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L2-DATA DIRICHLET PROBLEM FORWEIGHTED FORM LAPLACIANSBYWOJCIECH KOZ�OWSKI (�ód¹)Abstrat. We solve the L2-data Dirihlet boundary problem for a weighted formLaplaian in the unit Eulidean ball. The solution is given expliitly as a sum of fourseries.1. Introdution and preliminaries. We work with weighted formLaplaians L = La,b = adδ+bδd, a, b > 0, ating on the spae of p-di�erentialforms in R
n. These operators give a sublass of so alled non-minimal op-erators (f. [2℄). If a = b = 1, La,b is just the Laplae�Beltrami operator

∆ = dδ + δd. If a = (n − 1)/n, b = 1/2 and p = 1, then La,b orrespondsto the Ahlfors�Laplae operator S∗S. The orrespondene is given by thenatural duality between the spae of vetor �elds and one-forms. For moredetails see [9, 10℄.Sine L = (
√
aδ+

√
bd)∗(

√
aδ+

√
bd), L is strongly ellipti, but in ontrastto ∆, the prinipal symbol of L is not of metri type exept when a = b.This auses the La,b theory to be more ompliated than the theory of ∆.In [1℄ Ahlfors solved the Dirihlet boundary problem for S∗S in the hy-perboli ball. Reimann [11℄ solved the L2-data Dirihlet problem for theAhlfors�Laplae operator for the Eulidean ball and vetor �elds; the solu-tion is given as a sum of three series. Next Lipowski [7℄ solved the equation

S∗S = 0 for some boundary onditions of Neumann type.In [5, 4℄ the author investigated the operator La,b in the spae of poly-nomial p-forms in R
n and solved the polynomial-data Dirihlet boundaryproblem for L and the Eulidean ball in [5℄. Next in [6℄ A. Pierzhalski andthe author solved the so alled ellipti boundary problems in the sense ofGilkey and Smith for the operator L in the Eulidean ball for polynomial

p-forms.In the present paper we adopt Reimann's method and solve the L2-dataDirihlet problem for the operator La,b in the Eulidean unit ball and for2000 Mathematis Subjet Classi�ation: Primary 35J25; Seondary 35J67, 34K10.Key words and phrases: weighted form Laplaian, Laplae operator, polynomial p-form, Dirihlet boundary problem. [73℄ © Instytut Matematyzny PAN, 2008
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di�erential forms of arbitrary degree. By analogy with [11℄, our solution isgiven as a sum of four series. In the speial ase of p = 1, L = S∗S, one ofthe series degenerates and our solution oinides with that from [11℄. Themain tool we use is an SO(n)-invariant deomposition of kerL.1.1. Spherial harmonis�basi fats. We brie�y review some basiproperties of homogeneous polynomials and spherial harmonis. For moredetails we refer to [3℄ and [12, Ch. IV �2℄.We work in R

n, n ≥ 3. Σ, dΣ and dσ denote the unit sphere in R
n, theLebesgue measure and the normalized Lebesgue measure on Σ, respetively.

B and B denote the open and losed unit ball in R
n, respetively. If α =

(α1, . . . , αn) is a multi-index then α! = α1! · · ·αn!, xα = (x1)α1 · · · (xn)αn ,
Dα = (∂/∂x1)α1 · · · (∂/∂xn)αn . If f =

∑
α aαx

α is a polynomial in R
n then

f(D) =
∑

α aαD
α.

Pk denotes the spae of all homogeneous polynomials in R
n of degree k.Obviously, f(D) maps Pl into Pl−k. De�ne an inner produt (·, ·) = (·, ·)kin Pk as follows; (f, g) = f(D)g for f, g ∈ Pk. (Sine f and g are bothhomogeneous polynomials of the same degree, (f, g) = f(D)g is a onstantfuntion. We may and we will identify this funtion with its unique value.)Clearly, for any f ∈ Pk, g ∈ Pl and h ∈ Pk+l, (gf, h)k+l = (f, g(D)h)k.

| · | =
√

〈·, ·〉 denotes the Eulidean norm in R
n. The polynomial r2(x)

= |x|2 belongs to P2. The di�erential operator −r2(D) is the lassial Laplaeoperator ∆ = −∑n
j=1(∂/∂x

j)2.Let Hk = {h ∈ Pk : ∆h = 0} be the spae of all harmoni homogeneouspolynomials of degree k. The spherial harmonis of degree k are the restri-tions of the members of Hk to Σ. For the sake of the homogeneity, we mayand will identify the spae of spherial harmonis of degree k with Hk.Let L2(Σ) denote the Hilbert spae of square integrable funtions Σ → Rwith the inner produt (f, g)σ =
T
Σ fg dσ and the norm ‖f‖σ =

√
(f, f)σ.The inner produts in L2(Σ) and in Hk are related as follows ([3, p. 147℄):

(1.1.1) (f, g)σ = (n− 2)

k∏

j=0

1

2j + n− 2
(f, g)k, f, g ∈ Hk.

