COLLOQUIUM MATHEMATICUM

VOL. 132 2013 NO. 1

INDUCED OPEN PROJECTIONS AND C*-SMOOTHNESS

WELODZIMIERZ J. CHARATONIK (Rolla, MO), ALEJANDRO ILLANES (México)
and VERONICA MARTINEZ-DE-LA-VEGA (México)

Abstract. We show that there exists a C*-smooth continuum X such that for every
continuum Y the induced map C(f) is not open, where f : X x Y — X is the projection.
This answers a question of Charatonik et al. (2000).

1. Introduction. A continuum is a nondegenerate, compact, connected
metric space. A map is a continuous function. Given a continuum X, let 2%
denote the hyperspace of all nonempty closed subsets of X, endowed with
the Hausdorff metric H [0, Definition 2.1]. Let C'(X) denote the hyperspace
of connected elements of 2%X. Given a map between continua f: X — Y, we
consider the induced maps 2/ : 2% — 2¥ and C(f) : C(X) — C(Y) given
by 2/(A) = f(A) (the image of A under f) and C(f)(A) = f(A). A map
between continua f : X — Y is open provided that the image of each open
subset of X is an open subset of Y. A continuum X is said to be C*-smooth
provided that the map A — C(A) from C(X) into C(C(X)) is continuous.

Openness of induced maps has been studied by several authors. For a
surjective map f : X — Y, consider the following conditions: (a) f : X —
Y is open, (b) 2/ : 2% — 2V is open, and (c) C(f) : C(X) — C(Y) is
open. It is known that (a) and (b) are equivalent and each one of them is
implied by (c). In [4] an example is shown of an open map f : X — YV
between locally connected continua X and Y such that the induced map
C(f) : C(X) — C(Y) is not open. In [5] it was proved that if the induced
map C(C(f)) : C(C(X)) — C(C(Y)) is open, then f is a homeomorphism.
A recent result about openness of the induced map of C(f), when the domain
of f is a dendroid, has been obtained in [IJ.

Given continua X and Y, a natural open map is given by the projection
7% : X xY — X on the first coordinate. In [2] some results on the openness
of C(m¥) were obtained. In [3, Theorem 4], it was proved that if there exists
a continuum Y such that C(w}/() is open, then X is C*-smooth, and it was
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asked if the converse holds [3, Problem 6|. In this paper we answer this
question in the negative. We also show that if X is a compactification of the

ray [0,1) with an arc as remainder, then C (WE?’”) is open.

2. Atriodicity. A continuum X is said to have the open projection
property provided that C(r%) : C(X x Y) — C(X) is open for each contin-
uum Y. Given A C X and € > 0, let N(g, A) = U{B(e,a) : a € A}, where
B(e,a) is the e-neighborhood of @ in X. An n-od in the continuum X is
a subcontinuum B of X for which there exists an element A € C(B) such
that B — A has at least n components. A triod is a 3-od. An atriodic con-
tinuum is a continuum containing no triods. A simple triod is a continuum
X = Jy U JaU J3, where each J; is an arc, J; N J; = {p} if i # j and p is an
end point of each J;. A weak triod is a continuum W = C; U Cs U C3, where
each Cj; is a subcontinuum of W, C1NCyNC3 # () and C; is not contained in
U{Cj : j € {1,2,3} — {i}}. By Theorem 1.8 of [I1I] a continuum X contains
a weak triod if and only if X contains a triod.

THEOREM 2.1. Let X and Y be continua. Suppose that the map C(m¥) :
C(X xY)— C(X) is open and Z is a nondegenerate subcontinuum of X.
Then the map C(n}) = C(7X)|czxy) : C(Z x Y) = C(Z) is open.

Proof. Let U be an open subset of C(Z x Y). Let V be an open subset
of C(X x Y) such that VN C(Z x Y) = U. By hypothesis C(7¥)(V) is open
in C(X). Since C(73)(U) = C(rX)(V)NC(Z), C(7})(U) is open in C(Z). =

THEOREM 2.2. Let X be a continuum. Suppose that T is a triod in X

and there exists a sequence of arcs {Jyn}o0_; in X such that lim J,, = T.
Then for each continuum Y, C(r%) : C(X x Y) — C(X) is not open.

Proof. Suppose to the contrary that there exists a continuum Y such that
C(n¥): C(X xY) — C(X) is open. For each m € N, let 2,y be the end
points of J,,. We can consider the natural order in J,, satisfying z,, < ym.
Let A € C(T) be such that T— A = K1 UKy U K3, where Clx(Ki)ﬂKj =0if
i # j and each K; is nonempty. For each ¢ € {1, 2,3}, fix a point ¢; € K; and
an open subset Q; of X such that ¢; € Q;, clx(Q;) NT C K; and clx(Q1),
clx(Q2) and clx(Q3) are pairwise disjoint. Fix points w,z € Y such that
w # z. Let

M=((KqUAUK;) x{w})U(KsUAUK;) x {z})U({q1} xY).
Then M is a subcontinuum of X x Y. Fix open subsets W and Z of Y such
that cly (W) Ncly(Z) =0, w e W and z € Z.

By [3l Theorem 4], X is C*-smooth, so lim C(.J,,) = C(T'). Thus, for each

m € N we can choose an element L,,, € C(J,,) such that lim L,,= Ko U AU K3.
Shortening L,, a little if necessary, we may assume that @, ym ¢ L.
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Let V = (X —clx(Q3)) x W)U (X —clx(Q2)) x Z) U(Q1 xY). Then V
is an open subset of X XY containing M. Let V = {B € C(XxY): BC V}.
Since V is open in C(X xY) and C(n%) is open, C(7¥) (V) is an open subset
of C(X). Since T' = 7% (M) € C(7%)(V) and lim J,,, = T, there exists m € N
such that J,, € C(7%)(V). We may assume that L,,,N Q2 # 0 # L,,NQ3 and
clx(Q1) N Ly, = 0. Thus, there exists B € V such that 7% (B) = J,,,. Choose
points @ € Ly, N Q2 and b € L, N Q3. Without loss of generality we may
assume that x,, < a <b < ym,. Let E, F', G be the respective subarcs of J,,
joining the pairs of points x,, and a; a and b; b and y,,. Notice that F' C L.

Let

By = BN (xy) N (E),

By = BN (r%) H(F) N (X — Q3) x clx (W),

Bz = BN (xy) " (F)N((X — Q) x clx(2)),
(

Clearly, By U Bo U B3 U By C B. Given p € B such that W}/((p) ¢ EUG, we
have 7% (p) € F C Ly, C X — clx(Q1). Since B C V and 7% (p) ¢ clx(Q1),
we obtain p € ((X —clx(Q3)) x W)U((X —clx(Q2))x Z). Thus, p € BoUBs.
We have shown that B = B; U By U B3 U By. Notice that each B; is closed
in X xY.

Now, suppose that there exists a point p € (B1 U Bg) N (B3 U By). In the
case that p € By, since B1 N By C (7%) " YE) N (7%)"Y(G) = 0, we have
p € Bs. This implies that 7% (p) = a € Q2 and p ¢ Bs, a contradiction.
A similar contradiction can be obtained by supposing that p € By. Thus,
p € By N B, but this is impossible since clx(Z) Nclx (W) = 0. We have
proved that (B1UB2)N(BsUBy) = (). Since 7% (B) = Jp,, there exists a point
p € B such that W)Y((p) = Zy,. Thus, p € By and By U By # (). Similarly,
B3 U By # (). We have obtained a separation of the connected set B. This
contradiction completes the proof of the theorem. m

PROBLEM 2.3. Is Theorem[2.2] true when we replace arcs by atriodic con-
tinua? That is, suppose that X is a continuum, T is a triod in X and there ex-
ists a sequence {Jpm }oo_, of atriodic subcontinua of X such that lim J,, =T.
Is it true that for each continuum Y, C(r%) : C(X x Y) — C(X) is not
open?

Related to Problem we have the following result.

THEOREM 2.4. Let X be a continuum. Suppose that K is a 4-od in X
and there exists a sequence {Jm}2°_, of atriodic subcontinua of X such that
lim J,, = K. Then for each continuum Y, C(r%) : C(X x Y) — C(X) is
not open.
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Proof. Suppose to the contrary that there exists a continuum Y such
that C(7%) : C(X xY) — C(X) is open. Let A € C(K) be such that
K—-—A=K UKyUK3UKy, where Clx(Ki)ij =0if¢ = j and each Kj is
nonempty. For each ¢ € {1,2, 3,4}, fix a point ¢; € K; and an open subset Q;
of X such that ¢; € @, Clx(Qi) NK C K;, and ClX(Ql), Clx(Qg), Clx(Qg)
and clx(Q4) are pairwise disjoint. Fix points w, z € Y such that w # z and
fix open subsets W and Z of Y such that cly (W) Necly(Z) =0, w € W and
z € Z. For each i € {1,2,3}, let

M; = ((K4 UAU Kl) X {w}) U ((Kl UKoUK3U A) X {Z}) U ({Qz} X Y)
Then M; is a subcontinuum of X x Y. Let

Vi= (X - Utelx(@)) 1 € {1,2,3} = {i}}) x W)
U(Qi x Y)U ((X —clx(Q4)) x Z).

