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ALGEBRAIC AND TOPOLOGICAL STRUCTURES ON
THE SET OF MEAN FUNCTIONS AND
GENERALIZATION OF THE AGM MEAN

BY

BAKIR FARHI (Béjaia)

Abstract. We present new structures and results on the set Mg of mean functions on
a given symmetric domain 2 in R2. First, we construct on Mg a structure of abelian group
in which the neutral element is the arithmetic mean; then we study some symmetries in
that group. Next, we construct on Mg a structure of metric space under which Mg is the
closed ball with center the arithmetic mean and radius 1/2. We show in particular that the
geometric and harmonic means lie on the boundary of M. Finally, we give two theorems
generalizing the construction of the AGM mean. Roughly speaking, those theorems show
that for any two given means M; and Ms, which satisfy some regularity conditions, there
exists a unique mean M satisfying the functional equation M (M, M2) = M.

1. Introduction. Let 2 be a nonempty symmetric domain in RZ.
A mean function (or simply a mean) on 2 is a function M : 2 — R
satisfying the following three axioms:

(i) M is symmetric, that is, M(x,y) = M(y,z) for all (z,y) € 2.
(ii) For all (z,y) € 2, we have min(z,y) < M(z,y) < max(z,y).
(iii) For all (z,y) € &, we have M (z,y) =z = x = y.

Note that because of (ii), the implication in (iii) is actually an equivalence.

Among the most known examples of mean functions, we cite:

e The arithmetic mean A defined on R? by A(w y) = i.
e The geometric mean G defined on (0, +00)? by G(z,y) = /Zy.
e The harmonic mean H defined on (0, +00)? by H(z y) = +y

The Gauss arithmetic-geometric mean AGM defined on (0, +00)? a;
follows: Given positive real numbers z,y, we let AGM(z,y) be the
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common limit of the two sequences (x,)nen and (yn )nen defined by

o=, Yo=Y,
%TW (Vn € N),
Yn+1 = /Tnln (Vn € N)

For a survey on mean functions, we refer to Chapter 8 of the book [Bor],
in which AGM takes the principal place. However, there are some differences
between that reference and the present paper. In [Bor], only axiom (ii) is
taken to define a mean function; (iii) is added to obtain the so called strict
mean, while (i) is not considered. In this paper, we shall see that the three
axioms (i), (ii) and (iii) are both necessary and sufficient to define a good
mean or a good set of mean functions on a given domain. In particular,
axiom (iii), absent in [Bor], is necessary for the foundation of our algebraic
and topological structures (see Sections 2 and 3).

Tp41 =

Given a nonempty symmetric domain 2 in R?, we denote by Mg the
set of mean functions on 2. The purpose of this paper is on the one hand
to establish some algebraic and topological structures on Mg and to study
some of their properties, and on the other hand to generalize in a natural
way the arithmetic-geometric mean AGM.

In Section 2, we define on M4 a structure of abelian group in which the
neutral element is the arithmetic mean. The study of this group reveals that
the arithmetic, geometric and harmonic means lie in a particular class of mean
functions that we call normal mean functions. We then study symmetries on
M 4 and we discover that the symmetry with respect to each of the three means
A, G and H coincides with another type of symmetry (with respect to the
same means) which we call functional symmetry. The problem of describing
the set of all means realizing that curious coincidence is still open.

In Section 3, we define on Mg a structure of metric space which turns
out to be a closed ball with center A and radius 1/2. We then use the group
structure to calculate the distance between two means on Z; this permits us
in particular to establish a simple characterization of the boundary of M.

In Section 4, we introduce the concept of functional middle of two mean
functions on ¥ which generalizes in a natural way the arithmetic-geometric
mean, so that the latter is the functional middle of the arithmetic and ge-
ometric means. We establish two sufficient conditions for the existence and
uniqueness of the functional middle of two means. The first one uses the
metric space structure of Mg by imposing on the two means in question
the condition that the distance between them is less than 1. The second
requires the two means to be continuous on Z. In the proof of the latter,
axiom (iii) plays a vital role.
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2. An abelian group structure on Mgy. Given a nonempty symmet-
ric domain 2 in R?, we denote by Ag the set of asymmetric maps on 2,
that is, maps f : Z — R satisfying

It is clear that (Ag,+) (where + is the usual addition of maps from 2
into R) is an abelian group with neutral element the null map.
Now, consider @ : Mg — R? defined by:
M( ) )_ 3
log(—M(iz)_z) if © # y,

VM € Mg, V(z,y) € Z: o(M)(z,y) :=
0 ifx=y.