It is very well known ([12, Ch. IV, �2℄) that if k 6= l then Hk and Hl aremutually orthogonal (in L2(Σ)) and(1.1.2) L2(Σ) =
∞⊕

k=0

⊥
Hk,

i.e., if hk,i, i= 1, . . . , dk = dimHk, is an orthonormal (in L2(Σ)) basis of Hk,then hk,i, k = 0, 1, . . . , i = 1, . . . , dk, is an orthonormal basis of L2(Σ).
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Suppose h ∈ Hk, k > 0. Fix R,R′ ∈ (0, 1), R′ < R, and put C(R) =
(1 −R2)(1 −R)−n and ε = R′/R. Clearly ε < 1. Then for any |y| < R′,(1.1.3) |h(y)| ≤ εkC(R)‖h‖σ.Proof of (1.1.3). If y = 0 then (1.1.3) is obvious. Let y 6= 0. By thePoisson formula

h(y) =
\
Σ

P (x, y)h(x) dσ(x), P (x, y) =
1 − |y|2
|y − x|n .By the above, the homogeneity of h and the estimates

|y|R−1 < ε, P (x,R|y|−1y) ≤ C(R),we obtain
|h(y)| ≤ εk

∣∣∣
\
Σ

P (x,R|y|−1y)h(x) dσ(x)
∣∣∣

≤ εk
\
Σ

|C(R)h(x)| dσ(x) ≤ εkC(R)‖h‖σ.Let (gk,j : k ≥ 0, 1 ≤ j ≤ lk ≤ dk) be any sequene of spherial harmonissuh that gk,j ∈ Hk. Suppose that (gk,j) is bounded in L2(Σ). Put
s =

∑

k,j

gk,j .Lemma 1.1.1. Let ak,j be a sequene of reals suh that ∑
k,j a

2
k,j < ∞.Then for any sequene wk of polynomial growth (i.e., |wk| < MkN for somepositive integer N and M > 0) and |x| < R′ we have

∑

k,j

|ak,jwkgk,j(x)| ≤ C(R)
( ∑

k,j

a2
k,j

)1/2(∑

k,j

ε2kw2
k‖gk,j‖2

σ

)1/2
<∞.Lemma 1.1.2. The series s onverges absolutely and uniformly on om-pat sets in the unit ball to a harmoni funtion. Moreover , for any multi-index α, the series ∑

k,iD
αgk,j onverges absolutely and uniformly on om-pat sets to Dαs.Lemma 1.1.1 follows from (1.1.3) and the fat that the series ∑

k dkk
Nεkonverges. Lemma 1.1.2 also follows from those two properties and the Weier-strass theorem. The details are left to the reader.1.2. Spaes Λp

k and L2,p(Σ). Consider any p-form ω de�ned in a subset
A ⊂ R

n. If p = 0 we identify ω with a funtion on A. Assume that any
p-form, p < 0, is the zero form. If p ≥ 1 then ω has the unique expression

ω =
1

p!

n∑

i1,...,ip=1

ωi1,...,ipdx
i1 ∧ · · · ∧ dxip ,
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where the oe�ients ωi1,...,ip are skew-symmetri with respet to their in-dies. Let A be any subset of R

n. We say that ω is a di�erential p-form on A,and we write ω ∈ Λp(A), if ω is de�ned and smooth, i.e., C∞, on some openset ontaining A. If α and β are p-forms de�ned in A, their pointwise innerprodut is simply the funtion αβ : A→ R given by(1.2.1) αβ =
1

p!

n∑

i1,...,ip=1

αi1,...,ipβi1,...,ip .Let d and δ denote the (exterior) di�erential and o-di�erential, respe-tively. Put ν⋆ = (1/2)dr2, i.e., ν⋆
x = x1dx1 + · · · + xndxn.Let εν = ν⋆∧ and ιν = ν⋆∨ denote the operators of exterior produtand ontration with ν⋆. Reall that ιν is adjoint to εν with respet to thepointwise inner produt de�ned above, i.e., (ενα)β = α(ινβ). We have(1.2.2) r2ω = (ινεν + ενιν)ω.Relations between d, δ, ιν and εν will play an important role in ouronsiderations. For example, Theorem 1.2.1 shows that with respet to theinner produt (·|·) (introdued below) the adjoint operators to d and δ are

ιν and −εν . Combining Theorem 1.2.1 with (1.1.1) we get in a simple waysome orthogonality relations in the spae L2,p(Σ) (de�ned below). In fat,the kernel of a weighted form Laplaian (in the spae of polynomial forms)an be reonstruted from the spae ker∆ ∩ ker δ ∩ ker ιν .As a onsequene of the above and the Green formula we �nd that forany smooth ω, η ∈ Λp(B),(1.2.3) \
B

(dω)η dx =
\
B

ω(δη) dx+
\
Σ

ω(ινη) dΣ,where dx denotes Lebesgue measure in R
n.Remark. (1.2.3) is a very speial ase of a muh more general formulafor manifolds with boundary (f. [8, Ch. IV℄).Let L2,p(Σ) be the spae of p-forms (de�ned on Σ) with all oe�ientsin L2(Σ). Equipped with the inner produt (·, ·)σ = (·, ·)σ,p, where

(α, β)σ =
\
Σ

αβ dσ, α, β ∈ L2,p(Σ),

L2,p(Σ) is a Hilbert spae. Here αβ denotes the pointwise inner produt(1.2.1).The proofs of the properties stated below an be found in [5, �2.2℄. A
p-form ω is alled a polynomial p-form if A = R

n and the ωi1,...,ip 's arepolynomials. Denote by Λp the vetor spae of all polynomial p-forms in R
n.A polynomial p-form ω is alled homogeneous if all oe�ients are from Pk,for some k. Suh a form will also be alled a (p/k)-form. Λp

k denotes the
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vetor spae of all (p/k)-forms. We have Λ0
k = Pk, and Λn

k is isomorphi to
Pk in a natural way. Moreover, it is onvenient to put Λp

k = {0} if either
p < 0 or k < 0. We extend the inner produt (·, ·)k to Λp

k by setting(1.2.4) (ω|η)p,k =
1

p!