Then V; is an open subset of X x Y such that M; C V;. Let V; = {B €
C(X xY) : B C V;}. Since V; is open in C(X x Y) and C(r%) is open,
C(m¥)(V;) is an open subset of C(X) that contains K = 7% (M;). Thus,
there exists m € N such that J,, € C(W}?)(Vi) and J,, N Q; # 0 for each
i€{1,2,3,4}. For i € {1,2, 3,4}, fix a point p; € J,, N Q;.

Given i € {1,2,3}, let B; C V; be such that B; is a subcontinuum of
X x Y and 7% (B;) = Jy,. Fix a point b; € B; such that 7% (b;) = ps € Q4.
Let U; = (X — U{clx(Qj) : 7 € {1,2,3} — {i}}) x W. Notice that b; € U;.
Fix j € {1,2,3} — {i}. Since p; € 7%(B;) N Q; and B; C V;, we see that
B; ¢ U;. Let S; be the component of B; N U; that contains b;. By [8]
Theorem 20.3], clp,(S;) N bdpg,(B; N U;) # 0. Take a point s; € clp,(S;) N
bdg,(B; NU;) and let C; = clp,(S;). Then Cj is a subcontinuum of B; and
si € Vin (clxxy (U;) — U;). Since cly (W) Nely (Z) = 0, we have s; € Q; X Y.
Thus, W§(C¢) is a subcontinuum of .J,, that contains ps and intersects @);.
Moreover, since

mx(Ci) C elx (X (Si)) C elx (mx (Uy)) € X — | J{Qw : k€ {1,2,3} - {i}},

we have 7% (C;)NQy = () for each k € {1,2,3} —{i}. Hence, 7% (Cy), 7% (C2)
and w¥ (C3) are subcontinua of J,,, such that py € 7% (C1)N7¥ (Co)N7L (Cs

and no 7% (C;) is contained in the union of the other two. Hence, T =

4 (C1) Un X (Ca) Uk (C3) is a weak triod. Therefore [T, Theorem 1.8, Jp,
is not atriodic. This contradiction completes the proof of the theorem. =

3. The example. In Problem 6 of [3] it was asked if each C*-smooth
continuum X has the open projection property. In the following example,
we give a negative answer to this question. Bruce Hughes (see [8, p. 495|)
constructed a continuum X that is a compactification of the ray [0, co) with
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remainder a simple triod 7" in such a way that each subcontinuum of T is a
limit of subcontinua of [0,00). In our example we construct a continuum X
that is a compactification of the ray [0, co) with remainder a simple triod 7" in
such a way that X is C*-smooth. Thus, X must have the following property:
if A is a subtriod of T and {A,}5°; is a sequence of arcs in the ray such that
lim A, = A, then for each subtriod B of A, there exists a sequence {B,}>>
of arcs in the ray such that B,, C A, for each n € N and lim B,, = B. That
is, if A,, describes a path close to the triod A, then the path A, must also
contain subarcs approximating many of the subtriods of A. The construction
of such X requires a very careful and technical description of the ray.

EXAMPLE 3.1. There exists a C*-smooth continuum X such that for
each continuum Z the induced map C(7%) : C(X x Z) — C(X) is not open.

Let R? be the Euclidean 3-dimensional space. Let m, my : R* — R? be
given by 7(z,y,2) = (x,y) and mo(x,y,2) = (y,2). For each i € {1,2,3},
let m; : R3> — R be the projection on the ith coordinate. Given p,q € R3,
with p # ¢, let pg be the convex segment in R? that joins p and q.
Let # = (0,0,0), e1 = (1,0,0), e2 = (cos(27/3),sin(27/3),0) and e3 =
(cos(47/3),sin(47/3),0). Let T' = fe; U ey U fes. Then T is a simple triod.
We will construct a compactification X of the ray [0, c0) with remainder T'
such that X is C*-smooth.

Let Y be the infinite triod defined by Y = {se; : i € {1,2,3} and
s € [0,00)}. Given two maps 0 : [u,v] — Y and J2 : [v,w] — Y such that
91(v) = 02(v), let 61 % b2 : [u,w] — Y be the common extension of the maps
51 and 52.

Let N3 = N x N x N. Given a = (n,m,r) € N3 — {(1,1,1)}, let M(a) =
{(a,b,c) eN?:a<n,b<mand c<r}—{a} and K(a) = M(a)U {a}.
Then |M(a)| = nmr — 1. Given t € NU {0}, define

wt): {t+1,....t+2n} = K(a) N ([1,n] x {1} x {1})
by
, (1—1t,1,1) ifie{t+1,...,t+n},
w(t)(i) = : o
(t+2n+1—-14,1,1) ifie{t+n+1,...,t+2n}.
Notice that w(t) covers two times the set K (a) N ([1,n] x {1} x {1}), first it
runs in the natural order and then in the opposite. The discrete path w(t)
starts and finishes at (1,1,1).
Define
Po(t) : {t+1,...,t +4nm} — K(a) N ([1,n] x [1,m] x {1})
by
Po(t) (1) = w(t+ (j —1)2n)(i) + (0,5 — 1,0)



78 W. J. CHARATONIK ET AL.

ifie{t+(j—1)2n+1,...,t+ j2n} for some j € {1,...,m}, and
Po(t)(i) = w(t + (j —1)2n)(i) + (0,2m — j,0)

ifie{t+(G—1)2n+1,...,t+j2n} for some j € {m+1,...,2m}.

Notice that ¥g(t) is a discrete path that starts filling twice the discrete
segment ([1,n] x {1} x {1}) N K(«), starting and finishing at (1,1, 1), then
it fills twice the discrete segment ([1,n] x {2} x {1}) N K(«), starting and
finishing at (1,2, 1), next it continues filling the discrete segments of the form
([1,n] x {s} x {1}) N K(«), starting and finishing at (1, s, 1), until it fills the
discrete segment ([1,n] x {m} x {1}) N K(«); then it fills this segment again
and then the segment ([1,n] x {m — 1} x {1}) N K(«), and continues until
it finishes filling again the segment ([1,n] x {1} x {1}) N K («). The discrete
path 1y (t) starts and finishes at (1,1,1).

Define p(a) : {1,...,4nmr} — K(«) by

p(@)(i) = tho((j — 1)4nm)(i) + (0,0,5 — 1)
ifie{4(j —)nm+1,...,4jnm} for some j € {1,...,7}.

Notice that ¢(«) is a discrete path that uses the first discrete segment
{1,...,4nm} to fill the bottom K («) N ([1,n] x [1,m] x {1}) of K () (level
one) finishing at the point (1,1, 1), then it climbs up to the next level (level
two) and then fills level two, starting and finishing at the point (1, 1,2). Then
it climbs up to the next level (to the point (1,1,3)) and then it fills level
three and so on. Notice also that ¢(«) finishes at the point (1,1, 7).

Define g(a) = min{i € {1,...,nmr} : ¢(a)(i) = (n,m,r)} — 1.

Let p(a) = (v1(a), p2(a), p3(a)). We will need the following properties
of p(a):

+ lps(a) (i) — gs(a)(i+1)] < 1.

(e) f 1 < i < j < g(a), then there exists ¢ < k < j such that
fpla)() € N¥: i <1< 7} € K(g(a)(k) + (1, 1,1))

(f) Let B8 = (n1,mq,71) € N3 — {(1,1,1)} be such that |n — nq| < 1,
lm—my| < land|r—r| <1.Letie€ {l,...,9(a)},j€{1,...,9(8)},
A={pa)) eN*: 1 <1<} B={p(B)1) e N¥:1 <1<}
and for each k € {1,2,3}, let uy = maxm,(A) and vy, = max g (B).
Then K ((u1,uz2,u3)) C K((v1,v2,v3) + (1,1,1)) or K((v1,v2,v3)) C
K((Ul,UQ,Ug) + (1’]-’1))
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Properties (a)-(d) are immediate. We prove property (e). Take 1 < i <
j < g(a). Let A = {p(a)(l) € N3:i <1< j}. For each s € {1,2,3}, let
us = min7s(A) and vy = max ms(A). Then [ug,v1] X [ug, va] X [us, vs] is the
minimal box in N3 containing A. We analyze three cases.

