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ON THE FOURIER TRANSFORM,
BOEHMIANS, AND DISTRIBUTIONS

BY

DRAGU ATANASIU (Borés) and PIOTR MIKUSINSKI (Orlando, FL)

Abstract. We introduce some spaces of generalized functions that are defined as
generalized quotients and Boehmians. The spaces provide simple and natural frameworks
for extensions of the Fourier transform.

1. Introduction. The Fourier transform is one of the most important
tools in analysis. When using the Fourier transform on a space of functions
or generalized functions, knowing the range is usually essential. For this
reason, the space of square integrable functions and the space of tempered
distributions are very useful. However, the space of square integrable func-
tions is often too small, while the space of tempered distributions requires
substantial machinery from functional analysis.

In this paper we consider a number of spaces of generalized functions
for which the Fourier transform can be defined in a simple manner and the
range can be easily characterized. The constructions have algebraic char-
acter, which means that the definitions do not require topological consid-
erations. On the other hand, the spaces have natural topologies that have
desirable properties.

Some of the relevant objects are examples of the so-called “generalized
quotients” (see [6] and [3]), other are examples of Boehmians. One of the
spaces of Boehmians is isomorphic to the space of all Schwartz distribu-
tions.

The space B(L?*(RY),G) is an example of the so-called generalized quo-
tients. We start by recalling essential details of the construction of general-
ized quotients.

Let X be a nonempty set and let G be a commutative semigroup acting
on X injectively. This means that every ¢ € G is an injective map ¢ : X — X
and (pY)x = () for all p,9 € G and x € X.
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Let A= X x G. For (z,¢), (y,v) € A we write
(@,0) ~ (y,¥) if Ya=opy
It is easy to check that this is an equivalence relation in A. Finally, we define
B(X,G) = A/~,

the set of generalized quotients.

The equivalence class of (x, ¢) will be denoted by %. This is a slight abuse
of notation, but we follow here the tradition of denoting rational numbers
by g even though the same formal problem is present there.

Elements of X can be identified with elements of B(X,G) via the em-
bedding ¢ : X — B(X,G) defined by

o
v(x) >
where ¢ is an arbitrary element of G. Clearly, ¢ is well defined, that is, it is
independent of ¢. Action of G can be extended to B(X, G) via
r o
T
If go% = 1(y) for some y € X, we will write go% € X and 4,0% = y, which

is formally incorrect, but convenient and harmless. For instance, we have
X

pL =1

’ The construction of Boehmians is similar to the construction of gen-
eralized quotients. We start with a nonempty set X and a commutative
semigroup G acting on X. However, we do not assume that GG acts on X in-
jectively. Instead, we assume that there is a A C G such that the following

two conditions are satisfied:

1. If (on), (¥n) € A, then (pp1y,) € A.
2. fx,y e X, (pn) € A, and ppx = @y for every n € N, then x = y.

Members of A are called delta sequences.
Now we introduce an equivalence relation on a subset of XN x A:

A={(xn,0n) 2 € X, (on) € A, OnTm = pmay for all m,n € N}.

If (21, 0n); (Yn,¥n) € A and @pym = Yma, for all m,n € N, then we write
(Tnyon) ~ (Yn,¥n). It is easy to verify that this defines an equivalence
relation in A. The equivalence classes are called Boehmians. To simplify
notation, the equivalence class of (x,, ¢,) will be denoted by z—z. Hence,
In_t means ©nYm = Yme, for all m,n € N.
Pn n
The space of Boehmians will be denoted by B(X, A). Elements of X can
be identified with elements of B(X, A) via the embedding ¢ : X — B(X, A)
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defined by
Pnl
Yz) = —,
Pn
where (p,) € A is arbitrary. It is easy to check that ¢ is independent of
(¢n)-

All functions considered in this paper are complex-valued, unless other-
wise stated. An infinitely differentiable function f : RY — C is called rapidly
decreasing if

sup sup (1+a7+ - +a3)™|Df(2)] < 0o

|a|<m zeRN

for every nonnegative integer m, where x = (z1,...,2n), @ = (aq,...,an),
ay’s are nonnegative integers, |a| = a3 + - -+ + ay, and
(0% (0%
D — Hlel Hlal

oz oxt .. Oz
The space of all rapidly decreasing functions is denoted by S(R™). The space
of all smooth functions with compact support is denoted by D(RN ).

