x ∈ x0a
−1 + X0w + I0 ⊂ x0A + X0w and the formula (10) holds. Sin
e theideals (10) 
ontain ideals (11) whi
h are 
losed and of �nite 
odimension,they are 
losed and of �nite 
odimension. The 
on
lusion follows.Comparing Propositions 2 and 3 and taking into a

ount formulas (11)and (16) we obtain the following

Corollary. Every two-sided ideal in A is either of the form
I = tm0A0w, m0 ≥ 0,or of the form

I = tn0A0 + tm0A0w, n0 ≥ 1, 0 ≤ m0 ≤ n0.Finally, noti
e that the algebra A has exa
tly one multipli
ative-linearfun
tional F given by the formula
F (a + bw) = α0(a), a, b ∈ A0;its kernel is a maximal two-sided ideal whi
h is also maximal as a right andas a left ideal. Moreover, every right or left ideal in A is 
ontained in thisideal. Consequently, it is the radi
al of A.A
knowledgements. The author is grateful to Agata Smoktunowi
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e [7℄, and to the referee for his remarksimproving the presentation.
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