The axioms (i)—(iii) ensure that —% (for = # y) is well-defined and

positive.

THEOREM 2.1. We have ¢(Mgy) = Ag. In addition, the map ¢ : M —
©(M) is a bijection from Mg to Ay and its inverse is given by

R _ oty
21 Viedp Y@y eZ: ¢ Ny = "myT

Proof. Axiom (i) ensures that for all M € Mg, we have (M) € Ap.
Next, if f is an asymmetric map on &, we easily verify that M : 2 — R
defined by
is a mean on Z and ¢(M) = f. Since obviously ¢ is injective, the proof is
finished.

M(z,y) := (V(z,y) € 2)

We now transport, by ¢, the abelian group structure (A4, +) onto Mg,
that is, we define on M4 the following composition law x:

VMy, My € Mg = Mix Mz =@~ (p(M1) + ¢(Ma)).

So (Mg, *) is an abelian group and ¢ is a group isomorphism from (Mg, *)
to (Ap,+). Furthermore, since the null map on & is the neutral element of
(Ag,+) and ¢~ 1(0) = A, the arithmetic mean A is the neutral element of
(M.@v *)

By explicitly calculating M; x My (for M1, Ms € Mgy), we obtain:

PROPOSITION 2.2. The composition law * on Mg is defined by

(M + Ma)(z,y)

(M (z,y)—y) (Mz(z,y)—y)+y (M1 (z,y)—z)(Ma(z,y)—x) .
;_{ (' (zy) o) (Ma(z )2t O (eg) 9 ObGy) 3 Y27 Y

T ifx =y,
for My, My € Mg and (x,y) € Z. n
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Now, it is easy to verify that the images of the geometric and harmonic
means under the isomorphism ¢ are given by

(2.2) @(G)(z,y) = 3logz — Jlogy  (V(z,y) € (0,400)?),
(2.3) ¢(H)(z,y) =logz — logy (V(z,9) € (0,400)%).

From (2.2)) and ([2.3]), we see that ¢(G) and ¢(H) (and trivially also ¢(A))
have a particular form: each can be written as h(z) — h(y), where h is a real

function of one variable.
To generalize, we define a normal mean as a mean function M : I? — R
(I C R) such that (M) has the form h(z) — h(y) for some map h: I — R.
Equivalently, a normal mean function is a function M : I? — R (I C R)
which can be written as
zP(z) +yP(y)
M9 = "5y 1 Py)

where P : I — R is a positive function on 1.

(Vo,y € 1),

Some symmetries on (Mgy,x*). We are now interested in the sym-
metric image of a given mean M; with respect to another mean My via the
group structure (Mg, x). Denote by Sy, the symmetry with respect to My
in the group (Mg, ), defined by

VMl,MQGM@I SMO(Ml):MQ & My x My = My x M.
Using the group isomorphism ¢, we obtain by a simple calculation an explicit
expression of Sy, (M7):

PROPOSITION 2.3. For any My, My € Mg,
a(My — @) (Mo — y)* — y(Mo — 2)*(M1 — y)

(My —z)(Mo — y)? — (Mo — 2)*(M1 — y)
where, for simplicity, we have written My for My(x,y), My for Mi(x,y) and
Suo (M) for Say(My)(z,y). =

As an application, we get the following immediate corollary:

SMO (Ml) =

COROLLARY 2.4. For any M € Mgy, we have:
(1) SaA(M)=xz+y— M =2A—- M.

ry G2
(2) Sg(M) = ARl (when 2 C (0, +00)?).
3) Su(M) = M M hen 2 € (0, +00)?).

