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A HARTOGS TYPE EXTENSION THEOREM FOR GENERALIZED
(N,k)-CROSSES WITH PLURIPOLAR SINGULARITIES

BY

MALGORZATA ZAJECKA (Krakow)

Abstract. The aim of this paper is to present an extension theorem for (N, k)-crosses
with pluripolar singularities.

1. Introduction. Statement of the main result

1.1. Introduction. The topic of separately holomorphic functions have
a long history in complex analysis. The problem was first investigated by
W. F. Osgood [Osg 1899]. Seven years later F. Hartogs [Har 1906] proved
his famous theorem stating that every separately holomorphic function is, in
fact, holomorphic. Since then the interest switched to a more general prob-
lem: whether a function f defined on a product D x G of two domains, and
separately holomorphic on some subsets A C D and B C G, is holomorphic
on the whole D x G (see for example papers of M. Hukuhara [Huk 1942]
and T. Terada [Ter 1967]). This led to the question of possible holomorphic
extension of a function separately holomorphic on objects called crosses.

In a recent paper [Lew 2012] A. Lewandowski introduces an object called
a generalized (NN, k)-cross Ty, a generalization of the (IV, k)-cross defined
by M. Jarnicki and P. Pflug [JarPfl 2010], and proves an extension theo-
rem for this new type of cross with analytic singularities. In this paper we
will prove a similar extension theorem for T crosses with pluripolar sin-
gularities, generalizing Theorem 10.2.9 of [JarPfl 2011] and the Main The-
orem of [JarPfl 2003]. We will also introduce another type of generalized
(N, k)-crosses, called Yy, crosses, a natural object to consider in light of
Theorem [3.6] This theorem will turn out to be a strong tool, allowing us
to prove two Hartogs-type extension theorems for functions separately holo-
morphic on Xy, Ty and Yy crosses, including the Main Theorem of
this paper.

The paper is divided into four sections. In the first section we define
generalized (N, k)-crosses and we state the Main Theorem. Section 2 contains
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some useful definitions and facts. Section 3 is dedicated to (NN, k)-crosses,
their properties and recent cross theorems. It also contains the statement
of Theorem and the proof of the Main Theorem. In the last section we
present a detailed proof of Theorem

2. Generalized (N, k)-crosses and the main result. Let D; be
a Riemann domain over C™ and let A; C D; be locally pluriregular (see
Deﬁnition, j=1,...,N, where N > 2. For a = (a1, ...,ay) € {0,1}V
and B; C Dj, j=1,..., N, define

D: when a; =1,
XjaJ _{ ’ ’

N A;  when a; =0,

B§ = 11 Bj, B{:= 11 Bj.

je{l,...,N}:aJ‘:O je{l,...,N}:ajzl

Xo =X a; X X XNy, j=1,...,N,

For a € {0,1}" we merge cy € D§ and ¢; € DY into (cg,c1) € 1=, D;
by putting variables in right places.

We also use the following convention: for D C DS, G C Df, o € {0,1}¥,
define

m::{(m):aED,beG}.
To simplify notation define
No={aec{0,1}V :ja| =k}, J:={ac{0,1}":1<]a| <k}.
DEFINITION 1.1. For k € {1,... ,N} we define an (IV, k)-cross Xy by

Xnk = Xni((45,Dj) U X,.
aETN

For a € y{j let X, C Af and put
Xf::{zeé\fa:zagﬂa}, aey,iv,
where z, denotes the projection of z on D'

DEFINITION 1.2. We define a generalized (N, k)-cross Ty i by
T = T k(A7 D) iirs (Za)aern) = U
acTN
and a generalized (N, k)-cross Y n j by
Y= Ynr((45, D)L, (Sa o)acyN) = U a7
aeyk

Observe that always Tn i C Y.
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ExXAMPLE 1.3. To see the difference between Ty, and Y y j, consider for
example N =3, k = 2, and let

Yar) ={z} CAs,  Zao1) ={z} CA2, X1 =1{x} C A,
To=0, acYI\T5
Observe that if X, = () for all a € y,fj, then
TN,k((A D; )] 1:(Ea)aefrkN) :YN,k:((A D; )j 1,(2a)aey,§’)
= XN,k((AjaDj)j:I)'
Moreover, for k£ = 1 we have (Ea)ae’rkf\’ = (Ea)aey}j = (Ej)é\[:l and we use
the simplified notation
Ty =Yy = T((4;,D;, %))
DEFINITION 1.4. For an (N, k)-cross Wy € {Xng, Tng, YNi} we
define its center as
C(WNJg) = WN,k n (Al X e X AN).

DEFINITION 1.5. For a cross Xy, = Xy ,((4;, Dj)év:l) we define its hull
Xnn = Xnp((45, D))

N
= {(2’1,. . .,ZN) €Dy x---xDpn: ZhAj,Dj(Zj) < k},
j=1
where hp p denotes the relative extremal function of B with respect to D
(see Definition [2.1]).
Let Wy € {Tnk, Yni) and let M C Wy For a € y,iV and a € Af
let M, o denote the fiber

My o :={z€ Dy :(a,2) € M}.