n∑

i1,...,ip=1

(ωi1,...,ip , ηi1,...,ip)k,where ω, η ∈ Λp
k while ωi1,...,ip 's and ηi1,...,ip 's denote their oe�ients. Notiethat (·|·)0,k and (·, ·)k oinide. We will frequently write (·|·) instead of (·|·)p,kif the values of p and k are evident. We have(1.2.5) dεν = −ενd and διν = −ινδ.Proposition 1.2.1. Suppose ω is a (p/k)-form. Then

δενω = −ενδω − (n− p+ k)ω, dινω = −ινdω + (p+ k)ω.Proposition 1.2.2. For any polynomial form ω we have
d(r2ω) = r2dω + 2ενω, δ(r2ω) = r2δω − 2ινω.Theorem 1.2.1. Consider d and δ as operators d : Λp

k → Λp+1
k−1 and

δ : Λp
k → Λp−1

k−1. Let d⋆ and δ⋆ denote their respetive adjoints (with respetto the inner produt (·, ·)). Then, for any (p/k)-form ω, δ⋆ω = −ενω and
d⋆ω = ινω.1.3. Weighted form Laplaians. We brie�y review the relevant fats of
La,b theory. Demonstrations of the assertions listed without proofs in this se-tion an be found in [5, �3℄. Consider a weighted form Laplaian L = La,b =
adδ+bδd, a, b > 0. For a = b = 1, L1,1 is just the Laplae�Beltrami operator
∆ = dδ+δd. Notie that in the ase of di�erential 0-forms, i.e. smooth fun-tions, the Laplae�Beltrami operator L1,1 and the lassial Laplae operatoroinide.For any di�erential form ω in R

n, (∆ω)i1,...,ip = ∆ωi1,...,ip ; thus ω isharmoni (∆ω = 0) i� its oe�ients are harmoni funtions. In partiular,a (p/k)-form ω is harmoni i� every ωi1,...,ip ∈ Hk.Denote by H
p
k the spae of all harmoni (p/k)-forms, i.e., Hp

k = ker∆∩Λp
k.Consider L = La,b as an operator L : Λp

k → Λp
k−2, and let L

p
k be its kernel.If k = 0, 1 then Λp

k = L
p
k = H

p
k. Moreover, L0

k = Hk and Ln
k is isomorphi to

Hk in a natural way.For any 0 ≤ p ≤ n and k ≥ 0 put
χ0

p,k = H
p
k ∩ ker δ ∩ ker ιν .It is also onvenient to put χ0

q,l = {0} if either q < 0 or l < 0. Manifestly,
H0

k = χ0
0,k = Hk and H

p
0 = Λp

0. Next de�ne
IL(p, k) = εν − cL(p, k)r2d : Λp

k → Λp−1
k−1,
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where
(1.3.1) cL(p, k) =





1

2

2b− (b− a)(n− p+ k)

a(p+k−2)+ b(n−p+k−2)
if k ≥ 2, 0 < p ≤ n,

0 otherwise.Notie that our assumption (a, b > 0 and n ≥ 3) ensures that cL(p, k) iswell-de�ned. Observe that in the very speial ase a = b = 1, i.e., L = ∆,the above onstant is(1.3.2) c∆(p, k) =

{
1/(n+ 2k − 4) if k ≥ 2, 0 < p ≤ n,
0 otherwise.The deomposition below is the key step in the proof of the main the-orem. For the proof see [5, Theorem 3.3.1℄. For any 0 ≤ p ≤ n and k ≥ 0the spae L

p
k is the diret sum of four mutually orthogonal SO(n)-invariantsubspaes:(1.3.3) L

p
k = χ0

p,k ⊕⊥ dχ0
p−1,k+1 ⊕⊥ ενdχ

0
p−2,k ⊕⊥ IL(p, k)χ0

p−1,k−1.Moreover, χ0
p,k, dχ0

p−1,k+1 and ενdχ
0
p−2,k are subspaes of H

p
k. In partiu-lar,(1.3.4) H

p
k = χ0

p,k ⊕⊥ dχ0
p−1,k+1 ⊕⊥ ενdχ

0
p−2,k ⊕⊥ I∆(p, k)χ0

p−1,k−1.Note that in (1.3.3) or (1.3.4) some subspaes may degenerate or splitinto �ner SO(n)-subspaes ([5, �5.2℄). In partiular,
χ0

p,0 = {0} for p > 0,(1.3.5)
IL(n, 2)(χ0

n−1,1) = {0}.(1.3.6)
Remark. In view of (1.3.6), a natural question is whether χ0

n−1,1

= {0}. The answer is: No. Namely, it is easy to observe that the form
ω = ιν(dx1 ∧ · · · ∧ dxn) is in χ0

n−1,1. In fat, χ0
n−1,1 is one-dimensional andis spanned by ω. To see this, we use property (i) from �2.1 below. Sine

d : χ0
n−1,1 → Hn

0 is one-to-one and obviously dim Hn
0 = 1, we onlude that

χ0
n−1,1 must be one-dimensional. Therefore, χ0

n−1,1 = span{ω}.2. Dirihlet boundary problem2.1. Bases of L
p
k and L2,p(Σ) and relations between them. Assume that

0 ≤ p ≤ n and k ≥ 0. We identify the spaes Λp
k and {ω|Σ : ω ∈ Λp

k},for any ω ∈ Λp
k is uniquely determined by its restrition to Σ. As a diretonsequene of (1.1.1) we see that for any α, β ∈ H

p
k,(2.1.1) (α, β)σ,p = sk(α, β)p.k, sk = (n− 2)

k∏

j=0

1

2j + n− 2
.

