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BOCHNER’S FORMULA FOR HARMONIC MAPS
FROM FINSLER MANIFOLDS

BY

JINTANG LI (Xiamen)

Abstract. Let φ : (M,F ) → (N,h) be a harmonic map from a Finsler manifold to
any Riemannian manifold. We establish Bochner’s formula for the energy density of φ
and maximum principle on Finsler manifolds, from which we deduce some properties of
harmonic maps φ.

1. Introduction. Let (M,F ) be a Finsler manifold, SM the projective
sphere bundle of M , with canonical projection map π : SM → M given
by (x, [y]) 7→ x, and let SxM := π−1(x) be the projective sphere at x. We
denote the pull-backs of TM and T ∗M by π∗TM and π∗T ∗M , respectively.
Let φ : (M,F ) → (N,h) be a smooth map from a Finsler manifold to a
Riemannian manifold. The energy density of φ is the function e(φ) : SM
→ R defined by

e(φ)(x, [y]) =
1
2

∑
i

h(φ∗ei, φ∗ei),

where {ei} is an orthonormal basis with respect to g (the fundamental tensor
of F ) at (x, [y]). The tension field of φ is (see [3])

(1.1) τ(φ) := −〈dφ, η̇〉+ TrDdφ ∈ Γ ((φ ◦ π)∗TN),

where η (resp. Ddφ) denotes the Cartan form (resp. the second fundamental
form) of φ and the dot “·” denotes the covariant derivative along the Hilbert
form.

Proposition 1 ([4]). φ is a harmonic map if and only if τ(φ) = 0.

In this paper, we shall establish Bochner’s formula for e(φ) and the max-
imum principle on Finsler manifolds, from which we deduce some properties
of harmonic maps φ.
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2. Bochner’s formula. Let

1 ≤ i, j, . . . ≤ m, 1 ≤ µ, ν, . . . ≤ m− 1, 1 ≤ α, β, . . . ≤ n,

where m = dimM and n = dimN.

Take a g-orthonormal frame field {ei} for π∗TM and let {ωi} be a local
coframe. Let {ωij} and {bωij} be the Chern connection 1-form and the
Berwald connection 1-form, respectively. We have (see [1])

bωij = ωij + Ȧijµωµ,(2.1)
bRMijkl = RMijkl + Ȧijl|k − Ȧijk|l + ȦipkȦpjl − ȦiplȦpjk,(2.2)

where A = Aλµνωλωµων is the Cartan tensor of M and “|” denotes the
horizontal covariant differentials with respect to the Chern connection.

Lemma 1 ([4]). For X =
∑

i xiωi ∈ Γ (π∗T ∗M),

divX =
∑
i

xi|i +
∑
µ,λ

xµPλλµ,

where divX denotes the divergence of X on SM with respect to the Rie-
mannian metric G on SM , and Pλµν = −Ȧλµν is the Landsberg curvature
of M .

Let φ : (M,F )→ (N,h) be a smooth map. Set h =
∑

α θ
2
α ∈ Γ (�2T ∗N)

and φ∗θα =
∑

i aαiωi. The covariant differentials of aαi with respect to the
Berwald connection and the Chern connection are defined by, respectively,

Daαi = daαi −
∑
j

aαj
bωij −

∑
β

aβiφ
∗θαβ(2.3)

=
∑
j

aαi,jωj +
∑
µ

aαi;µωmµ,

Daαi = daαi −
∑
j

aαjωij −
∑
β

aβiφ
∗θαβ(2.4)

=
∑
j

aαi|jωj +
∑
µ

aαi;µωmµ.

where “,” denotes the horizontal covariant differentials with respect to the
Berwald connection.

Lemma 2 ([4]). The second fundamental form of φ : (M,F ) → (N,h)
satisfies aαi|j = aαj|i and aαi;µ = 0 for all α, i, j, µ.