(:B+y)M—:L‘y:2M—H
(4) Suy=SgoSpaoSg. =

Now, we are going to define another symmetry on Mg (for Z of a certain
form), independent of the group structure (Mg, *). This new symmetry is
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determined by solving a functional equation but it curiously coincides, in
many cases, with the symmetry defined above.

DEFINITION 2.5. Let I be a nonempty interval of R, 2 = I? and My,
My and Ms be three mean functions on & such that M; and M take their
values in 1. We say that My is the functional symmetric mean of My with
respect to My if the following functional equation is satisfied:

MO(Ml(xvy)aMQ(x7y)) :M()(.T,y) (V(I‘,y) € @)
Equivalently, we say that Mg is the functional middle of My and Mos.

According to axiom (iii), it is immediate that if the functional symmetric
mean exists then it is unique. This justifies the following notation:

NOTATION 2.6. Given two mean functions My and M; on & = I? with
values in I (where [ is an interval of R), we denote by oz, (M) the functional
symmetric mean (if it exists) of M; with respect to M.

A simple calculation establishes the following:

PROPOSITION 2.7. Let M be a mean function on a suitable symmetric
domain 2 of R%. Then

JA(M) :x+y_M)
oa(M) =37 (for 2 € (0, +00)?),
zyM
(x+y)M -y

The remarkable phenomenon of the coincidence of the two symmetries
defined on Mg in the particular cases of the means A, G and H leads to
the following question:

og(M) = (for 2 C (0,400)%). =

OPEN QUESTION. For which mean functions M on 2 = (0,+00)? the
two symmetries with respect to M (in the sense of the group law introduced
on Mg and in the functional sense) coincide?

ExAMPLE. Using the definition of AGM (see Section 1), it is easy to show
that A and G are symmetric in the functional sense with respect to AGM.

3. A metric space structure on Mgy. Throughout this section, we
fix a nonempty symmetric domain 2 in R%. We suppose that 2 contains at
least one point (xg,yo) of R? such that xg # yo (otherwise Mg reduces to
a unique element). For all couples (M, Ms) of mean functions on 2, define

d(Ml,Mg) — sup Ml(xay)_M2(x7y) )
(z,y)ED, x#y r—=y
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PROPOSITION 3.1. The map d of M%, into [0, 400] is a distance on M.
In addition, the metric space (Mg, d) is the closed ball with center A (the
arithmetic mean) and radius 1/2.

Proof. First let us show that d(Mj, M) is finite for all My, Ms. For all
(z,y) € 2, x # y, the numbers M;(z,y) and Ms(z,y) lie in the interval
[min(z, y), max(z,y)], so

‘Ml(x7y) - MQ(SU,y” < max(x,y) - mln(x,y) = |ZU - y|

Hence
Mi(z,y) = Mo(z,y) | _

sup
(x,y)€D, x#y r—y

L,

that is, d(Mi, M) < 1. Further, since the three axioms of a distance are
trivially satisfied, d is a distance on Mg.

Now, given M € M 4, let us show that d(M,A) < 1/2. For all (x,y) € 2,
x # vy, the number M (x,y) lies in the closed interval with endpoints x and y,
SO

|M(l’,y) - A(:Evy)| < max(:z: - A(:E7y)ay - A(l’,y))

= max x_:r—l-y _EtY —max|( Y4 Y47 _1|ZE—|
- 9 YT Ty )T 2 ' 9 )T Yk

It follows that

1
sup 3’

(zy)€Z, 27y
that is, d(M, A) < 1/2, as required. m

<

M(;U,y) —A((E,y)‘
r—y

REMARK 3.2. Given My, My € Mg, since the map
Ml(xa y) B MQ(xa y)
r—y
is obviously asymmetric (on the set {(x,y) € Z : x # y}), we also have

M — M
d(Ml,Mg) _ sup 1($,y) 2(.’17,y)'
(z,9)ED, x#y r—y

(z,y) —

We now establish a practical formula for the distance between two mean
functions on 2.