In partiular, the deomposition (1.3.4) is orthogonal in L2,p(Σ).
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Consequently, by (1.1.2) we get
L2,p(Σ) =

∞⊕

k=0

⊥(χ0
p,k ⊕⊥ dχ0

p−1,k+1 ⊕⊥ ενdχ
0
p−2,k ⊕⊥ Ik,∆χ

0
p−1,k−1).Consider now the subspae χ0

q,l and put µq
l = dimχ0

q,l. Moreover,let Eq
l = {ηq

l,i : i = 1, . . . , µq
l } be an L2-orthonormal basis of χ0

q,l. If
χ0

q,l = {0}, it is onvenient to treat Eq
l as a set whih ontains only thezero form. Now we are going to build an L2-orthonormal basis of H

p
kfrom Eq

l 's. To do this we will need the following ([5, Proposition 3.2.1, Lem-ma 3.2.1℄):(i) If 0 < p ≤ n and k ≥ 0 then for any η′, η′′ ∈ χ0
p−1,k+1,

(dη′|dη′′) = (p+ k)(η′|η′′).In partiular, d : χ0
p−1,k+1 → χp,k is one-to-one.(ii) If 2 ≤ p ≤ n and k ≥ 0 then for any η′, η′′ ∈ χ0

p−2,k,
(ενdη

′|ενdη
′′) = (n− p+ k)(dη′|dη′′).In partiular, εν : dχ0

p−2,k → H
p
k is one-to-one.(iii) If p ≥ 1 and k ≥ 1 then for any η′, η′′ ∈ χ0

p−1,k−1,
(I∆(p, k)η′|I∆(p, k)η′′) =

(n+ k − p− 2)(n+ 2k − 2)

(n+ 2k − 4)
(η′|η′′).In partiular, if p 6= n or k 6= 2 then I∆(p, k) : χ0

p−1,k−1 → H
p
k isone-to-one.

Remark. The onstant in ase (iii) is equal to 0 i� n+k−p−2 = 0. Thisimplies that p = n− 1 and k = 1, or p = n and k = 2. In the ase p = n− 1and k = 1, I∆(p, k) maps the spae χ0
n−2,0. But by (1.3.5), χ0

n−2,0 = {0}for n ≥ 3. Therefore, our map is one-to-one. In the ase p = n and k = 2the situation is quite di�erent. Namely, we have seen (1.3.6) that I∆(n, 2) isthe zero map, but χ0
n−1,1 is one-dimensional (remark below (1.3.6)). There-fore, the ase p = n and k = 2 must be exluded from the seond partof (iii).Points (a)�() below are diret onsequenes of (i)�(iii) and (2.1.1).(a) Let p > 0 and k ≥ 0. If µp−1

k+1 ≥ 1 then the olletion
{
αp

k,j =
1√

(p+ k)(2k + n)
dηp−1

k+1,j : ηp−1
k+1,j ∈ Ep−1

k+1

}

is an L2-orthonormal basis of dχ0
p−1,k+1.
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(b) Let p ≥ 2, k ≥ 1. If µp−2

k ≥ 1 then the olletion
{
βp

k,j =
1√

(n− p+ k)(p+ k − 1)
ενdη

p−2
k,j : ηp−2

k,j ∈ Ep−2
k

}

is an L2-orthonormal basis of ενdχ
0
p−2,k.() Let p ≥ 1 and k ≥ 1. If µp−1

k−1 ≥ 1 then, exept the ase p = n and
k = 2, the olletion

{
γp

k,j =

√
n+ 2k − 4

n+ k − p− 2
I∆(p, k)ηp−1

k−1,j : ηp−1
k−1,j ∈ Ep−1

k−1

}

is an L2-orthonormal basis of I∆(p, k)χ0
p−1,k−1.Moreover, we de�ne αp

k,j , βp
k,j and γp

k,j to be the zero form, in all the remain-ing ases. Summarizing we dedueCorollary 2.1.1. The olletion of all nonzero p-forms ηp
k,j , αp

k,j , βp
k,jand γp

k,j is an L2-orthonormal basis of L2,p(Σ).Consequently, every ω ∈ L2,p(Σ) has a unique expression as an L2-orthogonal sum
ω =

∞∑

k=0

µp

k∑

j=1

up
k,jη

p
j +

∞∑

k=0

µp−1

k+1∑

j=1

ap
k,jα

p
k,j +

∞∑

k=0

µp−2

k∑

j=1

bpk,jβ
p
j(2.1.2)