CASE 1: 2 < vz — uz. Since p(«) fills each level of the form K(a) N
([1,n] x [1,m] x {s}) before going to the next one, {1,...,n} x {1,...,m} x
{v3—1} C A. So, there exists i < k < j such that p(«)(k) = (n,m,vs — 1) € A.
Clearly, A C K(p(a)(k)+ (1,1,1)).

CASE 2: v3 = ug. If 2 < vy — ug, since ¢(«) fills each row of the form
[1,n] x {s} x {vs} before going to the next one, {1,...,n} x {va — 1} x {vs}
C A. So, there exists i < k < j such that p(a)(k) = (n,vs — 1,v3) C A.
Clearly, A C K(p(a)(k) 4+ (1,1,1)). Thus, we may assume that vo —ug < 1.
In the case that vo = ug, A = ([ug,v1] N N) x {u2} x {ug}. Thus, taking
i < k < j such that ¢(«a)(k) = (v1,u2,u3), we are done. In the case that
v9 = ug + 1, A is of the form

A= (([1, 2] A N) x {ua} x {vz}) U (([L, y] NN) x {vz} x {vs}).
Then taking ¢ < k < j such that ¢(a)(k) = (z,uz,v3) if y < z, and
o(a)(k) = (y,va,v3) if z <y, we are done.
CASE 3: v3 = ug+ 1. The case that v9 = 1 is similar to the last subcase
of Case 2. Thus, we may assume that vo > 1 and {ug,v2} # {n}. Then either

(i) mo(A) = (([1,y] NN) x {uz}) U (([1,v2] NN) x {v3}), or

(i) mo(A) = (([1,y] "N) x {ws}) U (([1,v2] NN) x {us}).
In case (i), we have {1,...,n} x {va — 1} x {v3} C A; then it is enough to
take i < k < j such that p(a)(k) = (n,ve — 1,v3). In case (ii), we have
{1,...,n} x {va — 1} x {uz} C A; then it is enough to take i < k < j such
that p(a)(k) = (n,ve — 1, u3).

This completes the proof of (e).
Finally, we prove (f). We consider three cases.

CASE 1: max{us,v3} > 1. Suppose, for example, that uz > vs. In this
case, uy = n, uz = m and ([1,n] x [1,m] x [1,us — 1)) N N® C A, so
K((v1,v9,v3)) C ([1,v1] x [1,m+1] x [1,v3]) "N3 C ([1,n+1] x [1,m+1] x
[1, U3]) NN3 c K((ul, ug, U3) + (1, 1, 1))

CASE 2: uz = v3 = 1 and max{ug, v} > 1. Suppose, for example, that
ug > ve. In this case, ug = n and ([1,n] x [L,ug — 1] x {1}) N N3 C A, so
K((v1,v2,v3)) C ([1,n+1] x [1,v9] x {1}) N3 C ([1,n+1] x [1,ug] x {1})N
N3 ¢ K((ul,u2,u;3) + (1, 1, 1))

CASE 3: ug =wv3 =1 and us = v9 = 1. Suppose, for example, that u; > vq.
In this case K((v1,v2,v3)) C K((u1,u2,us)) C K((uy,uz,us)+ (1,1,1)).

This completes the proof of (f).
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Given a subcontinuum A of Y such that 6 € A, for each i € {1,2,3}, let
Ai(A) = length of AN {te; :t €[0,00)}.
Given subcontinua A, B of Y such that 8 € AN B, set
D(A, B) = [A(A) = M(B)| + [A2(A4) — A2(B)] + [A3(A4) — A3(B)].
Given i € {1,2,3}, n € N and u < v, let (i, n,u,v) be the map
n(i,n,u,v) : [u,v] »Y

given by the conditions: 7(i,n,u,v) is linear on each one of the intervals
u, -+ 0)/2] and [(u+ 0)/2,0], 76 m,,0) () = 6, (i, m, . 0)((u +v)/2)
= ne; and n(i,n,u,v)(v) = 0. Notice that
(3.1) max{|n(i,n,u,v)(t)| : t € [u,v]} =n.

Given a = (n,m,r) € N? and u < v, we will define a map

Oq : u,v] =Y

(we write 04(u,v) when it is necessary to mention the interval [u,v]) by
induction on the number of elements of M(«). In order to define o(; 1,1y,
divide the interval [u,v] by a partition u = sy < $1 < s2 < s3 = v, where
sit1 — 8; = (v —u)/3 for each i and define o(; ;1) by the following con-
ditions: o(1,1,1)|[s0, 1] = n(1,1,50,51), o1,1,1)l[s1,82] = n(2,1,51,52) and
o(1,1,1)|[52, 83] = 1(3, 1, 52, 83). This defines o, for the case that |M(a)| = 0.
Notice that oy 1 1y(u) = o(1,1,1y(v) = 0.

In the case that a = (2,1,1), divide the interval [u,v] by a partition
u =5y < 81 < Sg < s3 =0, where ;41 —5; = (v — u)/3 for each 7, and define
0o as the map oy 1.1y(s0,51) * 1(1,2, 51, 82) * 0(1,1,1)(52, 3). Inductively, in
the case o = (k, 1, 1) for some k > 3, divide the interval [u,v] by a partition
u =35y < s << Sop_1 = v, where s;11 — s; = (v—u)/(2k —1) for
each 4, and define o, as the map oy 1,1)(s0,51) * -+ * ok_1,1,1)(8k—1, Sk) *
N1k, Sk Sk41) * 0(k—1,1,1) (Sk+1, Sk+2) * = % 0(1,1,1) (5262, S26-1)-

In a similar way, define o(y ;1) and o(y ;) for each k > 2.

Now, suppose that 0 < |M(«)| and o has been defined for every 8 € N

and u < v; when |[M(8)| < |M ()|, suppose also that « is not of any of the
forms (k,1,1),(1,k,1),(1,1,k) (k € N) and suppose that each o satisfies

(3.2) op(u) =6 = og(v).

Here, we use the map ¢(«) defined before. Divide the interval [u, v] by a parti-
tion u = sp < 51 < -+ < Sgg(q)—1 = v, Where 5,41 —s; = (v —u)/(29(ar) — 1)
for each ¢, and define

Ta = Op(a)(1) * "7 * Tp(a)(g(a)=1) * Tp(a)(g(a)) * Tp(a)(gla)=1) * " * Tp(a)(1)-
Using (c), it can be shown that

(3.3) ney € Imo,, mey € Imo,, rezc€lmao,.



INDUCED OPEN PROJECTIONS AND C*-SMOOTHNESS 81

Using (3.1) and (3.2), it can be proved by induction that for each a =
(n,m,r) € N3,

(3.4) oa(u) =0 = 04(v)

and

(3.5)

Inductively, the following properties can be shown:

/\1(004([”7 U])) =n, AQ(UQ([uvv])) =m, /\3(0@([11, U])) =,

max{|oa(t)] : t € [u,v]} = max{n,m,r}.

(3.6.1) o,1(6) can be ordered as a partition u = ug < u; < --- < ug = v;
(3.6.2) each interval [u;_1,u;] can be divided in two subintervals [u;_1, v;]
and [v;, u;] such that oq|[uj—1,v;] and o4|[vj, u;] are linear.

In the definition of o4 (u, v), for each i € {2, ..., g(a)—1}, the map o(q)(s)
is defined on two possible subintervals of [u, v], and the map Tty (g(a) 18 de-
fined on one subinterval of [u, v]. The total number of these specific functions
is 2g(a) — 1.

We use the notation o (7,y) <1 04(u,v) to indicate that v = 7,(q)(;) for
some ¢ € {2,...,¢9(a)} and [x,y] is one of the intervals mentioned in the
previous paragraph, so [z,y| C [u,v] and [z,y] is the domain of oy (z,y).

For each meN, let 5,1 = (m, m, m) and consider the map o, (m —1,m)
(defined on the interval [m —1,m]), then define &,, : [m — 1,m| — Y and
U 2 [m—1,m| = T by

Em(t) =05, (m—1,m)(t) and Y,(t)=

By (3.5)), the image of 1, is contained in the set 7'
Finally, define ¢ : [0,00) — Y and % : [0,00) — R? by

60 =6n(0) and 00 = (Ym0 ;1)

if t € [m — 1,m] for some m € N. By (3.4), {(m) = 6 = {(m + 1) and &
and 1 are well defined.
Now, we can define

R={y(t):te]0,00)} and X =TUR.

Notice that R is a ray in R3 and (7(¢(¢)),0) € T for each t € [0, c0). For
each m € N, {(m + 1)er, (m + 1)ea, (m + 1)eg} C Imog,, = &n(fm —1,m]).
Hence, {e1,e2,e3} C Im,, C m(Imep) x {0}. This implies that {e1, ez, €3}
C cl(Imw). Thus, T' C cl(Im)). Therefore, X is a compactification of the
ray [0,00) with remainder 7.