PROPOSITION 3.3. Let My and My be two mean functions on 9. Set
f1=¢(My) and fo = p(Ms). Then

efl — efQ

1 1
d(My, M) = su . B |
A waes @+ (R +1) (x,y)gg(€f1+1 ef2+1>
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Proof. Using (2.1)), for all (z,y) € Z we have

T+ yef1 (zy)
efil@y) 117
T + y€f2($’y)
ef2(y) 41

My(z,y) = ¢ (f1)(z,y) =

MQ(‘rv y) = 9071(.}02)(‘%7 y) =
The rest is a simple calculation. m
As an application, we get the following immediate corollary:

COROLLARY 3.4. Let M be a mean function on 2 and f := @(M).
Then, setting s := supy, f € [0, +00], we have
a,A) = 2.1
2 es+1
(We naturally suppose that :iﬂ = 1 when s = +00.) In particular, the
mean M lies on the boundary of Mg (that is, on the circle with center A
and radius 1/2) if and only if supy f = +00. »

ExAMPLE. The two means G and H lie on the boundary of Mg.

4. Construction of a functional middle of two means. Let I C R
(I # 0) and let 2 = I%. The aim of this section is to prove, under some
reqularity conditions, the existence and uniqueness of the functional middle
of two given means M; and Ms on &, that is, the existence and uniqueness
of a new mean M on Z satisfying the functional equation

M(My, My) = M.

In this context, we obtain two results which only differ in the condition
imposed on M; and Mj. The first one requires d(My, M3) # 1 (where d is
the distance defined in Section 3) while the second requires M; and My to
be continuous on Z (by taking I an interval of R). Notice further that our
way of establishing the existence of the functional middle is constructive
and generalizes the idea of the AGM mean. Our first result is the following:

THEOREM 4.1. Let My and Ms be two mean functions on 2 = I?, with
values in I and such that d(My, My) < 1. Then there exists a unique mean
function M on @ satisfying the functional equation

M (M, M) = M.
Moreover, for all (x,y) € 2, M(x,y) is the common limit of the two real
sequences (Tp)n and (yn)n defined as follows:
o=, Yo=Y,
Tpy1 = Mi(zp,yn) (Vn €N),
Ynt1 = Ma(2n,yn) (Vn € N).
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Proof. Let k := d(M;, Ms). By hypothesis, k < 1. Let (xy), and (yn)n
be as in the statement and let (u,), and (v,), be defined by
Up = min(x,, yn) and v, := max(T,,y,) (Vn € N).

For all n € N, we have

Un+1 = min(anrb yn+1) = min(Ml (l'm yn)a MZ(xna yn)) > min(xna yn) = Un

(because M (xy,yn) > min(z,,yn) and Ma(zy,yn) > min(z,, y,)). Simi-
larly, for all n € N,

UTL+1 = ma’X(le-f-la yn+1) = maX(M1($n7 yn)? MQ(.’L}M yn))
< max(zy, Yn) = Up.

Next, for all n € N,

[Vn1 — Unt1] = max(Tpy1, Ynr1) — Min(Tpg1, Ynr1)|
= ’xn-l—l - yn—&—l‘ = ’Ml(xnvyn) - MQ(xnv yn)|
< k|lx, —yn| (by definition of k)

= k|vy, — up).
By induction on n, we get
[o, — up| < E"|vg —ug| (Vn €N).

It follows (since k € [0,1)) that (v, — uy,) tends to 0 as n tends to infinity.
Thus the bounded monotonic sequences (uy,), and (v,), converge to the
same limit. Since

up < xp <wv, and u, <y, <v, (VneN),

the sequences (x,,), and (y, ), also converge to the above limit. Denote the
common limit of the four sequences by M (z,y).

Now we show that the map M : 2 — R just defined is a mean function
on 2 and satisfies M (M;, Ma) = M. First we check the three axioms of a
mean function.

(i) Given (z,y) € Z, on changing (x,y) to (y,x) in the definition of the
sequences (), and (Y )n, they remain unchanged except their first terms
(since My and M are symmetric). So,

M(x,y) = M(y,r) (V(z,y) € 2).