For (z’,z”)EH? ID-xl_[jkaDj,k:E{l N — 1}, define
My _{be H D, eM}
Jj= k+1

.u)_{aeHD GM}

DEFINITION 1.6. Let M C Ty be such that for all a € 'EN and a €
AG\ Xy the set D \ M, o is open. A function f: Ty \ M — C is called
separately holomorphic on Ty \ M (written f € Os(Tny \ M)) if for all
a € TN and a € A \ X,, the function

(T) D? \ Ma,a >z f((avvvz)) = fa,a(z)

is holomorphic.
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For a generalized (IV, k)-cross Yy we give an analogous definition.

DEFINITION 1.7. Let M C Y be such that for all o € y,gV and a €
Af \ Xy the set Df \ Mg q is open. A function f: Yy \ M — C is called
separately holomorphic on Y \ M (written f € Os(Y i \ M)) if for all
a € TN and a € A\ X, the function (1) is holomorphic.

REMARK 1.8. Observe that if f € Os(Yn \ M), then (}) is also holo-
morphic for all « € Y and a € A\ X,.

Let M C Tyy. For a € y,gV and b € D{ let M, denote the fiber

My o :={z€ AF : (2,b) € M}.
The following class of functions plays an important role in the Main

Theorem. It is a natural extension of the class Os(Txn i \ M)NC(Ty i\ M).

DEFINITION 1.9. Let M C Ty be such that for all a € EN and a €
Af \ Xy the set DY\ M, o is open. We denote by O%(Tn i, \ M) the space
of all f € Os(Tny \ M) such that for all @ € T,¥ and b € DY, the function

0\ (ZaUMyq) 3z f((2,0)) = foalz)
is continuous.
The following theorem is the main result of this paper. It is an ana-

logue and a natural generalization of Theorem 10.2.9 of [JarPfl 2011]. It also
extends the main result of [Lew 2012].

MAIN THEOREM (Extension theorem for (N, k)-crosses with pluripo-
lar singularities). Let D; be a Riemann domain of holomorphy over C"i,
Aj C Dj be locally pluriregular, j =1,...,N. For a € 776N let X, C A be
pluripolar. Let

X =Xnp((45, D)), T =Tni((45, D)0, (Za)aeT)-
Let M be a relatively closed, pluripolar subset of T Ny, such that for all o €
77CN and a € A§ \ Xy the fiber M, o is pluripolar. Let

o {OS(XN,;C \M) ifXq=0 foralaecTV,
O%(Tni \ M) otherwise.
Then there exists a relatively closed pluripolar set M c )A(N’k and a gen-
eralized (N, k)-cross Tl := TMk((Aj,Dj)éV:l, (Eé)ae’rkl\’) C Tny with
Yo C X! C Ay, X! pluripolar, o € T,N, such that:
o M (c(Twnw)UTy,) C M,

o for any f € F there exists a function fE (’)(XN;.C\]\/J) such that ]?: f
on (e(T ) UT ) \ M,
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o M is singular with respect to {f feF}
o if M =(, then M =0,
o if for alla € TN and a € Ag \ Xy the fiber M, o is thin in DY, then

M s analytic in XNk

The following remark shows that the Main Theorem can be stated anal-
ogously to Theorem 10.2.9 of [JarPfl 2011].

REMARK 1.10. Observe that for any relatively closed pluripolar set M C
Ty and for all o € 7;N there exists a pluripolar set X9 C A§ such that
Yo C XY and for all a € AZ\ X9 the fiber M, , is pluripolar. Then the Main
Theorem implies its version with (X,,) aeTN and Ty replaced by (X9) aeTN

and T(])V,k = Tnr((4;, Dj)é‘v:h (Zg)ae’ﬁf’) :

2. Preliminaries
2.1. Relative extremal function

DEFINITION 2.1 (Relative extremal function). Let D be a Riemann do-
main over C" and let A C D. The relative extremal function of A with respect
to D is the function

hy p :=sup{u € PSH(D) :u <1, ula <0}.
For an open set G C D we define hy ¢ := hangc- B

A set A C D is called plurireqular at a point a € A if hjl’U(a) = 0 for any
open neighborhood U of a, where hKU denotes the upper semicontinuous
regularization of hy r7.

We call A locally plurireqular if A # () and A is pluriregular at every
point a € A.