A nondegenerate subinterval [u, v] of [0, 00) is called basic provided that
there exists w € (u,v) such that £|[u,w] and &|[w,v] are linear and &(u) =
0 = £(v). With an easy induction it can be shown that there exists a unique

1
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infinite partition 0 =ty < ¢; < --- of [0, 00) such that each interval [t;_1, ;]
is basic.

For each m € N, the interval [m — 1,m] is called canonical of order 1.
An interval [u,v] is called canonical of order 2 provided that there exist
m € Nand v € M(Bn)—{(1,1,1)} such that o (u,v) < 05,,(m —1,m). By
definition, {|[u,v] = o4 (u,v). Inductively, an interval [u, v] is called canonical
of order k + 1 provided that there exist a canonical interval [z,y] of order
k and o,y € N* — {(1,1,1)} such that o (u,v) < 04(z,y). An interval is
called canonical if it is canonical of some order.

CLAM 0. Suppose that x € [0,00) is such that 2 < |£(x)|. Then there
exist j,k € N, i € {1,2,3} and 0 < u < v such that {(z) = o4(x) =
n(i, k,tj—1,t;)(z), where a € {(k,1,1),(1,k,1),(1,1,k)} — {(1,1,1)}, [u,v]
is the canonical interval that is a domain of o4 and &|[u,v] = o4(u,v).

Proof. Let m € N be such that x € [m—1, m]. By the inductive definition
of B, there exist finite sequences [u1,v1],...,[u,,v,] and aq,...,a, such
that oq, (ur,vr) <Q 0q,_ (Ur—1,0p-1) < -+ < 0q, (u1,01) = 08, (M — 1,m),
x € [ur,v;] and 7 is the maximum possible integer. Since 2 < |¢(z)| =
|oa, (x)], we have o, # (1,1,1). Let @ = a,. By the maximality of r, the
interval [u,,v,] cannot be partitioned into canonical subintervals, so o €
{(k,1,1),(1,k,1),(1,1,k)} for some k> 2 and &(x) = 04 (z) =n(i, k, ur, vy) ()
for some i € {1,2,3}. Let j € N be such that [u,,v,| = [t;—1,t;] and let
[u,v] = [uy,v,]. This finishes the proof of Claim 0. m

The following claim is the key to proving that X is C*-smooth.

CrLAM 1. Let P,Q be subtriods of Y such that Q@ C P and \(Q) > 5
for each i € {1,2,3}. Suppose that 0 < t < u are such that &([t,u]) = P.
Then there exist v,w € [t,u] such that v < w and for each i € {1,2,3},
[Ai(§([v, w])) = Ai(Q)] < 3.

Proof. We will need two preliminary results.

CLAIM 1.1. If there exist o = (a,b,c) € N* — {(1,1,1)} and a canonical
interval [z,y] such that £|[x,y] = oa(z,y), [z,y] C [t,u], and for each i €
{1,2,3}, [Mi(Imon) — Mi(P)| < 3, then there exist v,w € [t,u] with the
required properties.

Proof. Since \;(P) > 5 for each i € {1,2,3}, by (3.5), 5 < min{a, b, c}.
Let (a1, b1,c1) € N3 be such that Q C 0(aje1)Ud(biea)Ub(cres) and ag, by, ¢;
are minimal (that is, f(aje;) U#(biez) UO(cie3) is the minimal subtriod of Y
containing @), with integer length of its legs). By the hypothesis of Claim 1,
we find that 5 < min{ay, b1, ¢1}. By the hypothesis of Claim 1.1,

Imo,(x,y) = 0(aer) Ub(bea) Ub(ce3) C P
CO((a+3)e1) UB((b+3)ex) UO((c+ 3)es).
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Since Q C P, we get 2 < min{a; —3,b1 —3,¢c1—3}and a1 —3<a,b; -3 <D
and ¢; —3 < c. Let = (a1 —3,b; — 3,¢1 — 3). Notice that either § = « or
B e M(a)—{(1,1,1)}. In both cases, by (c), there exists a canonical interval
[v,w] such that [v,w] C [z,y] C [t u) and ¢|[v,w] = op(v,w). By (3.5),
E([v,w]) = 6((a1 — 3)er) UO((br — 3)e2) U b((c1 — 3)es). Clearly, for each
i€{1,2,3}, |Ni(&([v,w])) — \i(Q)] < 3. This proves Claim 1.1. m

CLAIM 1.2. There exist « € N3 —{(1,1,1),(2,1,1),(1,2,1),(1,1,2)} and
a canonical interval [z,y] such that t <z <y < wu and {|[z,y] = oa(x,y).

Proof. Let x1, 2 € [t,u] be such that £(x1) and £(x2) are in different legs
of Y and 5 < min{|{(z1)],|£{(z2)|}. Let j1,72,k1, ke € N, 41,49 € {1,2,3},
0<u <wv, 0 <ug <wo, a1 and ao be as in Claim 0 applied to the points
x1 and x4, respectively. We may assume that j; = 1. Since z1, 25 € [t, u], we
have [u1,z1] C [t,u] or [z1,v1] C [¢,u]. Notice that 5 < k; and the intervals
[ui,z1] and [z1,v1] contain a canonical interval [z,y| which is the domain
of the map o3 1y. Hence, t < <y < w and &|[[z,y] = o@31,1)(7,y). Let
a = (3,1,1). This proves Claim 1.2. m

Let z,y and a be as in Claim 1.2. By (3.2), £(z) = 6 = &(y). Since
¢71(0) N [t,u] is finite, the number of possible intervals [z, y] is finite. From
all the possible choices of intervals [z,y]|, we choose one having minimal
order. We analyze two cases.

CASE 1: k = 1. In this case there exists m € N such that a = 3, and
we can take the maximum such m. Then [z,y] = [m — 1, m|. We will prove
that for each i € {1,2,3}, |\i(Ima) — A\(P)| < 1.

Given n < m, by (3.5), we have Imog, C Imog,,. Then Im&([1,m]) =
Im¢(fm —1,m]) = £([z,y]) C P. By the maximality of m, [m, m + 1] cannot
be contained in [z, y]. Hence, m 4+ 1 ¢ [x,y]. Thus, [z,y] C [1,m + 1) and

O((m+1)e1) UB(m—+1)ea) Ub((m+1)ez) =Imog, C P C Im&([1,m+1))
C Im&([1,m + 1]) = Im&([m, m + 1]) = Imog,, ., (m,m + 1)
=0((m+2)e1) UO((m + 2)ea) UO((m + 2)es).

This implies that for each i € {1,2,3}, |A\;(Ima) — X\;(P)| < 1. By the

hypothesis of Claim 1, \;(P) > 5 for each i € {1,2,3}. Therefore 5 < m + 2.

Hence, we can apply Claim 1.1 to conclude that there exist v, w € [t, u] with
the required properties.

CASE 2: k > 1. By the definition of k, there exists a canonical interval
[vg, wo] of order k — 1 and there exists v = (a1,b1,c1) € N — {(1,1,1)}
such that o, (vg, wo) = &|[vo, wo] and o4 (z,y) < 0 (vo, wp). Then o € M(7y).
This implies that a < a1, b < b; and ¢ < ¢; and one of these inequalities
is proper. By the minimality of k, [vg,wp] is not contained in [¢,u]. Since
[2,9] C [vo, wo] N [£, u], we have [uo, wo] N [t, u] # 0.
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Let [v1,w1] be a canonical interval of order k — 1 such that [vy,w;] is
adjacent to [vg,wp] (that is, vg = w; or wy = v1). By the minimality of k,
[v1,w1] is not contained in [¢, u].

By the choice of o, o ¢ {(1,1,1),(2,1,1),(1,2,1),(1,1,2)}. This implies
that there are two different canonical intervals [v1, w;] and [va, ws], of order
k — 1, adjacent to the interval [vg, wo] and there exist ¢,9 € N® — {(1,1,1)}
such that {|[vi,w1] = o¢(v1, w1) and &|[ve, wa] = oy (v2, w2). By the previous
paragraph, [vg,wp] is not contained in [¢t,u] and [vj, w;] is not contained in
[t,u] for each j € {1,2}. This implies that [t,u] C [vg, wo] U [v;, w;] for some
J € {1,2}. We may assume that [¢t,u] C [v1,w1]U[vg, wo]. Let ¢ = (a2, ba, c2).