Lemma 3. For X =
∑

i xiωi ∈ Γ (π∗T ∗M), we have

xi,j = xi|j + xµPijµ.
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Proof. The covariant differentials of xi with respect to the Berwald con-
nection and the Chern connection are defined by, respectively,

dxi − xj bωij = xi,jωj + xi;µωmµ,(2.5)
dxi − xjωij = xi|jωj + xi;µωmµ.(2.6)

Using (2.1) and (2.5), we obtain

(2.7) xi,jωj + xi;µωmµ = dxi − xjωij + xµPiλµωλ.

Combining (2.6) and (2.7) completes the proof.

From (2.3) and Lemma 2, we have

(2.8) daαi,j ∧ ωj + aαi,jdωj

= −daαi ∧ bωij − aαid bωij + daβi ∧ φ∗θαβ + aβiφ
∗dθαβ

= (−aαj,kωk − aαk bωjk + aβjφ
∗θαβ) ∧ bωij

− aαj
(

1
2
bRMijklωk ∧ ωl + bPijkµωk ∧ ωmµ + bωik ∧ bωkj

)
+ (aβi,kωk + aβk

bωik − aγiφ∗θβγ) ∧ φ∗θαβ

+ aβiφ
∗(1

2K
N
αβγδθγ ∧ θδ + θβγ ∧ θγα

)
= (−aαj,kωk − aαk bωjk + aβjφ

∗θαβ) ∧ ωij

− aαj
(

1
2
bRMijklωk ∧ ωl + bPijkµωk ∧ ωmµ + bωik ∧ bωkj

)
+ (aβi,kωk + aβk

bωik − aγiφ∗θβγ) ∧ φ∗θαβ

+ aβiφ
∗(1

2aγkaδlK
N
αβγδωk ∧ ωl + θβγ ∧ θγα

)
.

Define the covariant derivative of aαi,j by

(2.9) aαi,j,kωk + aαi,j;µωmµ = daαi,j − aαk,j bωik − aαi,k bωjk + aβi,jφ
∗θαβ.

From (2.8) and (2.9), we obtain

(2.10) aαi,j,kωj ∧ ωk − aαi,j;µωj ∧ ωmµ
= 1

2aβiaγjaδkK
N
αβγδωj ∧ ωk − 1

2
bRMijklωk ∧ ωl − aαj bPjikµωk ∧ ωmµ.

Thus we have the following result:

Lemma 4. The second fundamental form of φ : (M,F ) → (N,h) satis-
fies {

aαi,j,k − aαi,k,j = −aβiaγjaδkKN
αβγδ + aαl

bRMilkj ,

aαi,j;µ = aαk
bPkijµ.
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Define ω := [Deie(φ)]ωi = aαjaαj,iωi. Then ω is a global section of
π∗T ∗M. By Lemmas 1–4, we have

divω = (aαiaαi,j)|j + aαiaαi,µPλλµ(2.11)
= (aαiaαi,j),j = 〈Dejdφ,Dejdφ〉+ aαiaαi,j,j

= 〈Dejdφ,Dejdφ〉+ aαiaαj,i,j

= 〈Dejdφ,Dejdφ〉+aαiaαj,j,i−aαiaβjaγiaδjKN
αβγδ+aαiaαl

bRMjlji.

From τ(φ) = 0, we have aαi|i + aαµPλλµ = 0 for all α, thus by (2.9) and
Lemma 3 we obtain

(2.12) aαj,j,i = 0.

Now (2.2), (2.11) and (2.12) yield

Proposition 2 (Bochner’s formula). Let φ : (M,F ) → (N,h) be a
harmonic map from a Finsler manifold to any Riemannian manifold. Then

div[Deie(φ)]ωi = divω
= 〈Deidφ,Deidφ〉 − 〈RN (dφei, dφej)dφei, dφej〉+ 〈dφ(RicM (el)), dφei〉,

where RicM (X) =
∑

i,j,k R
M
ijkjx

ixk/〈X,X〉 for X = xiei ∈ TM.