2.2. N-fold crosses. Let D; be a Riemann domain over C™ and let
Aj C Dj; be a nonempty set, j = 1,..., N, where N > 2. For k = 1, for
historical reasons, we call Xy 1((A4;, Dj)évzl) an N-fold cross X and we write

N
N
=X(A1,...,An; D1,..., Dy) = X((4;, Dy)ILy) = [ (4] x D; x AY),
j=1
where
A/-‘:A1><'~><Aj_1, jZQ,...,N,
A// AJ_HX XAN, jZl,...,N—l,
Al x Dy x A} .= Dy x Af, v X Dy x A% := Ay x Dy.
(*) That is, for all a € M and every open neighborhood U, of a there exists f € F

such that f does not extend holomorphically to U,. For more details see [JarPfl 2000,
Chapter 3.
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For X C Al x AY, j=1,...,N put
J- {(a]7zj7 ])GA/XDXAH'(]?] QE}
where
a;::(al,...,aj,l), j=2,...,N,
a'- ::(aj+1,...,aN), jZl,...,N—l,
a/1>z17a/1,) = (zlvalll)a (alNazNaa/]/V) = (alezN)'
We call Ty 1((Aj, Dy, X )N )= Ujvzl X; a generalized N-fold cross T.
For (a},af) € A} x A” j=1,...,N, define the fiber
M . any = {2z € Dj: (a},z,a5) € M}.

aj,,a

Our proof of the Maln Theorem will be based on Theorem [3.6] which
is a technically more complicated analogue of Theorem 2.2 below (the first
inductive step in the proof of Theorem [3.6]).

THEOREM 2.2 (|JarPfl 2007, Theorem 1.1]). Let D; be a Riemann do-
main of holomorphy over C", A; C Dj be locally pluriregular and let X; C
A; X A;’ be pluripolar, j =1,...,N. Put

X = X((AjaDj)é'vzl)v T:= T((Aijjagj);‘vzl)'
Let F be a collection of functions f : ¢(T)\ M — C and let M C T be such
that:
- !/ "

o foranyj€{l,...,N} and (a},a}) € (A} x A])\ Xj the fiber M(a;_ma;_/)

1s pluripolar,

o for any j € {1,.. N} and (a},af) € (A’ AY)\ X there exists a

closed pluripolar set Ma,j C Dj such that Mw NA; C M(a;7,7a;_/),

o for any a € ¢(T)\ M there exists an v > 0 such that for all f € F

there ezists an fo € O(P(a,r)) with fo, = f on ]P’(a )N (e(T)\M)[®)
o forany f € F, any j € {1,...,N}, and any (a},a}) € (A} x A])\ X

there exists J?aJ € O(Dj\ﬂa,j) such that fa,j = f(a,-,a7) on Aj\M, ;.

a5, d;
Then there exists a relatively closed pluripolar set M c X such that:
e MNe(T)C M,
e forany f € F there exists fe O(X\M) such that f = f on ¢(T)\ M,
o M is singular with respect to {f fer},
o ifforallj € {1,...,N} and (a},a}) € (A} x A])\X; we have Ma,j =1,
then M = 0,

() P(a,r) denotes the polydisc in the Riemann domain D x --- x Dy centered at a
with radius r. For more details see [JarPfl 2000, Chapter 1].
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e if forall j € {1,...,N} and (a},a}) € (A x AY)\ Xj the set Mad is
thin in Dj, then M is analytic in X.

3. (N, k)-crosses

3.1. Basic properties of (V, k)-crosses. The following properties will
be implicitly used throughout the paper.

LEMMA 3.1 (Properties of (N, k)-crosses, see [JarPfl 2010, Remark 5]).
() X = X((45, D)X, K = K((45, D)),
) XNk is arcwise connected,
(iii) ﬁN,k is connected,
) if D1,...,Dn are Riemann domains of holomorphy, then ﬁN’k s a
Riemann domain of holomorphy,
(V) XN,k C XN,lc—H and XN,k C XN,k:-i—l; k=1,...,N —1,
(Vi) XN,k = X(XN—I,k—I,AN§XN—l,k:aDN); k=2,....N—1, N > 2.

The following technical lemmas will also be useful.
LEMMA 3.2 ([JarPfl 2010, Lemma 4|). Let D; be a Riemann domain of

holomorphy over C" and A; C D; be locally pluriregular, j = 1,...,N.
Then for all z = (#1,...,2n) € Xy we have

N
hﬁN,k—lyﬁN,k () = max {0’ Z hy; p; (zj) =k + 1}'
=1

LEMMA 3.3. Let D; be a Riemann domain of holomorphy over C" and
Aj C Dj be locally pluriregular, j =1,...,N. Then for z € Xy,

hXN,k—h)A(N,k (Z) - h)A(N,k—h)A(N,k (Z)

Proof. The inequality “>” follows from properties of the relative ex-
tremal function (see [JarPfl 2011, Proposition 3.2.2|). To show the opposite
inequality fix u € PS’H()A(N,k) such that v < 1 and ulx,, , = 0. Then
u|ﬁN,k—1 = PSH(XN’k_l) and u’XN,kfl = hXN,k—lyﬁN,kfl
analogous @ to that for Proposition 5.1.8(i) of [JarPfl 2011] we show that
=0on XN,k—la which finishes the proof. =

. Using a reasoning

XN,k—1,XN,k—1

3.2. Cross theorems for (N, k)-crosses. In this section we present
some recent results on (N, k)-crosses which will be used in the proof of the
Main Theorem. Observe that our main result generalizes both of them.