We will prove that A; (P) < min{a;+1,as+1}, A2(P) < min{b;+1, ba+1}
and A\3(P) < min{c; + 1,c2 + 1}. We only prove that Ai(P) < aj + 1, the
rest of the proof is similar. We consider two cases.

If £ = 2, then there exists m € N such that v = §,,, so wg = m and
(a1,b1,¢1) = (m+1,m+ 1,m + 1). Notice that

P C £([0,m] U [m,m+1]) = Bmt1([m, m + 1])
=0((m+2)e1) UB((m+2)ea) UO((m + 2)es).

Hence, \{(P) <m+2=a;+1.
If & > 2, there exist a canonical interval [vs,ws] of order k — 2, Kk €
N3 — {(1,1,1)} and i € {1,...,9(xk)} such that o, (vo,wp) < ox(v3,ws),

o¢(v1,w1) < ok(vs,w3), ¥ = Op(r)) ad ¢ € {0400y (i-1)> T(r)(i+1) }- By (d),
as < ay + 1. Since

P =&([t, u]) € &([or, wi] U [vo, wo))
= 9(a2€1) U 9(1)262) U 9(6263) U 9(@161) U 9(()162) U 9(6163),

we obtain A1 (P) < a; + 1.

Therefore, A1 (P) < min{a; +1,a2 + 1}, A2(P) < min{by +1,bo + 1} and
A3(P) < min{cy + 1,0 + 1}.

If the canonical interval [z1,y1] contained in [vg, wo], where [x1,y;] is the
domain for 7¢(7)(g(7))a satisfies [wl,yl] C [t,u], let ’yw(,y)(g(,y)) = (a4,b4,04).
Then ay < A1 (P) and, by (b) and (d) applied to v, |a1 — a4| + |b1 — ba| +
lep —eq] < 1. Thus, a1 <ag+1< M (P)+1<a;+2and |a; — \(P)] < 1.
Proceeding similarly, max{|a; — A1 (P)|, |b1 —A2(P)[, |c1 —A3(P)|} < 1. Hence,
max{|as—A1(P)],|ba—A2(P)], |ca—A3(P)|} < 2. Therefore, Claim 1.1 implies
that there exist v,w € [t,u] with the required properties. Hence, we may
assume that the canonical interval [z1,y1], contained in [vg, wo], that is the
domain for v,(y)(4(+)) is not contained in [t, u].

Similarly, we can assume that the canonical interval [za,y2], contained
in [v1,w1], that is the domain for (,(¢)(g(c)) is not contained in [, u].

We consider two subcases.
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SUBCASE 2.1: [t,u] is not contained in [vg, wp]. We may assume that
w1 = vg. Then vy € [¢,u]. By definition, [vg, wp] is the domain of the map

Oy = Tp(y)(1) * 7 X Tp(y)(g(v)—1) * To(1)(9(7) * Tp(7)(g(7)—1) * """ * Tp(y)(1)

and [v1,w;] is the domain of

T¢C = Tp()(1) * 7 * T0(0)(9(¢)~1) * Te(0)(9(¢)) * Tp(C)(g(Q)—1) * =+ * Tp(¢)(1)-
For each i € {1,...,g(7)}, let J; be the domain on the left of the map o,(,)@)
in the interval [vg, wo] and, for each j € {1,...,9(¢)}, let L; be the domain
on the right of the map o,(¢)(;) in the interval [v1,w1]. Since vy € [t,u] and
Jg(v) and (by the fact we mention three paragraphs above) L) are not
contained in [t,u], we see that [vg, wo] N [t,u] is contained in J3 U -+ U Jy(q
and [v1,w1] N [t,u] is contained in Ly U---U Ly. Let i € {1,...,g(7)} and
je{l,...,9(¢)} be such that J;—; C [t,u] and Lj_; C [t,u] and j and [ are
maximal (we define Jy = {vg} = Lo in order that i and j be well defined).
Then

JlU"'UJiflUL1U'-~ULj71 C [t,u] C JlU-"UJiULlU"-ULj.
So the only possible intervals of order k in [t, u] are the intervals Jy, ..., J;i_1,
Ll,...,Lj_l. Thus, 1 <iorl<j.

Since [vg, wp| and [v1,w1] are consecutive intervals of order k — 1, either
they are two intervals of the form [m — 1, m] or [m, m + 1] (in some order),
or there exist vp € N3 — {(1,1,1)} and ip € {2,...,%(7)(9(70))} such that

{7, ¢} = {00(10)(i0)s Teo(v0) (i0+1) } - I both cases (see (d)), v and ¢ satisfy the
hypothesis of (f).

Ifl<iand 1<j, let A={p(y)(1)eN3:1<i<i}, B={p(()(l) eN3:
1 <l < j}andforeache € {1,2,3}, let r. = maxm.(A) and s, = max m.(B).
By (f), we may assume that

K((s1,89,83)) C K((r1,72,73) + (1,1,1)).
By (d),
K(p(7)(@) € K(p(v)(i —1) + (1,1,1)) € K((r1,72,73) + (1,1,1)),
K(p(Q)(7)) € K(p(Q)(j —1) + (1, 1,1)) € K((s1,52,83) + (1,1,1))
C K((r1,r2,73) + (2,2,2)).
Thus, ¢(7)(7) € K((r1+1,r2+1,73+1)), so for each e € {1,2,3}, me(p(7)(7))
< re + 1. Similarly, for each e € {1,2,3}, me(p(7)(i)) < re + 2.
Applying , we obtain
P=¢(t,u]) CEWLU--UJ; UL U~ ULy)
= () (J1) U U 00 (i) U o) (L1) U - - U o) (L)
C 9(7’1 + 2)61 U 9(7’2 + 2)62 U 9(7‘3 + 2)63.
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In the case j = 1, we have ¢ > 1 (the case ¢ = 1 is similar). In this case we
can also define A, r1, ro and r3 and we also obtain
P C O'go(w)(l)(Jl) U 0(7“1 + 2)61 U 9(7‘2 + 2)62 U 9(7‘3 + 2)63

= 9(7’1 + 2)61 U 9(7“2 + 2)62 U 9(7“3 + 2)63.
Therefore, we can assume that ¢ > 1, A, r1, r9 and rg are defined, and
P C (9(7'1 + 2)61 U (9(7‘2 + 2)62 U 9(7"3 + 2)63.

On the other hand, by (e), there exists 1 < kg < ¢ with

{eM@) eN?:1 <1< i} C K(p(y)(ko) + (1,1, 1)).

This implies that

r1 < mi(e(y) (ko)) + 1, 2 < ma(e(v)(ko)) +1, 13 < ms(e(v)(ko)) + 1.
Thus,
O(r1 +2)e1 UB(ra +2)ea Ub(rs + 2)es

C O(mi(p(7) (ko)) + 3)er U B (ma(p(7) (ko)) + 3)ea UO(m3(p(v) (ko)) + 3)es.

By (3.3),
() (ko) (ko )
= 0(m1(p(7)(ko)))e1 U 0 (m2(p () (ko)) e2 U O (m3(0(v) (ko)) )es € P
C O(m1(o(7)(ko)) + 3)er UO(ma(p(v) (ko)) + 3)e2 U B (m3(p(7) (ko)) + 3)es.

We can apply Claim 1.1 to deduce that there exist v and w with the
required properties.

CASE 2.2: [t,u] is contained in [vg, wp]. Recall that [vg, wp] is the domain
of the map

Oy = Op(y)(1) ** * Op(y)(g(v)—1) * To(v)(g(7)) * To()(g(y)—1) * " * Tp(y)(1)-

For each i € {1,...,9(7)}, let J; be the domain on the left of the map
Oy(y)(i) in the interval [vg, wo] and let J; be the domain on the right of the
map 0 ,(,);) in the interval [vg,wo]. Since Jy(,) is not contained in [t,u],
we see that either [¢,u] is contained in J; U--- U Jy,) or it is contained in
JiU---u Jé(v)' We analyze the case [t,u] C Jy U---U.Jy,), the other one is
similar. Let 7,7 € {1,...,g(v)} be such that [t,u] C J;U---UJ; and i is the
maximum and j is the minimum. By the choice of [z, y], we note that one of
the intervals Ja, ..., Jy(y)—1 coincides with [z, y], so i and j are well defined.
Thenlgz’gjgg(v) and Ji_:,_lU---UJj_l - [t,u] CJZ'U---UJJ'.