The Fourier transform will play a major role in our considerations. The
Fourier transform of f will be denoted by either F f or f and defined by

Ff@)=f@)= | fy)e ™ dy.

RN

2. The space B(L*(RY),G). In this section we consider the space of
generalized quotients where X = L?(R") and G is the family of functions
G ={p e SR"):suppy =R"}
acting on L2 (RN ) by convolution. Here supp denotes the closed support, so

the Fourier transform of a function from G may vanish at some points.

Clearly, G is a semigroup with respect to convolution. Moreover, since
for any f,g € L?>(RY) and any ¢ € G, f@ = g implies f = g a.e., G
acts on L2(R) injectively. Note that the space of all smooth functions with
compact support is a proper subspace of G.

The following operations can be defined in a natural way for elements of
B(L*([RY),G):

* *
(a)[+g_f vtgre qaf oS

= a==— acC.
N P ¢ ¥
T, : .
(b) T, S = f, where T, is the shift operator.
¥ ¥
fog9_fxg N
c) = x> = , where g € S(R™).
()gp b (R™)
(d)Da[:f*D%
14 prp
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The Fourier transform of F = £ € B(L?*(RM),G) can be defined as

F = J’:(é) = %. Since £ = % implies fi) = 35, F is well defined as a
function defined a.e. It is easy to see that the Fourier transform thus defined
has the usual properties:

(a) F is linear. R

(b) F(T.F)(x) = e > F ().

(c) (F*g) Fg, where g € L'(RY).
(d) F(3%F) = 2mizyF.

A functlon is called locally square integrable if its restriction to any com-
pact set is square integrable over that set. The space of all locally square
integrable functions will be denoted by L2 (RY). Note that

C(RN) C LlOC(RN) C Lloc(RN)v

where C(RY) denotes the space of all continuous functions and Lj,.(RY)
denotes the space of all locally integrable functions.

THEOREM 2.1. Every locally square integrable function is the Fourier
transform of some F € B(L*(RN),G).

Proof. Let 91,19,... € D(RY) be a partition of unity. If g € Lloc(]RN)7
then there are positive constants a1, a, ... such that the series > > | anting
converges in L2(RY) and the series Y o0 | Ot converges in S (RY). Then
> o2 anthy, = @ for some ¢ € G and g = f for some f € L2(RY). Hence

f<i>=£=¥=g.-
¥ 14 14

The range of the Fourier transform on B(L?(R%),G) contains functions
that are not locally integrable. For example, consider the function g(t) =

. Then gig € B(L*(R),G), but F( = %} is not locally integrable.

g*g)

3. Integrable and square integrable Boehmians. In this section
we compare two spaces of Boehmians with the space B(L?(RY),G). First
we consider integrable Boehmians, introduced in [7]. To obtain them we take
X = LYRY) and G = LY(RY) acting on X by convolution. For A we take
the family Aj:1 of all sequences of functions ¢, € L'(RY) satisfying the
following three conditions:

(a) S on(x)dx =1 for all n € N.
RN

(b) S |on(z)|dx < M for all n € N and some constant M.
RN
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(c) For every € >0, lim S lon(z)| dx = 0.
llzl|>e

It is shown in [7] that for every Boehmian F' = S’;—Z € B(LY(RN), A1) the

sequence (fn) converges uniformly on compact sets and the limit does not de-
pend on the representation of F. Hence, one can define the Fourier transform
of F as F = lim,_, fn. It follows that the Fourier transform of an inte-
grable Boehmian is a continuous function. Every distribution with compact
support can be identified with an integrable Boehmian. There are integrable
Boehmians that are not distributions, for example, >.°° ;5 /(2n)!, where
0 is the Dirac delta distribution (see [2]).