(%) Instead of the classical cross theorem for N-fold crosses we use the cross theorem
for (N, k)-crosses (see Theorem [3.4)).
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THEOREM 3.4 (Cross theorem for (N, k)-crosses, cf. [JarPfl 2011, The-
orem 7.2.7|). Let D; be a Riemann domain of holomorphy over C" and
A; C Dj be locally pluriregular, j = 1,...,N. For k € {1,...,N} let
Xng = Xni((44,D; )J 1) Then for every f € Os(Xny) there exists

a unique function f € O(XNJg) such that ]?: fon Xy .

The following result is a special case of Theorem 2.12 of [Lew 2012], which
is a cross theorem without singularities for generalized (N, k)-crosses.

THEOREM 3.5 (Cross theorem for generalized (N, k)-crosses). Let D; be
a Riemann domain over C", A; C Dj be pluriregular, j = 1,...,N. For
a € TN let Xy be a subset of Ay. Then for every f € O%(Ty ) there exists

an ]?E O(}A(NJC) such that f: f on Tny.

3.3. Extension theorem for generalized ([V, k)-crosses with pluri-
polar singularities. Now we state the already mentioned main technical
result, an analogue of Theorem which is crucial for the proof of the Main
Theorem. Its proof will be given in Section [4

THEOREM 3.6. Let D; be a Riemann domain of holomorphy over C",
and A; C Dj be locally pluriregular, j = 1,...,N. For o € y,gV let X, be
a pluripolar subset of Af. Let Wy € {Xnk, Tag, YN}, M C c(Why)
and F a collection of functions f: c(Wny) \ M — C} such that:

(T1) M is plum’polar@

(T2) for any a € yk and a € Af \ Xy the fiber M, o is pluripolar,

(T3) Jor any o € YN and a € AO‘ \ X, there exists a closed pluripolar set
Ma,a C DY such that M NAY C M,, l

(T4) for any a € c (W) \ M there exists an r > 0 such that for all f € F
there exists an fo € O(P(a,r)) with fo = f onP(a,r)N(c(Wn i)\ M),

(T5) for any f € F, a € YV, and a € A§ \ X, there exists an j?a,a €
O(Dy\ Ma@) such that ﬁm = fa,o 0n AY\ Moo .

Then there exists a relatively closed pluripolar set Mc )A(N’k such that:

° ]/W\ﬂ C(WNJg) Cc M,

o for any f € F there exists an f € O(XNJ@ \ ]/\/.7) such that f = f on
(W) \ M,

o M is singular with respect to { f ferF},

(*) Actually we can assume less: M is such that the set {a; € A; : M. ,a;, is not
pluripolar} is pluripolar for all j € {1,...,N}.

(5) When k£ = N we assume that there exists an M C Dy X ---x Dy closed pluripolar
such that M N e¢(Wy ) C M.

(°) When k = N we assume that there exists an f € O(Dy X -+ x Dy \ M) such that
f=Ffonc(Wyi)\ M.



A HARTOGS TYPE EXTENSION THEOREM 151

o if for all a € y,iV and a € Af \ Xy we have Ma,a =(, then M= 0,
e if for all a € y,gV and a € A§ \ Xy the set Ma,a s thin in DY, then M
s analytic in }A(N,k.
Theorem [3.6] has one immediate and useful consequence, which might
be called the main extension theorem for generalized (NN, k)-crosses with

pluripolar singularities (see analogous theorem for N-fold crosses, Theorem
10.2.6 of [JarPfl 2011]).

PROPOSITION 3.7. Let Dj, Aj and Xy be as in Theorem 3.6 Let

Wk € {XnNk Tngs YN
Let M C Wiy, and F C Os(Wi i \ M) be such that:
(P1) M Nnc(Wny) is pluripolar,
(P2) for any o € Y and a € A§ \ Xy the fiber My is pluripolar and
relatively closed in DY,
(P3) for any a € c(Wn )\ M there exists an r > 0 such that for all f € F
there exists an f, € O(P(a,r)) with fo = f onP(a,r)N(c(Wn i)\ M).

Then there exists a relatively closed pluripolar set Mc }A(Mk such that:

° ]/\Zﬁ C(WNJC) Cc M,
for any f € F there exists an f € O()A(N,k \ J/\/[\) such that f: f on
c(Wni)\ M,
o M is singular with respect to {f fer},
if for all a € y,iV and a € A§ \ Xy we have My o =0, then M= 0,
if for all a € y,f)’ and a € Af \ Xy the fiber M, o is thin in DY, then
M is analytic in ﬁN,k-

Proof. Define M’ := M Ne(Wyy) and F = {f|c(WN,k)\M : feF} We
show that they satisfy the assumptions of Theorem B

Indeed, for a € y,gV and a € Af\ X, define M, o := My o and fo o := foa-
Then:

e M’ is pluripolar and for all & € Vi¥ and a € A§ \ X, the fibers M,
are pluripolar by (Ffl)),

e forall a € y,gV and a € Af \ X, the set Ma,a is relatively closed and
pluripolar, _

o forall f e F,a € y,ﬁV, and a € Af\X,, the function f; , is holomorphic
on D{ \ Ma@ (cf. (, Definitions and Remark ,

e from (P3), for any a € ¢(Wy ;) \ M there exists an r > 0 such that
for all f € F there exists an f, € O(P(a,r)) with f, = f on P(a,r) N
(W) \ M).