By (e), there exists i < ko < j such that {p(y)(I) € N® : i <1 < j}
C K(p(7)(ko) + (1,1,1)). By (d),

K(e()() € K(p(i = 1)+ (1,1,1)) € K(p(7) (ko) + (2,2,2)).
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Similarly, K (¢(7)(7)) C K(o(7)(ko) + (2,2,2)). This implies that
P=¢([t,u]) CE(i U UJj) = 0p(y)() (Ji) U+ U 04 () ()
C O(m1(o(7)(ko)) +2)e1 U 0 (ma((7) (ko)) +2)e2 U B (m3(p(7) (ko)) +2) e3.
By (3.),
To(y) ko) (ko)
= 0(m1(p(7)(ko)))e1 U O (ma(o(7) (ko)) e2 U O (ms((7) (ko)) es € P
C O(mi(p(7) (ko)) +2)er Ub(ma(p() (ko)) + 2)e2 U B(m3(p(7) (ko)) + 2)es.

We can apply Claim 1.1 to conclude that there exist v and w with the
required properties.
This completes the proof of Claim 1. m

CrLAIM 2. X is C*-smooth.

Proof. First, consider a triod A C T and a sequence of arcs {A,}>°; in R
such that lim A,, = A. Let B € C(A). We need to show that B € lim C(4,,),
that is, there exists a sequence { B, }>° ; such that B,, € C(A,,) foreachn € N
and lim B,, = B. If B is a one-point set, it is easy to see that B € lim C'(A4,,).
So, suppose that B is nondegenerate.

First, we consider the case that B is a triod. Then 8§ € B and )\ =
min{A;(B), A2(B), A3(B)} is positive. For each n € N, choose B,, € C(Ay)
such that H(B, B,) = min{H (B, D) : D € C(A,)}; we need to show that
lim B,, = B.

Take € > 0. We are going to find N € N such that for each n > N,
H(B,B,) < e. Let By € C(B) be such that By is a triod, H(B, By)
< g/4 and \g/2 < Ni(Bpy) < Ai(B) for each i € {1,2,3}. Since B C A =
lim(7(A,) x {0}), there exists N1 € N such that 10/N; < min{\o,e} and
By C m(A,) x {0} for all n > Nj.

For each n € N, let A,, = 1([tn, un]), with 0 < ¢,, < u,. Since lim 4,, = A,
limt,, = oo = lim u,,. Thus, there exists Ny € N such that Ny < ¢,, for each
n > Nj. Let n = max{Ny, Na}.

Let n > N. We consider two cases.

CASE 1: There exists m € N such that [m —1,m] C [tn, u,]. In this case
1
By CT =¢m([m—1,m]) = ——&(m—1,m]) C

mrl m+1f([tnaun])-

Thus, (m + 1)By is a triod contained in &([m — 1,m]). Since m > t, > Ny,
10/(m+1) < 10/Ny < Ao < min{2A;(By), 2A2(By), 2A3(Byp)}. This implies
that 5 < min{(m + 1)A1(Bo), (m + 1)A2(Bo), (m + 1)A3(Bo)}. By Claim 1,
there exist v,w € [m — 1,m] such that v < w and for each ¢ € {1,2, 3}, we
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have |A;(£([v,w])) — Ai((m + 1)By)| < 3. Therefore,
|Ai ([0, w])) x {0}) = Ai(Bo)| = [Ai(¥m([v, w])) — Ai(Bo)l

1 3 €

3 (o)) - amo)| < -2 <
Given ¢ e [u,v], there exists i € {1,2,3} such that (7(¢(t)),0) € be;.
Since | (m(¢([v,w])) x {0}) — Ai(Bo)| < /3, there exists ¢ € By N fe;

such that \wm( ) —q| = |(7(¥(t),0) — q| < /3. Since m —1 < v < t, we
get 1/(t+1) < 1/m < ¢/9. Thus, |[¢(t) — q| < /2. We have shown that
Y([u,v]) € N(g/2, Bp). Similarly, By C N(g/2,¢([u,v])). Hence, ¢ ([v,w]) is
a subcontinuum of A, such that H(¢([v,w]),By) < ¢&/2. Therefore,
H(¢([v,w]), B) < e. This implies that H(B,, B) < .

CASE 2: For each m € N, [m — 1,m] is not contained in [t,, uy]. In this
case, there exists m € N such that [t,,u,] C [m — 1,m + 1]. We suppose

that m € [tp, uy]; the reasoning for [t,, u,] C [m —1,m]| is similar but easier.
Note that Ay = ([t t]) = ([t m]) U ([, un]). Let

Dy = (m(t([tn,m]) x {0})) N Bo, Dy = (m(sh([m, un])) x {0}) N Bo.
Since By C m(Ay) x {0}, we have By = Dy U Ds. Since

D1 € w(lm — 1) = bon([m — L)) = 2o = 1],

we have (m + 1)D1 C &n([tn, m]). Similarly, (m + 2)D1 C &nyi1([m, un)).
Thus,

(m+1)Bo = (m+1)(D1 U D2) C &n([tn, m]) U &mia([m, unl) = E([tn, un])-
As in Case 1, we deduce

5 < min{(m + 1)/\1 (Bo), (m + 1))\2(30), (m + 1))\3(30)}.
By Claim 1, there exist v,w € [t,,u,]| such that v < w and for each i €
{1,2,3}, |Ai(&(Jv,w])) — Ai((m + 1)By)| < 3. Given t € [v,w] N [m — 1,m],
there exists ¢ € {1,2,3} such that (7(¢(¢)),0) € fe;. Since
1 1

(m(1(1)),0) = P (t) = mfm(t) = mf(t)a £(t) € £([v, w]) N ey,
there exists ¢ € By such that \5( ) (m+1) , [ (7(w(t)),0) — g
< 3/(m+1) < g/3. Hence, (n(¥(t)),0) € N( 5/3 By). Similarly, for each
t € [v,w] N [m,m+ 1], we have (7 (¢(t)),0) € N(/3, By). This implies that
Y(t) € N(g/2,By). We have proved that ¢ ([v,w]) C N(g/2, Bp). Similarly,
By C N(g/2,¢([v,w])). Hence, ¢ ([v,w]) is a subcontinuum of A,, such that
H(¢y([v,w]), Bo) < €/2. Therefore, H(¢([v,w]), B) < €. This implies that
H(By, B) < .

This completes the proof that lim B,, = B.
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Now, we consider the case that B is an arc and # € B. Since A is a triod,
there exists a sequence {B],}?°_; of triods in A such that lim B}, = B.
By the first case we considered, for each m € N, there exists a sequence

{qum)}%ozl such that for each n € N, BI™ ¢ C(4,,) and lim Bi™ = B,
Now, it is easy to see B € lim C(A,,).

Finally, we consider the case that B is an arc and 6§ ¢ B. We assume
that B is nondegenerate. Since B is the limit of its proper subarcs, as in
the paragraph above, it is enough to show that, if By is a proper subarc
of B and By does not contain the end points of B, then By € lim C(A,,).
Notice that there exists N € N such that By C 7(A4,) x {0} for each n > N.
Since maps onto arcs are weakly confluent, for each n > N there exists
a subarc ([v,, wy]) of A, such that By = 7(¢([vn, wy])) x {0}. Clearly,
lim ¢([vn, wn]) = Bo.

This completes the proof that if A is a subtriod of T' and {A,}5°, is a
sequence of arcs in R such that lim A,, = A, then C(A4) C lim C(A,).

From this, it is easy to conclude that X is C'*-smooth, as asserted in
Claim 2. =

By Theorem for each continuum Z the induced map C(7%) :
C(X x Z) — C(X) is not open.
This completes the proof of the properties of the example X.

4. Chainable continua. For every n € N and 7 € {1,...,n}, let
pi + R™ — R be the projection on the ith coordinate. Given a map
g : [a,b] — [~1,1], let Gr(g) = {(t,g(t)) € R? : ¢ € [a,b]}. Given a contin-
uum X, B € C(X) and £ >0, let B (g, B) be the e-ball around B in C(X).

The classical Mountain Climbing Theorem [10, Theorem 1| claims that if
f,9:0,1] — [0,1] are piecewise monotone maps such that f(0) =0 = g(0)
and f(1) =1 = g(1), then there exist piecewise monotone maps «, 8 such
that «(0) = 0 = F(0) and «(1l) = 1 = S(1). In this theorem the word
“monotone” can be changed to “linear” |7, Theorem 2|. The linear version
can be used to prove the following lemma.

LEMMA 4.1. Let f,g : [a,b] — [r,s] be piecewise linear maps such that

fla) = r and f(b) = s. Then there exist piecewise linear maps «,f :
[0,1] — [a,b] such that foa=go B, f(0) =a and S(1) =b.