Now we define the space of square integrable Boehmians B(L?(RY), As).
The family of delta sequences Ag is defined as the collection of all sequences
o1, 2, ... € S such that ¢, — 1 uniformly on compact sets. It is easy to see
that the conditions necessary for the construction of the space of Boehmians
B(L*(RV), As) are satisfied. The Fourier transform of g—z € B(LA(RY), As)

is defined as R
(8)-E
“n ¥n

In

The expression o should be interpreted as a Boehmian with respect to
pointwise multiplication. Since fncﬁm = fmcﬁn a.e. for all m,n € N, the

quotient é—’; is well defined. Moreover, é—" defines a locally square integrable

n

function. Indeed, for any compact K C RY there exists an n € N such that

©n # 0 on K. Then we can define f(z) = g’;—((?) for z € K.

THEOREM 3.1. The Fourier transform is a vector space isomorphism

between B(L2(RN), As) and L? (RY).

loc
Proof. 1t suffices to show that the Fourier transform is surjective. Let
f € L2 (RY) and let (¢,) € As be such that @, € D(RY). Then, for

loc

every n € N, there exists a g, € L*(RY) such that g, = f@,. Then % €

B(L*(RY), As) and
]-"(g—") _fen g,
¥n Pn
THEOREM 3.2. B(LY(RYN), A1) € B(LA(RYN), As) € B(L*(RY),G).
Proof. The first inclusion follows from the fact that the Fourier transform

of an integrable Boehmian is a continuous function and from Theorem 3.1.
The second inclusion follows from Theorem 2.1. u

Since B(L?(R™), G) contains both integrable and square integrable Boeh-
mians and the construction is simpler, it may seem that there is no point
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in considering the two spaces of Boehmians. This is not necessarily true.
For example, continuity of the Fourier trasform of an integrable Boehmian
is a desirable property. Moreover, the simple description of the range of
the Fourier transform on B(L?(RY), As) makes it a convenient framework.
Integrable and square integrable Boehmians are local objects. It makes sense

to compare two Boehmians on an open set. This is not the case with elements
of B(L?(RM),G).

4. Schwartz distributions as a space of Boehmians. First we con-
sider a subspace of B(L?(RY),G):

K= {Z)\nDa"fn A €C, fr e LARY), and ay € Név},
n=1
where Ng = {0,1,...} and D% f, is defined as an element of B(L*(R"™),G),
that is
) n Dan
Danfn = f - ‘P’
¥
where ¢ € G is arbitrary.

Since K C B(L*(RY),G), the Fourier transform is defined for every F
in IC. It can be written in the following explicit form:

(4.1) ]—'( Em: A, D fn> _ i(zm)mn\ AnMa, fo,
n=1 n=1

where M, is the multiplication operator defined by M, f(x) = z%f(x).

The range of the Fourier transform on & is the space of moderate func-
tions. A function f : RY — C will be called moderate if f = pg where p
is a polynomial and g € L*(RY). The space of all moderate functions will
be denoted by M. Note that M is a vector space that is closed under mul-
tiplication by polynomials. M contains all slowly increasing functions as a
proper subspace. (A locally integrable function f : RY — C is called slowly
increasing if | f| < p for some polynomial p.)

THEOREM 4.1. The Fourier transform is a vector space isomorphism
between K and M.

This follows easily from (4.1).

LEMMA 4.2. If o € S and f € L2(RY), then ¢ * (pf) € M for any
polynomial p.