Thus from Theorem we get the conclusion. m
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As we have already mentioned in Section 2, Theorem [3.6] or, to be more
precise, Proposition [3.7 implies the Main Theorem. The idea of the proof is
based on Lemmas 10.2.5, 10.2.7, and 10.2.8 of [JarPfl 2011].

Proof that Proposition@ implies Main Theorem. Let D;, A;, Yo, Xy i,
Ty, M, and F be as in Theorem We have to check the assumptions
of Proposition Because M is pluripolar, for all a € y,iV there exists a
pluripolar set X, such that for all a € Af \ X, the fiber M, , is pluripolar.
Moreover, because M is relatively closed, all the fibers M, , are relatively
closed. To check the last assumption we need the following lemma.

LEMMA 3.8. Under the assumptions of Theorem [1.2], for every a €
c(Tnyi) \ M there exists an r > 0 such that for any f € F there exists

an fo € O(P(a,r)) with fo = f on P(a,r) N (c(Tng) \ M).

Proof. Fix a € ¢(Tny)\ M. Let p > 0 be such that P(a,p) "M =0
Define new crosses

X = Xnk((45 NP(ag, p), Plaz, p))350) ()
TV = Tnk((A; NP(az, p), P(az, p))i11. (Za N P(aa, p))aeT)-

Fix a € TN and a € (Hj:a-:o(Aj NP(aj,p))) \ (Xa NP(aq, p)). Then

(H P(a;, p )\Mw_ I ®a.p)
Jraj=1 Jra;=1

so for any f € F the function [[ ay=1 P(aj,p) > z = faa(z) is holo-
morphic and f € Os(TY,). For F = O%(Tnx \ M) we additionally fix
b€ Ilja,-1P(a;,p). We have

((TT Plas)\(ZanPlaa, p))UMoa) = ( T] Plas:p))\(SalPlaa: p))

Jiaj= Jraj=

P(aa,p)) 2 2z — fpa(z) is continuous. Thus OS(TNk \ M) C (’)fg(T
Using Theorem for F = Os(Xnx \ M) and Theorem (3.5 . 5| for
OS(Tnx \ M), we get

Ve F3facOXY): Ju=fon Tj‘\}f’k
Choosing 7 € (0, p) so small that P(a,r) C )A(‘]’“\}pk finishes the proof. =

and for any f € O5(Tny \ M) the function (], ;=1 P(aj,p)) \ (Ea N
)

™) Recall that M is relatively closed.

()

(®) From the definition of a polydisc in a Riemann domain we obviously have P(a;, p) C
Dj,5=1,...,N.

*) Recall that if Yo = 0 for all « € T}, then Tn i, = X,k and T = X3%-
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Now, it is clear_that all necessary assumptions are satisfied and we can
apply Proposition We obtain a pluripolar relatively closed set M such
that for all f € F there exists an f with f = f on c(Tnyp)\ M and M is
singular with respect to {f : f € F}.

Fix a € 77€N and define D, := D§ and G, := D{. Then both D, and

G, are Riemann domains and XN,k C D, x G, is a Riemann domain of
holomorphy. From Proposition 9.1.4 of [JarPfl 2011] there exists a pluripolar
set X7, C A§ such that ¥, C X/ and for all a € A \ X, the fiber ]\/l\ma is
singular with respect to {J/”;a : f € F}. In particular, because every ]’;,a is
holomorphic on (ﬁNJg)a,a \ ]/\4\&@, we have M\ma C My, fora € A\ X,
Hence

MnTh,= |J{zeMnXy:za g S} C M.
acTN
Now for all o € 7;€N and a € A§ \ X/, the functions ]?a@ and f,. are
holomorphic on D\ M, o (thanks to the inclusion M NT’y , C M) and equal

on A{ \ Mg o, which is not pluripolar. Thus we have J/”;,a = fa,a everywhere
on DY\ M, q, for every o and a. Hence finally f = f on T§V7k \M. =

4. Proof of Theorem First we show that it is sufficient to prove
Theorem with Wy, = Xy .

LEMMA 4.1. Theorem with W = X1 implies Theorem [3.6] with
Wi € {Tng, YN}
Proof. Let Dj, Aj, Yo, XNk, TNk, YNy M C ¢(W ) and a collection
F of functions f : Wy \ M — C, where Wy, € {Tnyi, Yni}, be as in
Theorem Assume that this theorem is true with Wy, = Xy .
Observe that c(Yn i) = c(Xni) \ A and ¢(Tr i) = c(Xng) \ A, where
A= (({a€Aix - xAy:aq € Za},
aETkN
AV:: m {a€A1><~-><AN:aa€Ea},
eV
are pluripolar subsets of ¢(X 1), where a, denotes the projection of a on A§.
Define M" := M UA C ¢(Xn). Then ¢(Xn i)\ A)\ M = c(Xni) \ M
and
(x)  o(Typ)\ M
= (cXNp) \ A\ M C (e(Xng) \A)\ M for M C c(Tnp),
(xx)  c(Ynp)\ M= (c(Xng)\A)\M for M C c(Ynp).
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Define 7' := {fl|yxy,\m + f € F}. Then M’ is pluripolar and for all