+
∞∑

k=0

µp−1

k−1∑

j=1

cpk,jγ
p
k,j ,where, of ourse, the oe�ients are given by(2.1.3) up

k,j = (ω|ηp
k,j)σ,p, ap

k,j = (ω|αp
k,j)σ,p,

bpk,j = (ω|βp
k,j)σ,p, cpk,j = (ω|γp

k,j)σ,p.In partiular, the L2-norm ‖ω‖σ,p is
‖ω‖2

σ,p =
∑

k,j

|up
k,j |2 +

∑

k,j

|ap
k,j |2 +

∑

k,j

|bpk,j |2 +
∑

k,j

|cpk,j|2.(d) Suppose µp−1
k−1 ≥ 1. If p < n or k 6= 2 then the olletion

{ενη
p−1
k−1,j : ηp−1

k−1,j ∈ Ep−1
k−1}is an L2-orthonormal system in L2,p(Σ).Proof of (d). Take any ηp−1

k−1,i, η
p−1
k−1,j ∈ Ep−1

k−1. Then on Σ we have
ενη

p−1
k−1,i = Ap,kα

p
k−2,i + Cp,kγ

p
k,i, ενη

p−1
k−1,j = Ap,kα

p
k−2,j + Cp,kγ

p
k,j ,
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where(2.1.4) Ap,k =

√
p+ k − 2

n+ 2k − 4
, Cp,k =

√
n+ k − p− 2

n+ 2k − 4
.By the orthogonality relations (a) and (), we obtain

(ενη
p−1
k−1,i|ενη

p−1
k−1,j)σ,p =

n+ k − p− 2

n+ 2k − 4
(γp

k,i|γ
p
k,j)σ,p

+
(p+ k − 2)(n+ 2k − 4)

(n+ 2k − 4)2
(αp

k−2,i|α
p
k−2,j)σ,p

= δi,j (the Kroneker symbol).Our task is to build a olletion of polynomial p-forms belonging to thekernel of L suh that their restritions to the unit sphere onsist a ompletebasis in L2,p(Σ). By (1.3.3) and the deomposition of L2,p(Σ) we may sup-pose that all p-forms ηp
k,j , αp

k,j and βp
k,j belong to our basis. The only thingwe have to do is to slightly modify the forms γp

k,j .(e) Suppose µp−1
k−1 ≥ 1. If p < n or k 6= 2 then the olletion

{
τp
k,j =

1

Cp,k
IL(p, k)ηp−1

k−1,j +
c(p, k)

Cp,k
dηp−1

k−1,j : ηp−1
k−1,j ∈ Ep−1

k−1

}

restrited to Σ is an L2-orthonormal system in L2,p(Σ). More pre-isely, τp
k,j = γp

k,j on Σ. Eah τp
k,j is a member of kerL. Here c(p, k) =

(cL(p, k) − c∆(p, k)), whereas Cp,k is de�ned in (2.1.4).(f) Suppose µp−1
k−1 ≥ 1. If p < n or k 6= 2 then the olletion

{ψp
k,j = ενη

p−1
k−1,j + cL(p, k)(1 − r2)dηp−1

k−1,j : ηp−1
k−1,j ∈ Ep−1

k−1}restrited to Σ is an L2-orthonormal system in L2(Σ). More preisely,
ψp

k,j = ενη
p−1
k−1,j on Σ. Eah ψp

k,i is a member of kerL.Points (e) and (f) are diret onsequenes of (), (d) and the deomposi-tion (1.3.3). Note that τp
k,j and ψp

k,j are not homogeneous. Moreover, wede�ne τp
k,j and βp

k,j to be the zero form in all the remaining ases.Observe that
ψp

k,j = Cp,kγ
p
k,j(2.1.5)

+ (cL(p, k) − c(p, k)r2)
√

(p+ k− 2)(2k + n− 4)αp
k−2,j .Consequently, there exists a onstant N = N(n, p) > 0 suh that for any xand any oe�ient ψp

k,j;i1,...,ip
of ψp

k,j ,(2.1.6) |ψp
k,j;i1,...,ip

(x)| ≤ N |γp
k,j;i1,...,ip

(x)| +Nk|αp
k,j;i1,...,ip

(x)|.
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Now we are in a position to introdue two olletions of forms, Ep and Fp,having properties desribed above. We do this as follows;

• Ep onsists of all non-zero p-forms ηp
k,j , αp

k,j , βp
k,j and τp

k,j .
• Fp onsists of all non-zero p-forms ηp

k,j , αp
k,j , βp

k,j and ψp
k,j .(A) The members of Ep lie in kerL. The olletion Ep restrited to Σ isan L2-orthonormal basis of L2,p(Σ).(B) The members of Fp lie in kerL. The olletion Fp restrited to Σ isan L2-omplete (but not orthogonal) basis in L2,p(Σ).Proof. (A) is a diret onsequene of () and (e). Consider (B). Clearly,eah member of Fp lies in kerL. We must show that the restritions ofmembers of Fp to Σ are linearly independent and that Fp restrited to Σ isa omplete system in L2,p(Σ). By (2.1.5), on Σ we have