Proposition 3 (Maximum principle). Let M be a compact Finsler man-
ifold and suppose f ∈ C∞(SM) satisfies div((Deif)ωi) ≥ 0. Then f |M is
constant.

Proof. Set f = f − fmin, where fmin = minSM f . Then�

SM

div((Deif
2)ωi) =

�

SM

div(2ffiωi)(2.13)

=
�

SM

{(2ffi)|i + 2ffµPλλµ}

=
�

SM

{2f2
i + 2ffi|i + 2ffµPλλµ}

=
�

SM

{2f2
i + 2f div((Deif)ωi)}.

By (2.13), since f ∈ C∞(SM) satisfies div((Deif)ωi) ≥ 0, we have f |M =
const.

3. The properties

Theorem 1. Let φ : (M,F ) → (N,h) be a harmonic map from a com-
pact Finsler manifold to a Riemannian manifold. Suppose RicM ≥ 0 and
RiemN ≤ 0. Then

(a) φ is totally geodesic.
(b) If RicM is strictly positive definite at some point, then φ is constant.
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(c) If RiemN < 0, then φ is either constant or of rank one, in which
case its image is a closed geodesic.

Remark 1. When (M,F ) is a Riemannian manifold, this theorem be-
comes the theorem of J. Eells and J. H. Sampson [3].

Proof. Integrating the formula of Proposition 2, we get

(3.1)
�

SM

〈Deidφ,Deidφ〉

=
�

SM

{〈RN (dφej , dφej)dφei, dφej〉 − 〈dφ(RicM (ei)), dφei〉}.

The left-hand side of (3.1) is nonnegative and the right-hand side of (3.1) is
nonpositive, so that Deidφ = 0 for all i and φ is totally geodesic.

If RicM > 0 at a point x ∈M , then by (3.1) we get e(φ) = 0 at x. On the
other hand, by the formula of Proposition 2, div(Deie(φ)ωi) = divω ≥ 0,
and Proposition 3 shows that e(φ)|M is constant, hence e(φ)|M ≡ 0 and φ
is constant by Lemma 2.

If RiemN < 0, then 〈RN (dφei, dφej)dφei, dφej〉 = 0 implies that the rank
of φ is zero or one. In the first case, φ is constant; and in the second case,
the fact that φ is totally geodesic implies that the image of φ is a closed
geodesic.

Theorem 2. Let φ : (M,F ) → (N,h) be a harmonic map from a com-
pact Finsler manifold to a Riemannian manifold. Suppose RicM ≥ a > 0
and RiemN ≤ b (b > 0). If

max{the rank of φ} ≤ p (p ≥ 2)

and
e(φ) ≤ pa

2(p− 1)b
,

then φ is either constant or totally geodesic; in particular , when e(φ) ≤ a/2b,
φ is constant.

Remark 2. When (M,F ) is a Riemannian manifold, this theorem be-
comes the theorem of H. C. J. Sealey [5].

Proof. Fix a point x ∈ M and diagonalize (φ∗h) at the point x so that
〈dφei, dφej〉 = λiδij . Suppose the rank of φ is q. By the Schwarz inequality
and Proposition 2, we obtain

(3.2) divω= 〈Deidφ,Deidφ〉+RMij 〈dφei, dφej〉

− (|dφei|2|dφej |2−〈dφei, dφej〉〈dφei, dφej〉)RiemN(dφei,dφej)
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≥ 〈Deidφ,Deidφ〉+ 2ae(φ)− b
[
4(e(φ))2 −

q∑
s=1

λ2
s

]
≥ 〈Deidφ,Deidφ〉+ 2e(φ)

[
a− 2(p− 1)

p
be(φ)

]
≥ 0.

By Proposition 3 and (3.2), e(φ) is constant and

〈Deidφ,Deidφ〉 ≡ 0,(3.3)

e(φ)
[
a− 2(p− 1)

p
be(φ)

]
≡ 0.(3.4)

If e(φ) ≤ a/2b, then by (3.4),we get e(φ) ≡ 0.
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