aeyk and a € Af \ X, wehaveﬁaa 0, SOM' = M. Thus M’
and F’ satlsfy the assumptlons of Theorem (3.6 . 6| with WNk = XNk Then

there exists M/ C XN k, relatively closed, pluripolar, and having all the
properties of the conclusion. Properties (x) and (#x*) give us the conclusion
for VVNJc S {TN,k7YN,k}~ ]

Proof of Theorem [3.6 with W = Xy -

STEP 1. Theorem is true for any N when k£ = 1 (Theorem and
when k£ = N (by assumption).

STEP 2. In particular, the theorem is true for N = 2, £ = 1,2. Assume
we already have Theoremfor (N —1,k), where k € {1,...,N — 1}, and
for (N,1),...,(N,k—1), where k € {2,...,N —1}. We need to prove it for
(N, k).

STEP 3. Fix s € {1,..., N} (to simplify notation let s = N). Let

Qn = {an € AN : M(.,,) is not pluripolar}.
Then @y is pluripolar. Define
X§ = XA, D) s, s=1,...,N,
in particular
N _
XG4 = X = Xnak((45, D).

Fix an ay € Axy \ Qn and consider the family {f(-,an) : f € F} of
functions f : ¢(Xny_1,%) — C. Then:

o M qy) Cc(Xn-14) is pluripolar.

e For any o/ € Y "! and any o’ € A"\ Y the fiber (M. 45))a’,/

equals M, o, where a = (d/, aN) and o = (a 0), so it is plurlpolar
e For o/ € ny and o’ € AO‘ \ Yo we define Ma o = Maa, where
a = (d,ay) and a = (a 0). Then Ma/,o/ C DY = DY is closed,
plurlpolar and Ma o N Aa C My o

e For any a' € c(XN 1k) \ M.y there exists an r > 0 (the same as
for a = (d/,an)) such that for any f € F there exists f,r € O(P(d/,r))
such that f = f(-,an) on P(a’,7) N (c(Xn_1%) \ M.apy)-

e For f € F, for any o € y,fj—l and any a’ € ASI \ Yo, define for o ==

faa € O(DF\ Myo) = O(D§'\ My ), where a = (a’,an) and a =
(a O) Then fa al = fa o/ Ol Aa \( (- aN))a’,o/'

(%) By A§" we denote the product IT
and Di"/.

JE{Le N=1}: a=0 Aj, and analogously for AY
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From the inductive assumption we get a relatively closed pluripolar set

M,,
[ ]

C Xn—1, such that:

MaN Ne(Xn-1,k) € M(.ap),

for any f € F there exists an f/;N € O()A(N_l,k \ M\QN) such that
faN = f(-;an) on c(Xn-1k) \M(

MaN is smgular w1th respect to {faN f € F},

if for all o € yk Land o/ € Ay \ Xu, we have Ma’,a’ = (), then
MaN = @7

if for all o/ € y,ﬁ“l and o/ € A"\ Y, the set Ma@a/ is thin in D¢,
then MaN is analytic in )A(N,Lk.

Define a new cross

Zy = X(e(Xn—1), Ani Xn— 14, DN>-

Observe that Zy with original M, Y1) := X0, 01), (1,0 = &N, nd
the family F satisfy all the assumptions of Theorem - Wlth N=2k=
Indeed:

For all @' € ¢(Xn_1)\ Z(0,..,0,1) and an € Ax\ Qn the fibers My .y,
M. 4, are pluripolar by (T1), (T2) and the definition of QN

For all @' € ¢(Xn-1) \ X0 01) from (T3) there exists an My C Dy
closed plurlpolar such that M NAN C Mg ,y. Foray € Ay \ QN set
M = M . Then M is closed pluripolar in XN 1,k and MaN N

(XN—Lk) C M(., N

For all (¢/,an) € (¢«(Xn_1%) X An)\M from (T4) there exists an r > 0
such that for all f € F there exists an f(q 4,) € O(P((a', an), 7)) such
that

Jwany=f onP((d,an),r) N (c(Xnx\ M)).
For all a’ € ¢(Xn-1) \ Yaz(o,..0,1) from (T5) there exists an f, €
O(Dn \ M) such that f = f on Ay \ My ). For ay € Ay \ Qn
define f,, = faN. Then f,, € (’)(ﬁN,Lk \ MaN) and fq,, = f on
c(Xn_1k) \ M. qp)-

Then there exists an M, N C Z n relatively closed pluripolar such that:

]/\ZN N C(XNJQ) Cc M,

for any f € F there exists an ]?N € O(zN \ MN) such that fN = f on
cXnw) \ M,

My is singular with respect to {fN ferF},

if for all @ € ¢(Xn-14) \ Z(o...01) We have My = @ and for all

an € Any \ Qn we have M, = 0, then MN =,
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o if for all ’ € ¢(Xn_11) \ (0,..0,1) the set Ma/ is thin in Dy and for

all ay € Axy \ Qn the set MQN is thin in ﬁN—l,ka then ]\/ZN is analytic

in ZN.