LEMMA 4.2. Let g : [a,b] — [r,s] C [—1,1] be a piecewise linear map,
where 0 < a < b < 1. Let [r,s] = Img and let c,e € [a,b] be such that
g(c) = r and g(e) = s. Let B be a subcontinuum of {0} x [—1,1] x [0,1]
such that pa(B) = [r, s]. Let to, t1 € [0, 1] be such that (0,r,tg), (0,s,t1) € B.
Then there exists a subcontinuum E of Gr(g) x [0,1] such that Gr(g) =
{(p1(w), p2(w)) : w € E}, (¢,7,t0), (e, 8,t1) € E and H(B, E) < 2b.
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Proof. Let o : [a,b] — {0} x [r,s] x [0,1] be a piecewice linear map
such that o(a) = (0,7,t9), o(b) = (0,s,t1), a is the unique value for which
p2(o(a)) = r, and b is the unique value for which p2(o (b)) = s and H(Im o, B)
< b. Since pa(c(a)) = r and pa(o(b)) = s, we can apply Lemma [4.1] so there
exist piecewise linear maps «, 3 : [0,1] — [a, b] such that ppoocoa =go 3,
B(0) = a and A(1) =

Let ¢ : [0,1] — R3 be given by

p(t) = (B(1),9(B(1)), (p3 0 0 0 )(1)).
Let E = Imy. Then E is a subcontinuum of Gr(g) x [0,1]. Since ¢(0) =
(a,9(a),(p3 o 0o a)(a)) and (1) = (b,g(b), (p3 © o o @)(b)), we find that
Im(p1 0 v, p2 0 ) = Gr(g). Thus, Gr(g) = {(pi(e), p2(e)) : e € E} Given

€ [0,1], we deduce |(B(t),g(8(t)),(p3 0 oo a)t)) —ooal(t)| =
Hence, H(E,Im(c o a)) < b.

Since 3 is onto, there exist t2, t3 € [0, 1] such that 3(t2) = c and B(t3) = e.
Then pa(o(a(t2))) = 9(B(t2)) = g(c) = r and po(ola(ts)) = g(B(ts)) =
g(e) = s. By the choice of o, a(t2) = a and a(t3) = b. Thus, Ima = [a,b
and Imo = Im(o o «). Therefore, H(B,E) < 2b. Finally, p(t2) =
(B(t2),9(B(t2)), (p3 0 0 0 @) (t2)) = (¢, 7, t0) and @(ts) = (B(t3), 9(B(t3)),
(p3oco a)(tg)) = (e, s,t1). Therefore, (c,7,t9),(e,8,t1) € E. n

In Example 37 of [2], it was shown that the sin(1/z)-continuum has the
open projection property. We do not know if this result can be extended
to every compactification of the ray [0,1) with an arc as remainder (see
Problem below). For this family of continua we have the following partial
result.

THEOREM 4.3. Let X be a compactification of the ray [0,00) such that
the remainder of X is an arc. Then C(ng’l]) : O(X x [0,1]) —» C(X) s
open.

Proof. By [9, Lemma 5.1, p. 20|, we may assume that there exists a map
g:(0,1] — [—1,1] such that

= ({0} x [-1,1)) U{(t, g(t)) € R* : t € (0,1]}.
Let R = {0} x [~1,1] and S = {(t,9(t)) € R? : ¢t € (0,1]}. It is easy to
show that we may also assume that for each n € N — {1}, g(1/n) = (-1)™.
Let J, = [1/n,1/(n — 1)]. Notice that there exists a piecewise linear map
g% : J, — [—=1,1] such that for each t € J,, |g(t) — ¢l (t)] < 1/n, g(1/n)
= ¢%(1/n) and g(1/(n —1)) = g%(1/(n — 1)). Clearly, X is homeomorphic
to ({0} x [-1,1]) U{(t,¢%(t)) € R? : n € N and t € J,}. Therefore, we may
assume that, for every 0 < a < b <1, g[[, ) is piecewise linear.

In order to see that C(WE?’I]) is open, let B € C(X x [0, 1]) and let U be
an open subset of C(X x [0,1]) such that B € U. Let ¢ > 0 be such that
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B (e, B) C U. We need to show that A = WL?’”(B) € intC(X)(W[O’H (U)). In
the case that A is degenerate, this claim follows from Proposition 13 of [2].
Thus, we assume that A is nondegenerate. We consider three cases.

CASE 1: A C S. This case follows from Proposition 14 of [2].

CASE 2: A C R. Let 6 > 0 be such that 40 < € and, in the case that
A # R, we also ask that, for each E € B (5, A), RC E. Let E € C(X) be
such that H(A, E) < 6. If F is degenerate, let E = {p}. Let ¢ € A be such
that |[p—gq| < 6. Let F = E x p3(B). Then F is a subcontinuum of X x [0, 1]
such that ﬂ_[)?’l] (F)=FE, H(F,B) < ¢ and F € U. Hence, we suppose that
FE is nondegenerate.

In the case that £ C R, there exists an onto map h : A — FE such that

|h(2) — 2| < & for each 2 € A. Let F' = (h x Idjg))(B). Clearly, F is a

subcontinuum of X x [0, 1] such that TI'E%H (F)=E,H(F,B)<cand F € U.

Therefore, E € 71'[)?’1] U).

Now, we suppose that E N R = (). Then there exist a,b € [0, 1] such
that 0 < a < b < 1 and E = Gr(g|4p). Since H(A,E) < 4, b < 4.
Let By = {0} X p2(E). Then H(Ei,E) < §. Since H(A, E1) < 20, there
exists an onto map h : A — Ej such that |h(z) — z| < 2§ for each z € A.
Let Fi = (h x Idjp))(B). Clearly, Fy is a subcontinuum of X such that
{0} x [-1,1] x [0,1], 7% Y(F) = Ey and H(Fy, B) < 25. Let [r,s] =
9(la,b]) = p2(E) = p2(E1) = p2(F1). By Lemma applied to the map
9lia,y) and the subcontinuum Fy of {0} x [~1,1] x [0,1], we deduce that
there exists a subcontinuum F' of Gr(gljay) x [0,1] = E x [0,1] such that
E = Gr(gljap) = {(p1(w),p2(w)) : w € F} and H(Fy1, F') < 2b. Thus,

WB?’”(F) =F, H(F,B) <46 < ¢ and F € U. Therefore, E € TI'E%H(U).
Finally, suppose that R C E. In this case, F is of the form £ = R U
{(t,g(t)) € R? : t € (0,bo]} for some by > 0. Since H(E, A) < 6, by < 9.
By the choice of §, A = R. Let N = min{n € N : 1/2n € [0,bo]}.
Let gv = gli/en+1)00), En = Gr(gn) and for each n > N, let g, =
91/ (N4nt1),1/(N+n)) and By, = Gr(gn). Notice that B = RU{E, : n > N}
and Im g, = p2(Ey) = [—1,1] for each n > N. Since A = R, there exist
t_1,t1 € [0,1] such that (0,—1,¢_1),(0,1,¢1) € B. For each n > N, let u,
(resp., v,) be the even (resp., odd) number of the set {N +n, N +n + 1}),
¢n = 1/v, and e, = 1/u,. Then g,(c,) = —1 and gn(e,) = 1. Thus, we
can apply Lemma to B and g, and infer that there exists a subcontin-
uum F,, of Gr(gn) x [0,1] such that Gr(g,) = {(p1(w), p2(w)) : w € F,},
(cn,—1,t-1),(en,1,t1) € Fp, and if n > N, then H(B, F,) < 2/(N +n) <
1/N < 2by and H(B,Fy) < 2bp. Let F = BUU{F, : n > N}. Since
lim F;, = B, F'is compact. Given n > N, since (m,( 1)N+"+1,t(_1)zv+n+1)
€ F, N Fyy1, we see that F' is connected. Hence, F' is a subcontinuum
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of X x [0,1]. Notice that H(B,F) < 2by < 24. Hence, F' € U. Finally,
ANF) = 2By U ULNF) in > N} = AUU{E, : n > N} = E.
Hence, E € 77&?’1] U).

We have shown that, in this case, A € intC(X)(wggl] U)).

CASE 3: R C A. In this case, A is of the form A = RU{(t,g(t)) € R?:
t € (0,a0]} for some ag > 0. Let 6 > 0 be such that 126 < min{e,ap} and,
if E€ C(X), RC E and H(A, E) <9, then there exists a homeomorphism
h: A — E such that |a — h(a)| < /2 for each a € A. We can also ask that
if F e C(X)and H(A, E) <9, then p;(FE) is nondegenerate and EN A # (.
Let N € N be such that N is even and 1/N < § < ag — §. Take E €
C(X) such that H(A,FE) < 1/(N +1) < ag — §. Since R C A, there exists
zo € (0,1] such that (xg,g(x0)) € E and 29 < 1/(N + 1). Moreover, there
exists 1 € (0,1] such that (x1,g9(x1)) € E and |ag — 21| < agp — 9. Then
1/N <6 < x;. Thus, {(z,9(z)) e X :1/(N+1) <2 <1/N} CE.