Proof. It suffices to prove the lemma for p(z) = 2* = 21" ... 2. Then
« _
ex 1)) = § oty =212 s0) o = 0P ()50 ol S,
RN pa
Since y%p(y) * f(y) is in L2(RYN) for every 3, we conclude ¢ * (pf) € M. m
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In view of the above lemma and Theorem 4.1, for any ¢ € S and F € K
we can define the product

(4.2) oF = FY(Fp* FF).

Since F is a bijection from K onto M, F~!f is well defined for all f € M.
F~1 should not be interpreted as the usual inverse Fourier transform. Note
that for any ¢ € S and f € L2(RY) we have

(43) oD f = X0 (5) 0P 0,
B<La
Now we are going to construct a space of Boehmians that is isomorphic
to the space of all Schwartz distributions D’. Before we describe that con-
struction, it is essential to observe that K can be identified with a subspace
of the space of tempered distributions S’. Indeed, elements of K are defined
in terms of derivatives of square integrable functions. If these derivatives
are interpreted in the distributional sense, then /C becomes a space of dis-
tributions. Formally, the identification map ¢ : K — S’ can be defined by
uF) = fg,l(fF), where F denotes the Fourier transform F : K — M de-
fined above and F 5/1 : M — &' is the distributional inverse transform. It is
possible to define ¢ directly: if

Z;n:1 fnx D

F = A D f, = K,
2 oS
then .
(WF), ) = Aa(=1)* | fuD"p,
n=1 RN

for any i € §. Moreover, we have the following properties:

(a) ¢ is linear,

(b) D*W(F) = «(D*F),

(c) o(F ) = 1(Fp) for any ¢ € S,
(d) o(F) * ¢ = o(F * ) for any ¢ € S.

These properties follow from the definition of ¢ and some elementary prop-
erties of distributions and the Fourier transform. Note that all distributions
with compact support are in ¢(K).

Now we describe the space B(K, Ag). First note that S with pointwise
multiplication is a commutative semigroup acting on K by multiplication de-
fined in (4.2). By a delta sequence in S we mean any sequence @1, @2, ... € S
convergent to the constant function 1 uniformly on compact sets. The family
of all such delta sequences is denoted by Ag. It is easy to see that the con-
ditions necessary for the construction of the space of Boehmians B(K, Ag)
are satisfied.
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THEOREM 4.3. D' and B(K, Ag) are isomorphic vector spaces.

Proof. Let f € D' and let (¢n) € Ag be such that ¢, € D for all n € N.
Then f¢, is a distribution with compact support, and thus f¢,, = «(F},,) for
some F;, € K. We define an isomorphism o : D' — B(K, Ag) via

N fen)
o(f)= B

This is clearly a linear map. Moreover, if

D
Pn Pn ’
then fynm = gomen for every m,n € N, and hence f = g.
Now, let i—z € B(K,Ag) and ¢ € D. We define a distribution f € D' by

(1) = ((F) ),

where n € N is any index for which 1, # 0 on the support of ¢. This
definition is independent of n. Indeed, if ¥, # 0 and %, # 0 on the support
of ¢, then

<L(F”)’£> B <( n¥m; ¢n¢m> <( Frnm), ¢fbm>
B <( Fimfe), wnwm> <( mns wnwm> <L(Fm)’wﬁm>'

Since (f, ¢) is clearly linear and continuous in ¢, f is a distribution. =

5. Convergence and continuity. In this section we examine continu-
ity of maps considered in the previous sections. Since we are only dealing
with sequential topologies, all the proofs are formulated in terms of sequen-
tial continuity.

Let X be a topological space and let G be a commutative semigroup
of continuous injections acting on X. We assume that G is equipped with
the discrete topology. Now we can define the product topology on A and
then the quotient topology in B(X, G). We will refer to this topology as the
natural topology. Properties of such topologies are discussed in [3].

The following theorem describes convergence in the natural topology of
B(X,G).

THEOREM 5.1 ([3]). If X x G is first countable, then F,, — F in the

natural topology in B(X,G) if and only if every subsequence of (Fy,) has a
subsequence (Fp,) such that oF),, — @F in X for some ¢ € G.