ψp
k,j = Ap,kα

p
k−2,j + Cp,kγ

p
k,j .On the other hand, diretly by the de�nition of Ep, we have Cp,k 6= 0, andmoreover γp

k,j = 0 i� ηp−1
k−1,j = 0. This means that on Σ: (1) Eah γp

k,j is alinear ombination of members of Fp, thus Fp restrited to Σ is omplete,for Ep is. (2) The members of Fp are linearly independent, for the membersof Ep are. Points (1) and (2) together imply (B).
Remark. The olletion Fp is a generalization of the omplete basisfound by H. M. Reimann in [11℄. Unfortunately, Fp restrited to Σ is not anorthonormal basis. Of ourse, any member Fp has unit length, but ψp

k,j and
αp

k−2,j may not be perpendiular, for (ψp
k,j |α

p
k−2,j)σ,p = Ap,k‖αp

k−2,j‖2
σ,p.Let us onlude this setion with the following observation. Let ω ∈

L2,p(Σ). Then omparing oe�ients on eah level of homogeneity we on-lude that
ω =

∞∑

k=0

µp

k∑

j=1

up
k,jη

p
j +

∞∑

k=0

µp−1

k+1∑

j=1

ãp
k,jα

p
k,j +

∞∑

k=0

µp−2

k∑

j=1

bpk,jβ
p
j(2.1.7)

+
∞∑

k=0

µp−1

k−1∑

j=1

c̃p
k,jψ

p
k,j ,where up

k,j and bpk,j are de�ned by (2.1.3), whereas(2.1.8) c̃p
k,j =

1

Cp,k
cpk,j , ãp

k,j = ap
k,j −Ap,k+2c̃

p
k+2,j,i.e.,

c̃p
k,j =

√
n+ 2k − 4

n+ k − p− 2
cpk,j , ãp

k,j = ap
k,j −

√
p+ k

n− p+ k
cpk+2,j.
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Next by the estimate 2|st| ≤ s2 + t2, s, t ∈ R, we see that (f. [11, p. 169℄)
(

1 −
√

p+ k

n+ 2k

)
(|ãp

k,j |2 + |c̃p
k+2,j |2)

≤ |ap
k,j|2 + |cpk+2,j|2 ≤

(
1 +

√
p+ k

n+ 2k

)
(|ãp

k,j|2+|c̃p
k+2,j |2).Consequently, there exists a positive onstant M = M(n, p) (depending on

p and n only) suh that
1

M
‖ω‖2

σ ≤
∑

k,j

|up
k,j |2 +

∑

k,j

|ãp
k,j |2 +

∑

k,j

|bpk,j |2 +
∑

k,j

|c̃p
k,j |2(2.1.9)

≤M‖ω‖2
σ.2.2. L2-data Dirihlet boundary problem. Suppose η is any p-form inthe unit ball B. For any 0 < t ≤ 1 let ηt be the t-dilatation of η, i.e.,

(ηt)i1,...,ip(x) = ηi1,...,ip(tx). Clearly ηt is de�ned in the open ball (1/t)B. Inpartiular, if η is a (p/k)-form then ηt = tkη. We say that ω ∈ L2,p(Σ) isthe L2-boundary value of η, and we write
η|Σ = ω in L2,p(Σ),if (1) ηt ∈ L2,p(Σ) for any 0 ≤ t < 1 and (2) limt→1 ‖ηt − ω‖p,σ = 0.Fix ω ∈ L2,p(Σ). Let ap
k,j , ãp

k,j , bpk,j , cpk,j , c̃ p
k,j and up

k,j be de�ned as in(2.1.3) and (2.1.8). By (2.1.2) and (2.1.7), ω an be expressed as a sum offour series that onverge in L2,p(Σ):
ω = η + α̃+ β + ψ = η + α+ β + τ,where

η =
∞∑

k=0

µp

k∑

j=1

up
k,jη

p
k,j , α =

∞∑

k=0

µp−1

k+1∑

j=1

ap
k,jα

p
k,j , α̃ =

∞∑

k=0

µp−1

k+1∑

j=1

ãp
k,jα

p
k,j ,

β =

∞∑

k=0

µp−2

k∑

j=1

bpk,jβ
p
k,j , τ =

∞∑

k=0

µp−1

k−1∑

j=1

cpk,jτ
p
k,j , ψ =

∞∑

k=0

µp−1

k−1∑

j=1

c̃p
k,jψ

p
k,j .By Lemma 1.1.2 and the loal desription of d, δ and εν it follows thateah of the above series onverges uniformly on ompat sets in the unit ball

B to a smooth form belonging to the kernel of La,b. In fat, α, α̃, η, β areeven harmoni forms in B. Thus for any 0 ≤ t < 1, ηt =
∑

k,j u
p
k,jη

p
k,j,t,

αt =
∑

k,j a
p
k,jα

p
k,j,t, et., while the series onverge uniformly on B. Clearly,(2.2.1) ωt = ηt + α̃t + βt + ψt = ηt + αt + βt + τt.On the other hand, ωt ∈ L2,p(Σ), so in view of (2.1.2) and (2.1.7), ωt an be
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expressed as a sum of four series(2.2.2) ωt = η(t) + α̃(t) + β(t) + ψ(t) = η(t) + α(t) + β(t) + τ(t).Let up

k,j(t), ap
k,j(t) et. denote the orresponding oe�ients of η(t), α(t) et.At �rst sight it would seem that up

k,j(t) = tkup
k,j , ap

k,j(t) = tkap
k,j et. But theinhomogeneity of τp

k,j and ψp
k,j provents that from being the ase. Comparingthe oe�ients of series in (2.2.1) and (2.2.2), we �nd

up
k,j(t) = tkup

k,j , bpk,j(t) = tkbpk,j , cpk,j = tkcpk,j c̃ p
k,j(t) = tkc̃ p

k,j ,

ap
k,j(t) = tkap

k,j + tk(1 − t2)cpk+2,j

√
(p+ k)(n+ 2k) c(p, k + 2)C−1

p,k+2,

ãp
k,j(t) = tkãp

k,j + tk(1 − t2)c̃p
k+2,j

√
(p+ k)(n+ 2k) cL(p, k + 2),where as in (e), c(p, k + 2) = cL(p, k + 2) − c∆(p, k + 2). Moreover, we put