In the case that R C E, by the choice of 4, there exists a homeomorphism
h: A — Esuch that [a—h(a)| < e/2foreacha € A. Let F' = (hxId|g1])(B).

Then F' is a subcontinuum of X x [0, 1] such that WE%I](F) = FE, H(F,B)
< ¢/2 and F € U. Therefore, E € WB?’”(Z/{).

Now, suppose that E N R = (). In this case, there exist u,v € [0, 1] such
that 0 <u <v <1 and £ = Gr(g|[y). Then u < 1/(N+1) <1/N <wv
(since 1/N < x1 < wv). Let A9 = RU {(z,9(x)) € X : x € (0,v]}. Since
H(A,E) < ¢, we have H(A, Ag) < J. By the paragraph above, there exists a
subcontinuum Fy of X x [0, 1] such that TI'E(()’H (Fv) = Ap and H(Fy, B) < ¢/2.
Since Gr(g\[l/(N+1)71/N}) C E, the set My = ({1/N} x {1} x [0,1]) N Fy is
nonempty.

Let

M = U{{I/N} x {1} x ([r—=4/2,7+6/2)N[0,1] : (1/N,1,r) € Fy}
and F = Fyp U M. Notice that Fj is a continuum, H(F, Fy) < § < /4,
H(Fy,B) < 3¢/4, 70N (Fy) = Ag, M = ({1/N} x {1} x [0,1]) N Fy and M
has a finite number of components D1, ..., D;. Let
M~ = ([0,1/N]x[-1,1]x[0,1])NnFy, M™* = ([1/N,1]x[-1,1]x][0,1])NF}.
Notice that M~, M are closed subsets of I such that F} = M~ U MT,
M=M NM" Frp(M~)C M and, since 1/N < v, M~ # F}.

Given a component C' of M~ by [8, Theorem 20.3], C' N M # (). Since

M C M~ and M has a finite number of components, we deduce that M~

has a finite number of components. Similarly, M has a finite number of
components. Since R C W[)g’l](Fl), we can take the components Cq,...,C,

of M~ such that p;(C;)N[0,1/(N + 1)] # 0. For eachi € {1,...,m},let J; =
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{7 e{l,....k} : Cin D; # 0}. Since § # C; N M, we have J; # 0. Given
j € J;, choose a point (1/N,1,t/) € C;ND; C M. Let

B; = {(0, p2(p), p3(p)) € {0} x [-1,1] x [0,1] : p € C3}.

Then B; is a continuum. Since p1(C;) N[0,1/(N + 1)] # 0, we can choose a
point (1/(N+1),—1,s;) € C;. Then pa(B;) = pg(C) [—1,1]. For each j € J;,
we apply Lemmato Il ci=1/(N+1),ef =1/N,r=~-1,s=1,s;
and t] and B; to obtain a subcontinuum GJ of Gr(g|[u 1/N]) [0, 1] such that

Gr(glguang) = {(pr(w), pa(w) = w € G}, (L/(N +1),~1,5), (1/N, 1,)
€ G! and H(B;,G]) < 2/N. Define G; = U{G] : j € JZ-}. Since each G7
contains the point (1/(N +1),—1,s;), G; is a subcontinuum of X. Notice
that Gr(g|p,1/n) = {(p1(w), p2(w)) : w € Gy}, Gi N Dj # B for each j € J;
and H(B;,G;) < 2/N

Let F=MtU(M~ —(C1U---UCp))U(G1U---UGy). Clearly, F is
a compact subset of X x [0,1].

Leti € {1,...,m} and let D be a component of M+ such that C;ND # (.
Let z € C; N D C M. Then there exists j € {1,...,k} such that z € D;.
Note that D; C D and j € J;, so G; N D # 0.

We are ready to show that F' is connected. Let A = {K : K is a compo-
nent of M or K is a component of M~} and B = {K : K is a component of
M™ or K is a component of M~ — (C1U---UCp,)} U{G1,...,Gp}. Notice
that A (resp., B) is finite, its elements are compact and the union of the
elements of A (resp., B) is Fy (resp., F'). Given two elements R,S € B,
let Ry = Rif Ry ¢ {G1,...,G,} and Ry = C; if R = G; for some
i € {1,...,m}. Define S; similarly. Then R;,S; € A. Since F is con-
nected there exists a finite sequence Ry = T3,75,...,T;_1,17; = S1 such
that T, N T11 # 0 for each h < [. Define a sequence Qq,...,Q; by mak-
ing Qp = T, if Qp ¢ {C1,...,Cp} and Qp = G; if T, = C; for some
i € {1,...,m}. By the paragraph above, Qy N Qp11 # 0 for each h < I. It
follows that F' is connected.

Since 70 (Fy) = Ag and M+ = ([1/N,1] x [=1,1] x [0,1]) N Fy, we
have 71[ ](M+) Gr(gl(1/n ). Notice that ng’l}(M* —(CLU---UCpy)) C
Gr(glj1/(v41),1/n7) and A (Gu- UGy, = Gr(glfu,1/n)- Thus, () =
Gr(g’[u,v]) =FE

Given p € G1 U -+ - UGy, there exists ¢ € By U---U By, such that |p — |
< 2/N. Then there exists 7 € C1U---UC,, C ([0,1/N]x [—1,1] x [0, 1]) N F}
such that |¢ —r| < 1/N. Thus, |[p—r| < 3/N < 30 < ¢/4. Similarly, for each
r € CyU---UCy,, there exists p € G1 U --- U Gy, such that [p —r| < /4.
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This implies that H(F1, F') < €/4. Therefore, H(B, F) < € and F' € U. This
proves F € 71'[)(2’1] ).
We have shown that also in this case A € into(x) (Tr[o’l] U)). =

PROBLEM 4.4. Let X be a compactification of the ray [0,00) such that
the remainder of X is an arc. Does X have the open projection property?

PROBLEM 4.5. Let X be a chainable continuum. Does X have the open
projection property? Is the map C(Trgg’l]) :C(X x[0,1]) = C(X) open?

Acknowledgments. This research was partly supported by the project
“Hiperespacios topologicos (0128584)” of Consejo Nacional de Ciencia y Tec-
nologia (CONACYT), 2009.

REFERENCES

[1] J. Camargo, On the openness of induced map C(f) for dendroids, Houston J.
Math. 36 (2010), 229-235.
[2]] J. J. Charatonik, W. J. Charatonik and A. Illanes, Openness of induced mappings,
Topology Appl. 98 (1999), 67-80.
[3]] J.J. Charatonik, W. J. Charatonik and A. Illanes, Openness of induced projections,
Proc. Amer. Math. Soc. 128 (2000), 3711-3714.
[4] H. Hosokawa, Induced mappings on hyperspaces, Tsukuba J. Math. 21 (1997),
239-250.
[5] A. Illanes, The openness of induced maps on hyperspaces, Colloq. Math. 74 (1997),
219-224.
[6] A. Illanes and S. B. Nadler, Jr., Hyperspaces. Fundamentals and Recent Advances,
Monogr. Textbooks Pure Appl. Math. 216, Dekker, New York, 1999.
[7]  J. Mioduszewski, On a quasi-ordering in the class of continuous mappings of a closed
interval into itself, Colloq. Math. 9 (1962), 233-240.
[8] S. B. Nadler, Jr., Hyperspaces of Sets. A Text with Research Questions, Monogr.
Textbooks Pure Appl. Math. 49, Dekker, New York, 1978.
[9] S.B.Nadler, Jr., and J. Quinn, Embeddability and structure properties of real curves,
Mem. Amer. Math. Soc. 125 (1972).
[10] R. Sikorski and K. Zarankiewicz, On uniformization of functions (I), Fund. Math. 41
(1955), 339-344.
[11]] R. H. Sorgenfrey, Concerning triodic continua, Amer. J. Math. 66 (1944), 439-460.

Wtodzimierz J. Charatonik Alejandro Illanes
Department of Mathematics and Statistics Ver6nica Martinez-de-la-Vega
Missouri University of Instituto de Matemaéticas
Science and Technology Universidad Nacional Auténoma de México
Rolla, MO 65409, U.S.A. Circuito Exterior, Ciudad Universitaria
E-mail: wjcharat@mst.edu México 04510, D.F., México

E-mail: illanes@matem.unam.mx
vmvm@matem.unam.mx

Received 15 September 2012;
revised 13 June 2018 (5762)


http://dx.doi.org/10.1016/S0166-8641(99)00042-5
http://dx.doi.org/10.1090/S0002-9939-00-05589-1
http://dx.doi.org/10.2307/2371908

	1 Introduction
	2 Atriodicity
	3 The example
	4 Chainable continua
	REFERENCES