We repeat the reasoning above for all s = 1,..., N —1, obtaining a family

{J?é,,}é\[:1 of functions such that for any s € {1,...,N} we have f; = f on
c¢(Xn k) \ M. Define a new function by

]?1(2’) fOI'ZGil\]/\Zl,
Fp(z) =4
.]/C\N(Z) fOI“ZEZN\]/W\N.

Assume for a moment that we have the following lemma.
LEMMA 4.2. The function Fy is well defined on (UX,Z)\ (UY, ]\/4\5)

STEP 4. Define a 2-fold cross

N
Z:=X(XNn_1k-1,AN; XN-1k, DN) C U Zg,
s=1
a pluripolar set
- N
M = (U Ms> N (XN—l,k:—l X AN)
s=1

and a family

F={f:= Ff|(XN,1’k,1><AN)\M cfeF}

We show that Z, M , and F satisfy the assumptions of Theorem (3.6 with
N=1and k=1:

o Mis pluripolar in Xx_1 -1 X An, so there exist pluripolar sets P C

Xn_1k-1, @ C Ay such that for all 2/ € Xy_14-1 \ P and ay €
AN\ @, the fibers M./ y, M(. 4, are pluripolar.

Let 2/ € Xn_14-1 \ P. Then there exists an s € {1,..., N — 1} such
that

{Z} x Dy C Xg\s[)_lk x As.

Indeed, let 2/ € Xn_1x-—1. Then 2/ = 2/, for some o € {0,1}V 71,

la] = k — 1, where z;, = (2ay,--+52ay_,) and 2o, = a; € Aj when
a; = 0, while 2o, = z; € D; otherwise. We may assume that 2=
(215 vy 21,0k, ..., aN—1). Set s = k. Fix zy € Dy. Then (zy,...,
2k—1,0k,---,aN—1,2N) € {Z'} x Dy and

(s)
(215 vy Zk—1, Ak, - - -, AN—_1, 2N) € XNka X As.
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Define M, o= (]\/4\5)(,2',-)~ Then M. -+ 1s pluripolar relatively closed in
Dy and M, NAN C M(Z/7,). For ay € An\Q define MQN = (]\/J\N)(.@N)
relatively closed pluripolar in iN,Lk such that MQN N Xn_1k-1 C
M. ay)- -

e Forany (2/,an) € (Xn_1 - 1><AN)\M there exist s€ {1,..., N—1} and
r > 0 such that P((2',an),r) C Z, \M Then f, € O(P ((z an),r))
and f, = Fy = fon P((7,an),r) N (Xn— 1k—1 X AN) \~M) R

e For 2z’ € Xy_1 -1 \P choose an s to have (x) and define f,/ := fs(2/, )
Then f.. is holomorphic on DN\M » and equals f( -) on AN\M
For ay € A AN \ @ define faN = fs( ~). Then fa N I8 holomorphlc on
XN l,k\MaN and equals f( an) on Xn_q - 1\M an)-

Now from Theorem there exists a relatively closed pluripolar set McZ
such that:

e MnN (Xn—1k-1 X AN) C M in partlcular Mﬂc(XNk) c M,

e for any f € F there exists an f € (’)( \M) such that f = f on
(XN 1k—1 X AN) \M in partlcular f fonc(Xng)\ M,

o Mis singular with respect to {f ferh

° 1fforallz GXN 1,k— 1\PwehaveM/—@andforallaNEAN\Q,

M,y =0, then M =1,

o if for all 2/ € Xy_ 1k—1 \ P the set M/ is thin in Dy and for all

any € Ay \ @ the set MQN is thin in XN 1,k> then M is analytic in Z.

Now assume that for any o € y,{)f and a € Af \ X, we have MCW = 0.
Then for any s € {1,..., N} and as € As\Qs we have ]/W\QS = (), which implies
that for all s € {1,..., N} we have M, = . Then from the definitions of
MZ/ and M we see that for any 2 e Xy L1 \ P we have MZ/ = and
for all ay EAN\Qwe have MaN =0, thus M = ().

Analogously if for all o € yk and a € Af\ X, the fiber Mma is thin in DY,
then for any s € {1,..., N} and a5 € Ag\ Qs the set ]/\4\% is analytic (thus
thin) in Xg{?) 1ysoforalls € {1,..., N} the set M, is analytic in Zs. Because
fibers of analytlc sets are also analytlc we infer that for any 2’ € Xy_1 -1\ P
the set M/ is thin in DN and for any an € An \ Q the set MaN is thin in
XN 1,k- Thus, finally, M is analytic in Z.