Let G = {@: ¢ € G}. The range of the Fourier transform on B(L?(RV), G)
is the space of all functions f : RN — C such that fi € L2(RY) for some
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¢ € G. Note that this space can be described as the space B(L2(RY),G)
of generalized quotients with X = L2(RY) and G = G acting on X by
multiplication. As a space of generalized quotients, it can be equipped with
the natural topology. The following theorem is an obvious consequence of
the definitions and the Plancherel theorem.

THEOREM b5.2. The Fourier transform is a topological isomorphism be-
tween B(L*(RN),G) and B(L?*(RY),G).

The natural topology in spaces of Boehmians is the topology of the so-
called A-convergence [5]. Let F, F,, € B(X,A), n € N. The sequence (F},)
is A-convergent to F', denoted by F), A , if there exists a delta sequence
(pn) € A such that ¢, (F, — F) € X for every n € N and ¢, (F,, — F) — 0
in the topology of X. A second type of convergence, called d-convergence, is
also used. The sequence (F,) is d-convergent to F', denoted by F), LN F,if
there exists a delta sequence (¢y,) € A such that ¢ (F,, — F) € X for every
k,n € N and, for every k € N, ¢ (F,, — F') — 0 in the topology of X as
n — 00. Under some natural conditions on the topology of X and the family
of delta sequences A, we can prove the following relationship between these

two types of convergence (see [5]): F, 2 Fif and only if every subsequence
of (F},) has a subsequence (F,,) such that F),, S F.

Now we consider continuity of the isomorphism g : B(L*(RY), A1) —
B(L?(RN),G) defined by

o L) =1 pim o,
son n—oo

where 71 : B(L2(RY),G) — B(L%RY),G). In other words, ¢ is the com-
position of the Fourier transform F : B(L'(RY), A;1) — C(RY) with the
inverse of the Fourier transform F : B(L?(RY),G) — B(L?*(RY),G).

THEOREM 5.3. ¢ : B(LY(RN), Ap1) — B(L*(RN),G) is continuous.

Proof. The Fourier transform F : B(L'(RY), A;1) — C(RY) is continu-
ous with respect to the topology of uniform convergence on compact sets in
C(R™) (see [7]). Since uniform convergence on compact sets is stronger than
the convergence in B(L?(R), G), the conclusion follows from Theorem 5.2. =

THEOREM 5.4. w: B(L2(RN), As) — B(L2(RN),G) is continuous.

Proof. It suffices to show that F}, 2 0in B(L*(RYN), As) implies F,, — 0

in B(L?(RN),G). If F, 20 in B(L*(RN), As), then there exists a delta
sequence () € Ag such that, for every k € N, F}, x ¢, — 0 in L?(RY) as
n — oo. Consequently, F;, — 0 in B(L?(RV),G). =
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THEOREM 5.5. F : B(L3(RN), As) — L% (RY) is a topological isomor-
phism.

Proof. 1If F, 2 0in B(LQ(]RN) As), then F, * ¢, — 0 in L2(RY) for
some (o) € As. Hence Fj,@, — 0in L2(RY) and |F,|2|3,[2 — 0 in L'(RY).
If K C RY is compact, then there exists ng € N such that |$,|> > 1/2 for
all n > ng. Then

N 13 21 (12 P
IR = [ LS <o 1R P
K K 1Pn K
for all n > ng. Hence §,. |F,|2 — 0. Since K is arbitrary, we conclude that
F, — 0in L2 (RN).