α′(t) =
∑

k,j

tkap
k,jα

p
k,j , α̃′(t) =

∑

k,j

tkãp
k,jα

p
k,j .In the proof of the main theorem we will need to show that some seriesof p-forms has zero L2-boundary value. To do this we will follow Reimann'sapproah (f. [11, p. 171℄).Lemma 2.2.1. Let (zk) be any sequene of real or omplex numbers. Then

(1 − t2)2
∞∑

k=0

t2k−2k2|zk|2 ≤
∞∑

k=0

|zk|2 for any 0 < t ≤ 1.

Theorem 2.2.1 (Dirihlet boundary problem). There exists a uniquesolution ϕ of La,bϕ = 0 in the unit ball B with the boundary ondition
ϕ|Σ = ω in L2,p(Σ). The solution may be expressed as follows:

ϕ = η + α+ β + τ = η + α̃+ β + ψ.Proof. Let ϕ′ = η+α+ β+ τ and ϕ′′ = η+ α̃+ β+ψ. As we have seen,
ϕ′ and ϕ′′ satisfy the di�erential equation La,bϕ = 0. We show that theyhave the same L2-boundary value ω.Standard arguments show that in L2,p(Σ) we have

lim
t→1

η(t) = η, lim
t→1

β(t) = β, lim
t→1

ψ(t) = ψ,

lim
t→1

τ(t) = τ, lim
t→1

α′(t) = α, lim
t→1

α̃′(t) = α̃.Next we show that
lim
t→1

α(t) = α, lim
t→1

α̃(t) = α̃.
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Sine limt→1 α
′(t) = α and limt→1 α̃

′(t) = α̃, it su�es to prove that
lim
t→1

(∑

k,j

tk(1 − t2)cpk+2,j

√
(p+ k)(n+ 2k)c(p, k + 2)C−1

p,k+2α
p
k,j

)
= 0,

lim
t→1

(∑

k,j

tk(1 − t2)c̃p
k+2,j

√
(p+ k)(n+ 2k)cL(p, k + 2)αp

k,j

)
= 0.

For brevity we will only ompute the �rst limit; the seond is analogous.For simpliity, letD(t) andD(t, k, j) denote the expression inside the braketand its omponents, respetively. Clearly, there exists N > 0 suh that
cpk+2,j

√
(p+ k)(n+ 2k) c(p, k + 2)C−1

p,k+2 ≤ Nk.Now by Lemma 2.2.1 we easily see that for any positive integer k0,
∥∥∥

∞∑

k=k0+1

µp−1

k+1∑

j=1

D(t, k, j)
∥∥∥

2

σ,p
≤ N2

∞∑

k=k0+1

µp−1

k+1∑

j=1

|cpk+2,j|2.Take now any ε > 0. There exists an integer K > 0 suh that
∞∑

k=K+1

µp−1

k+1∑

j=1

|cpk+2,j|2 < (ε/N)2.

Sine limt→1 ‖D(t, k, j)‖σ,p = 0, we obtain
lim sup

t→1
‖D(t)‖2

σ,p ≤ lim
t→1

( K∑

k=0

µp−1

k+1∑

j=1

‖D(t, k, j)‖σ,p + ε
)

= ε.Summarizing,
lim
t→1

ϕ′
t = lim

t→1
ϕ′′

t = ω in L2,p(Σ).Now we will show that the solution is unique. Suppose ϕ is a smooth p-form in B with Lϕ = La,bϕ = 0 and ϕ|Σ = 0. We will show that ϕ = 0. Sine
ϕ|Σ = 0, we have ινϕ|Σ = 0. Therefore, applying the integral formula (1.2.3)we obtain \

B

(Lϕ)ϕdx = a
\
B

(δϕ)2 dx+ b
\
B

(dϕ)2 dx.This implies that ϕ is both losed and o-losed, so harmoni. Hene eahoe�ient of ϕ is a harmoni funtion in B vanishing on Σ, thus it is thezero funtion, by the maximum priniple. So ϕ = 0 in B.Suppose now that ϕ is a solution to the Dirihlet problem with zero
L2-boundary value. We have

lim
t→1

‖ϕt‖2
σ,p = 0.
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Sine for eah 0 < t < 1, ϕt is smooth up to the boundary and satis�es
Lϕt = 0, it an be expressed as a sum of four series from the theorem:
ϕt = η(t) + α̃(t) + β(t) + ψ(t). Denote their oe�ients by up

k,j(t), α̃p
k,j(t)et., respetively. Then by (2.1) we obtain

lim
t→1

( ∑

k,j

|up
k,j(t)|2 +

∑

k,j

|ãp
k,j(t)|2 +

∑

k,j

|bpk,j(t)|2 +
∑

k,j

|c̃p
k,j(t)|2

)
= 0.