Now we show that XN,k C Z. First observe that if z = (7, z2n) € }A(N,k,
then 2’/ € )A(N_Lk. From Lemma for (21,...,2n) = (2,2n) € j\(N,k we
get
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() by, % 1) Thayoy(en) =hg () + haypy(2n).

For z € XN—l,k—l C )A(N,k we have ({)= ha, p,(2n), which is less than 1
from properties of the relative extremal function, and for z € X n x\Xny_1 k-1
we use Lemma 3.2

N—-1
= <Z hAj7Dj(zj)> —k+1 +hAN,DN(ZN) <k—k+1=1.
=1

To show the opposite inclusion take (21,...,2n5) = (2/,2n) € 7. From
properties of the relative extremal function and Lemma we get

N-1
(D" hapn,(2)) + Bayoy(en) Shg | () k=14 by py(n)
j=1
<h 2 () +haypy(en)+k—1<14+k-1=k

XN-1,k—1,XN-1,k

Thus, it remains to prove Lemma

Proof of Lemma . Fix s and p. We want to show that J/“; = fp on
(ZsNZy) \ (Ms U M,). To simplify notation we assume that s = N — 1 and
p=N.

STEP 1. Every connected component of Zy_1 N Zy contains part of the
center.
From the definition of Zy_1 and Z we have

ZN_lﬂZN:(Al X+ X Any_9 X Dn_1 XAN)U(A1 X -+ X Any_1 X D)
U (XN—Q,k X An_1 X AN)

First take By := A1 X --- X Any_o X Ay_1 X Dy. Since the product of a
disconnected set with any set is not connected, connected components of By
are products of connected components of A;, j = 1,...,N — 1, and Dy.
Since the last set is connected, every connected component of By “contains”
Dy (in the sense of the last coordinate in the product), thus it contains a
part of the center Ay X --- X Ap.

The case of By := A1 X -+- X Ay_9 X Dny_1 X A is similar.

Now take Bg := )A(N 2. X An—1 X An. As in the previous cases, since
X N—2,k is connected, every connected component of By “contains” the whole

XN 2.k in the product. Since XN 2% contains Ay X --- X Ay_g, every con-
nected component of By must contain part of the center.

STEP 2. One connected component of y/ N_1 N y/ ~ contains the whole
Zn_1NZy.

The intersection Z N1 y/ ~ contains the cross Xy 1, which is connected
and contains the center. Thus the whole center must lie in one connected
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component of y/ N-1 NnZ ~- Now take any connected component of y/ N-1 NnZ N
which intersects Zy_1NZy. From Step 1 it must contaln part of the center,
so there is only one connected component of y/ No1 N y/ N intersecting (thus
containing) Zy_1 N Zy.

STEP 3. Every connected component of ZN,l N ZN with ]\/ZN,l U ]\/4\]\7
deleted is a domain, thus it is a connected component of (Zy_1 NZy) \
(M N1 UM N)

Take any connected component of y/ N_1 N Z N, name it 2. Then (2 is
a domain. The set M, ~N—1 is pluripolar and relatlvely closed in Z N—1, thus
it is plurlpolar and relatively closed in {2, so {2 \ M N—1 is still a domain.
Because M, N is relatively closed and pluripolar in Z N, it is relatively closed
and pluripolar in 2\ My_1. So 2\ (MN 1 U MN) is a domain.

STEP 4. One connected component of (ZN_1 N ZN) \ (MN_l U ]\/ZN)
contains the whole set (Zy_1 NZy) \ (]\//.TN,l U ]\/ZN)

This follows immediately from Steps 2 and 3.

STEP 5. .]?N—l = ]/l.\N on (ZN—I N ZN) \ (Z/\ZN—I U ]/\ZN)

Let {2 be a connected component from Step 4. Then both J/C\N—l and fN
are defined on {2. On the non-pluripolar center we have ]?N—l = fN. Since {2
is a domain and contains the center, J?N—1 = fAN on {2. Moreover, {2 contains
(ZN-1NZy)\ (]\/4\]\7,1 U MN) which finishes the proof. m

The proof of Theorem [3.6|is finished. =

EXAMPLE 4.3. In the proof of Theorem with £ = 1 we do not need
the cross Z—it is sufficient to take Zy (see [JarPfl 2010] for details), however
for k > 1 Step 4 is necessary. Indeed, let A; = Ay = A3 = (—1,}), Dy =
D2 = Dg = D, X3’2 = Xg’g((Aj,Dj)?zl), Z3 = X(Al X A27A3;X272,D3).
Then X5 = Dy x Dy,

Zs:={z € Dy X Dy x D3 : ha,»ay.0,x D, (21, 22) + hay.ps(23) < 1}
={2z € D1 x Dy x D3 :max{ha; p,;(2), j =1,2} +ha, py(23) <1},
and hy; p.(¢) = 2‘Arg 1+C) ,CeD, j=123 (see Example 3.2.20(a) in
[JarP 2011]). Take z= (0, w,w), where w=i/+/3. Then 2 € X35 but 2¢Zs.
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