Now assume that Fy, Fy, ... € B(L2(RY), Ag) and F,, — 0 in L% (RM).
Let (pn) € As be such that 3, € D for all n € N. Then F,3; — 0 in
L?>(RN) as n — oo, for every k € N. Applying the diagonal method, we
can find a sequence of positive integers p, — oo such that ﬁn(ﬁpn — 0 in

L*(RY), and hence F, * ¢, — 0 in L2(RY). Since (p,,) € As, we have
Fo 2 0in B(LARY), As). u

The above theorem also implies that the embedding of B(LY(RY), A1)
into B(L?(RN), As) is continuous. Indeed, if F, 2 0in B(LY(RN), A1),
then F,, — 0 uniformly on compact sets. Hence F,, — 0 in L% (RYN). This
implies F, = 0 in B(L2(RV), Ag), by Theorem 5.5.

Now we consider the question of continuity of the Fourier transform from
K(RY) to M(RY). The space M(RY) has a natural convergence: a sequence
of functions f,, € M(RY) converges to 0 if there exist functions g, € L2(R")
and a polynomial p such that f,, = pgy, for alln € N, and g, — 0 in L2(RY).
Then we define f, — fin M(RY) as f,—f — 0in M(RY). In order to define
convergence in C(RY) we first note that every F' € IC(RY) can be written in
the form ' = Af where f € L?>(R") and A is a linear diferential operator
with constant coefficients. A sequence Fi, Iy, ... € K(RY) converges to 0
if there are f, € L2(RY) and a linear diferential operator A with constant
coefficients such that F,, = Af,, for all n € N, and f, — 0 in L?(RY).
Convergence to an arbitrary element of IC(RY) is defined by linearity. With
these definitions the following theorem is obvious.

THEOREM 5.6. F : K(RY) — M(RY) is a topological isomorphism.

Finally, we address the question of continuity of the identification map in
Theorem 4.3. In the following theorem, the topology of B(K, As) is defined

as the topology of é-convergence: Fj, 2 Fin B(K, As) if there exists (¢r,) €
Ag such that Fypr — Foi in K for every k € N.
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THEOREM 5.7. ¢: D' — B(K, As) is a topological isomorphism.

Proof. Let f, — 01in D’ and let (p,) € As be such that ¢,, € D for all
n € N. Then, for every k € N, there exist continuous functions g1, g2, . . . and
a multi-index « such that fh,or = D%gppr and g, — 0 uniformly. Since,

for every k € N, gnXsuppy, — 0 in L2(RY) as n — oo, we have of;, 2. 0in
B(KC, As).

Conversely, if f,, € D' and of, 2, 0in B(K, As), then fr,pr — 0 in K for
every k € N and (p,,) € As. Let ¢ € D and let k € N be such that ¢ # 0
on the support of 1. Then there exist functions g1, gs,... € L*(RY) such
that g, — 0 in L2(R™) and f,¢, = D%, for some multi-index o and all
n € N. Since

(s ) = <fn§0k7 £> = <D°‘gm i> = (—1)°"<9n,D°é£> -0,
Pk Pk Pk
it follows that f,, — 0in D’. =

6. Applications. In this section we consider three different applications
of the introduced framework. Our goal is to show that it provides convenient
and effective tools.

6.1. Sobolev space. First we present a simplified definition of Sobolev
spaces. If F' € B(L?(RY),G) can be written in the form F = f*T‘P for some

f € L*RY) and ¢ € G, then we write F € L*(RY) and F = f. This
convention is used in the following definition of the Sobolev space W™ (RY):
W™RN) = {f € L>(RY) : D*f € L*RY) for all |a| < m}.

The inner product in W™ (R¥) is defined in the usual way:

(f,9)=">Y_ | D*fDg.

ja]<m RN

To illustrate the simplicity of this approach, we will show that W™ (RY) is
complete.

Let (f,) be a Cauchy sequence in W™ (R™) and let |a| < m. Then (D*f,)
is a Cauchy sequence in L2(R"), and hence D®f,, — g, in L?(RY) for some
ga € L*>(RY). To complete the proof it suffices to show that D%gy = g, in
B(L*(RY),G). Indeed, since D*f,, — gq, we have

Jax D% =D frxp = ga*
for any ¢ € G. On the other hand,
fnx D% — go x D%p.
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Hence gp * D“¢p = g, * ¢ and consequently

* D¢ *
Dag():go Y _ Yo 90:ga.