Take any 0 < R′ < R < 1. We show that |ϕ|′∞ = |ϕ|R′

∞ = 0, where | · |R′

∞ isthe norm of uniform onvergene, i.e.,
|ϕ|′∞ = |ϕ|R′

∞ = sup
i1,...,ip

sup
|x|≤R′

|ϕi1,...,ip(x)|.We have(2.2.3) |ϕ|′∞ ≤ |ϕ− ϕt|′∞ + |η(t)|′∞ + |α̃(t)|′∞ + |β(t)|′∞ + |ψ(t)|′∞.Sine ϕ is uniformly ontinuous in the ball |x| ≤ R′, |ϕ− ϕt|′∞ tends tozero. It remains to estimate |η(t)|′∞, |α̃(t)|′∞, |β(t)|′∞, |ψ(t)|′∞.We will use the notation from the end of �1.1. Fix a multi-index
(i1, . . . , ip). Take any oe�ient ηp

k,j;i1,...,ip
of ηp

k,j and put gk,j = ηp
k,j;i1,...,ip

.Then (gk,j) is a series of spherial harmonis and ‖gk,j‖σ ≤ ‖ηp
k,j‖σ,p = 1. Sofor eah |x| < R′, by Lemma 1.1.1 we have

∣∣∣
∑

k,j

up
k,j(t)gk,j(x)

∣∣∣ ≤
∑

k,j

|up
k,j(t)gk,j(x)|

≤ C(R)
( ∑

k,j

|up
k,j(t)|2

)1/2( ∑

k,j

ε2k
)1/2

.This means that
lim
t→1

|η(t)|′∞ ≤ C(R)
(∑

k,j

ε2k
)1/2

lim
t→1

( ∑

k,j

|up
k,j(t)|2

)1/2
= 0.

The same arguments show that limt→1 |α̃(t)|′∞ = 0 and limt→1 |β(t)|′∞ = 0.To prove that limt→1 |ψ(t)|′∞ = 0 it su�es to apply (2.1.6) and preedingarguments (Lemma 1.1.1 with the sequenes wk = 1 and wk = k, resp.).Consequently, |ϕ|′∞ = 0, by (2.2.3). Sine 0 < R′ < 1 was arbitrary, ϕ isthe zero form.As announed in the Introdution, under the natural duality given bythe anonial inner produt 〈·, ·〉 in R
n, we may identify 1-forms with vetor�elds. Then we have

d ≃ grad, δ ≃ −div, S⋆S ≃ −L(n−1)/n,1/2,where grad, div and S⋆S denote the gradient, divergene and the Ahlfors�Laplae operator, respetively. Denote by ~Hk the spae of vetor �elds in
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R
n with oe�ients from Hk and by L2(Σ) the spae of vetor �elds on

Σ whose oe�ients belong to L2(Σ). Moreover, let 〈·|·〉σ denote the innerprodut in L2(Σ) indued from L2(Σ), i.e.,
〈V |W 〉σ =

\
Σ

〈V (x),W (x)〉 dσ(x)

for vetor �elds V,W ∈ L2(Σ). Let, as before, (hk,j) be an L2-orthonormalbasis of Hk. The spaes Qk, Mk and Nk, and the vetor �elds qk
j , mk

j , nk
jand pk

j onstruted in [11℄ orrespond to the following:
Q

k = {H = (h1, . . . , hn) ∈ ~Hk : divH = 0, 〈H(x), x〉 = 0} ≃ χ0
1,k,

M
k = {H = gradh ∈ ~Hk : h ∈ Hk+1} ≃ dχ0

0,k+1,

N
k = {H = (n+ 2k − 4)xh−r2 gradh ∈ ~Hk : h ∈ Hk−1} ≃ I∆(1, k)χ0

0,k−1,

qk
j ≃ η1

k,j ,

mk
j =

1√
(k + 1)(n+ 2k)

gradhk+1,j ≃ α1
k,j ,

nk
j =

√
n+ 2k − 4

n+ k− 3
xhk−1,j−

r2√
(n+ 2k − 4)(n+ k − 3)

gradhk−1,j ≃ γ1
k,j ,

pk
j = xhk−1,j + cS⋆S(n, k)(1 − r2) gradhk−1,j ≃ ψ1

k,j .The onstant cS⋆S(n, k) is equal to cL(1, k) with L = L(n−1)/n,1/2. Thefollowing theorem ([11, Theorem 3℄) is now a diret onsequene of The-orem 2.2.1 and the identity β1
k,j = 0.Theorem 2.2.2 (Reimann). Given V ∈ L2(Σ), n ≥ 3, there exists aunique solution Φ of S⋆SΦ = 0 in the ball B with L2-boundary value V :

lim
t→1

\
Σ

|Φ(tx) − V (x)|2 dσ(x) = 0.This solution is given by the formula
Φ =

∞∑

k=0

dk+1∑

j=1

ãk,jm
k
j +

∞∑

k=1

dk−1∑

j=1

c̃k,jp
k
j +

∞∑

k=1

dk∑

j=1

uk,jq
k
j ,with

ãk,j = 〈V |mk
j 〉σ −

√
k + 1

n+ k − 1
〈V |nk+2

j 〉σ,

c̃k,j =

√
n+ 2k − 4

n+ k − 3
〈V |nk

j 〉σ,

uk,j = 〈V |qk
j 〉σ.
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