(ii) Given (z,y) € 2, since the corresponding sequences (uy, ), and (vp)n
are respectively nondecreasing and nonincreasing and since M (x,y) is their
common limit, we have ug < M (z,y) < v, that is,

min(z,y) < M(z,y) < max(z,y).
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(iii) Fix (x,y) € 2. Suppose that M (z,y) = = and, towards a contradic-
tion, = # y. Since M; and M> are means, we have (by axiom (iii))
(4.1) Mi(z,y) #x and Ms(z,y) # x.
We distinguish two cases:

CASE 1: z < y. Then M(z,y) = x = min(z,y) = ug. So (up)n is non-
decreasing and converges to ug. It follows that (uy,), is necessarily constant
and in particular u; = ug, that is,

min(Ml(:E? y)a MQ(xa y)) =,
which contradicts (4.1]).

CASE 2: x > y. Then M(z,y) = = = max(z,y) = vo. So (vp)n is
nonincreasing and converges to vg. It follows that (vy), is constant and
in particular v; = vg, that is,

maX(Ml (LI?, y)7 M2(1:7 y)) =,
which again contradicts (4.1)), proving (iii).

To prove M (Mi, Ma) = M, note that changing in the definition of (x,,),
and (yn ), the couple (z,y) of Z to (M1 (x,y), Ma(x,y)) just amounts to shift-
ing these sequences (namely we obtain (x,,41)y instead of (xy,)n, and (Ypn+1)n
instead of (yn)n). Consequently, the common limit (which is M (x,y)) re-
mains the same:

M(Ml(xay)> MQ('%" y)) = M(JL‘, y)'

It remains to show that M is the unique mean satisfying the func-
tional equation M (Mj, M) = M. Let M’ be any mean function satisfy-
ing M'(My,Ms) = M’ and fix (z,y) € 2. We associate to (z,y) the se-
quence (T, Yn)nen as in the statement of the theorem. Using the relation
M' (M, M) = M’', we have

M'(z,y) = M'(z1,91) = M'(v2,92) = --- = M'(xn, yn) = - -
But since M’ is a mean, it follows that for all n € N,
min(zy,, yn) < M'(x,y) < max(z,, yn),
and letting n — oo yields
M (z,y) = M(z,y),
as required. =
From Theorem we derive the following corollary:

COROLLARY 4.2. Let 9 be a mean function on 9 = I? with values in I.
Then there exists a unique mean on & satisfying the functional equation

M(xgy,m,y)) = M(ry) (Way) € D).
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In addition, for all (x,y) € 9, M(z,y) is the common limit of the two real
sequences (Tp)n and (Yn)n defined by

To =, Yo =Y,
Tn + Yn

Yn+1 = 9ﬁ(mny yn) (Vn S N)

Proof. Since the metric space (Mg, d) is the closed ball with center A
and radius 1/2 (see Proposition [3.1)), we have d(9,A) < 1/2 < 1. The
corollary then immediately follows from Theorem .

In the following theorem, we establish another sufficient condition for
the existence and uniqueness of the functional middle of two means.

THEOREM 4.3. Suppose that I is an interval of R and let My and My
be two mean functions on 9 = I? with values in I. Suppose that My and
Ms are continuous on Z. Then there exists a unique mean function M on
9 satisfying the functional equation

M (M, M) = M.

In addition, for all (x,y) € 2, M(x,y) is the common limit of the two real
sequences (Ty)n and (yn)n defined as in Theorem [4.1]

Proof. Fix (z,y) € 2 and define (u,), and (v,), as in the proof of
Theorem Again (up), and (v,), are convergent. Let u = u(z,y) and
v = v(z,y) denote their respective limits (so u and v lie in [ug,vg] =
[min(z,y), max(z,y)] C I).

Now, since My and Ms are symmetric on &, we have, for all n € N,

Tpy1 = Mi(up,v,) and  ypi1 = Ma(up,vy).

By continuity, the sequences (zy,), and (y,), are also convergent and their
respective limits are Mj(u,v) and Ms(u,v). Letting n — oo in x,41 =
M (zp, yn), we obtain

M (u,v) = My (M;i(u,v), Ma(u,v)),
which implies (by axiom (iii)) that
M (u,v) = Ma(u,v).

Thus (zy,), and (y,), converge to the same limit. Denoting by M (x,y) this
common limit, we show as in the proof of Theorem that M is a mean
function on & and that it is the unique mean on % which satisfies the
functional equation M (M, Ms) =M.
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