¥ ¥
6.2. p.v. ( ) Now we turn our attention to the distribution p.v. ( ) We
show how it can be introduced as an element of I. Since we use two different
kinds of quotients, we need to indicate which one we mean. We adopt the

following convention. If the variables are not explicitly used (for instance
)
©

, then it is a convolution quotient. On the other hand, if the variables

are explicitly used (for instance %), then it is a quotient with respect to

pointwise multiplication. In order to use this notation consistently, we need
to name the functions we use:

L(z)=In|z| and M(z)=
Let 6 : R — [0, 1] be a smooth function with compact support such that
0(—z) = 0(z) for all x € R and O(x) = 1 for all x € [-1,1]. If ¢ € G (for
instance, p(z) = ™), then
(6.1) O xL=¢ x((1-0)L)+ ¢ x(0L)
=@*x((1—0)L"—0'L)+ ¢ x (OL).

Consequently,
o' * L

=(1-6)L'-0L+ w.

¥ ¥
Since (1 —0)L',0'L,0L € L*(R), we have ‘PITfL € K. We will show that, for
every ¢ € S(R),

/

(6.2) (ary)- 2Ly

Let 0,,(x) = 0(nx), n € N. Using (6.1) and (4.3) we obtain
"% L x[(1—6,)L' — 06/ L "% (0, L
). £ :(sz)-{*” (1 6,) |, ¢ >}
12 ¥ 12
_ or [0 0) = MGGLL] @ (MUOaL) | [+ My')ou L]
14 14 P
for all n € N. Now (6.2) can be obtained by letting n — oo, as M0/, L — 0,
M0, L — 0, (¢ + My')0,L — 0 and ¢(1 — 6,,) — 1 in L2(R)
Let F = —"";’%L. From (6.2) we obtain — L/ « F = 1. Now consider the

271

function w = F+omiH , where H is the Heaviside function. Then 1)/[)\/ xw =0,
and hence 1 * w = ¢y, where ¢y is a complex number. Since 1) € S(R) is
arbitrary, we must have w = ¢, where c is a complex number. Thus we have
F = —2miH + c. Since F is an odd function, it follows that F=- Tio,
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where ¢ is the sign function. Consequently,

1 "% L
sz.v.(—)z('0>'< .
z 2

6.3. Hilbert transform. Let
x
W=

It can be shown (for example, see [4, 399]) that, for any ¢ € L?(R), we have
Q*v¢ € L*(R) and F(Q * ) = F(Q)F (). If we define

1 if |z| > 1
— if |z ,
———  if 1
241 2l <1,
then we have )
— if > 1
Pa)+ Q@) =]z =
0 if |z| <1,

Note that P € L*(R) N L?(R). Now

P L=px[(1-0)L'—0'L] +¢ = (0L)
Zcp*[l 9 P—f—Q)—QL}—I—g@ * (OL)
and
(6.3) p.v.<i> = SO;L —(1-0OP+(1-0)Q—-0L+2 *(0L)

Consequently, for every ¢ € L?(R), p.v. ( ) x 1 € K and

f(pv( >¢> — _ino?.

Since o1p € L?(R), we must have p.v.(2) * ¢ € L?(R). On the other hand,
(6.3) implies p.v.( ) *Pp.v. ( ) € K and so

P (L) oo (1)) =
(Yoo () - o

where § = J;%. Therefore

p.v.(l) * P.V. (1) * ) = —2
x

for any ¢p € L?(R). This shows that the mapping ¢ p V. ( ) ® 1 is
an injection from L?(R) to L?(R) and its inverse is given by the mapping

Hence
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= —=p.v.(=) % 2. e transformation ¢ — =p.v.(=) * 1 is known as the
VY 1p.v.(1) * 4. The transformation 1 — Lp.v. (L)« is k th
Hilbert transform.
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