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Abstract. Let k be a field of characteristic zero, k[X1, ..., X,] the polynomial ring,
and B the ring k[X1,...,Xn]/(a1 X" + -+ am X)), 0 # a; € k for all 4 and m,n € N
with n > 2 and m > 1. Let Deri(B) be the B-module of all second order k-derivations
of B and der;(B) = Der(B) + Derj(B) Derj,(B) where Derj(B) is the B-module of k-
derivations of B. If m > 2 we exhibit explicitly a second order derivation D € Der? (B) such
that D ¢ der;(B) and thus we prove that Nakai’s conjecture is true for the k-algebra B.

Introduction. Throughout this paper k denotes a field of characteristic
zero.

Let S = k[X;,..., X,] be the polynomial ring in n variables over a field
k and let A = S/J be an affine k-algebra. Let Der}(A) be the A-module
of k-derivations of order < n where 1 < n € N. Let Dery(A) be the k-
algebra | J, Derf(A) and dery(A) the subalgebra generated by Der},(A). The
set derg(A) N Derf(A) will be denoted by dery (A). In [I], Grothendieck has
shown that Der(A) = derg(A) if A is regular. The Nakai conjecture states
the converse. In 1986 Singh [5] presented the following conjecture, which
is stronger than Nakai’s conjecture: If A = S/(F) and Der;(A) = der?(A)
then A is regular.

Singh’s conjecture for a generic affine k-algebra A is not valid. A coun-
terexample can be found in [4].

In this work we prove that Singh’s conjecture is true in the following
cases:

(1) B=S/(F), where F' = a1 X"+ - -+ an X" with 0 # a; € k for all i
(Theorem [6).
(2) C = S/(H) where H € S is homogeneous of degree < 2 (Corollary|7).

1. A set of generators for Der,(B). Let B be a ring S/(F), where
F=a X"+ 4 a,X]" with 0 # a; € k. In this section we give a set of
generators for the B-module Derj.(B).
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Let A = S/I be a finitely generated k-algebra. Consider the S-submodule
Dr = {D € Deri(S); D(I) C I} of Derj(S). It is well known that the S-
homomorphism ¢ : Dy — Der}(A) given by p(D)(g+ 1) = D(g) + I induces
an A-isomorphism of D;/I Der(S) in Deri(A). From this fact we deduce
a version for n variables of a result in three variables, due to O. Zariski,
presented by J. Lipman in 1965 in [2].

Before presenting this version let us establish some notation. Given H €
S =k[X1,...,X,] and 1 < i < n, the partial derivative 0H/JX; is denoted
by Hx,. For all pairs 4,5 € {1,...,n} with i # j, we define the derivation

0 0

H
Dij = Hxi g5 0X; - Hx; X,

on S. Note that D,LIJ{(H) =0.

PROPOSITION 1. Let k be a field and let F € S=Fk[X1,...,X,] (n>2)
be such that {Fx,,...,Fx,} is a reqular sequence in S. If there is a deriva-
tion 0 on S such that O(F) = oF for some a in k*, then the S-module

Dr :={D € Derj.(S); D(F) € F- S}
is generated by the derivation 0 and the derivations D;; = Df; fori < j.

Proof. Let D € Der(S) be such that D(F) = HF, with H € S. Because
O(F) = aF, we have (D—(H/a)0)(F) = 0. Thus, it is sufficient to show that
the submodule Dy := {D € Dp; D(F') = 0} is generated by {D;;; i < j}.
Let Dy be the submodule of Dy generated by {Djj;; i < j}. By induction
on r, we first prove the following:

CLAIM. If D € Dy and 0 < r < n — 2 then there exists D' € 130 such

that
n—(r+1)

Z iox, with Hj € 8.

For r = 0, we know that D = H, 6X +3000 ! H’a‘?( with H} € S. Since
D(F) =0 we have H Fx, € (Fx,,...,Fx,_,)- Because {Fx,,...,Fx,}isa
regular sequence, we have H) = Z?;ll G;Fx, with G; € §. It then follows
that

n—1
D= (ZGFX)(??( +ZGFxn GFXnai +Z jai

) ) —_ 0
FX]——FXn )+ Hi+GjFx,) 7 =D'+) Hj—
Z < 0X, 0X; Z 0X; jz; 10X;

with D’ € Do.
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Now suppose that 0 <r <n—2and D — D' = Z;L_ (r+1) gr_0 io% with
D' € Dy. Since D(F) = D'(F) = 0, we have
Hyy )P iy € (Fxis o FX )

and so H! (r41) = Z?:_l(rw) GFx;. By repeating the same process as used
in the proof of D = D' + 717, ' H; 2 a5 We obtain
n—(r+2) o
D-D =D" H—
"% P

with D € Dy. This completes the proof of the Claim.

Now take D € Dy and r = n — 2. By the Claim there exists D' € Dy
and H; € K such that D — D' = Hlaixl' Since (D — D")(F) = 0 we have
Hi=0andsoD=D'"€Dy. m

Let us return to the case of the ring B. From now on the derivations Dg
where F' = a1 X7" + - -- 4+ a, X" will be denoted by D;;. Note that

—man;”_1 if k=1,
Dij(Xy) = ¢ ma; X" if k=3,
0 it k& {i,j}.
Observe that Dj;/m € Der,lc(S) induces d;; = ajzvm_l% — a2 €
Derj.(B). The derivation
0 0
E=X— Xp—
1 8X1 + -+ naXn
is called the Euler derivation of S. As F'is homogeneous of degree m we have
E(F) =mF. Thus E € Der}.(S) induces ¢ = xla—xl—i- —l—a:na € Der}.(B).
As a consequence of Proposition [I] we obtain the following Tesult:

PROPOSITION 2. If F = a1 X{" + -+ - + ap, X' then
Dr :={D € Derj(S); D(F) € F- S}

is generated by the Euler deriwation E and the derivations D;;, i < j. In
particular the B-module Der,lg(B) is generated by the derivation € and by the
derivations d;; for i < j.

Proof. Given Proposition [l| it is sufficient to observe that {X {n_l,
., XM= 11 is a regular sequence and E(F) = mF. m

2. Nakai’s conjecture for the ring B. In this section, if m > 2, we
exhibit explicitly a derivation D € Ders(B) such that D ¢ der(B). From
this, we will be able to verify that Singh’s conjecture is true for the cases
(1) and (2) as mentioned in the introduction.



280 P. R. BRUMATTI AND M. O. VELOSO

The main result of this section will be a consequence of several auxiliary
results.

LEMMA 3. Letk be a field, S = k[X1,...,Xy], and F = a1 X"+ a2 X5+
s ap X € S withm > 2 and a; € k\ {0}. Let d,d" € Derk(S) and
D € Der(9).

(a) If d(F') € (F') then, for every i,

d(X;) € Ji= (X7 L XYL X XL XY and d(Jy) C
(b) Ifd(F),d'(F) € (F) then (d'od)(X;1) € J; = (X1, X5 1, ..., X1,

(c) If d(F),d(F) € (F) then d(X,F) = HF and (d o d)(X,F) = GF,
with H,G € Jq.

(d) If 2 <1 € N then, for every j € {1,...,n},D(X1le~) € (Xl,X]lfl)
and D(X1F) € J;.

Proof. (a) By Proposition [2] we have d = )
Hl'j €5,

i<j HijDij + GE, where

0 0
—aXxm 1 2 xm-l — .. —
Dij = a; X" a; X]m X, and E=X; ax, + —f-XnaXn-

Observe that given ¢ we have E(X;) = X;, Dj;(X;) = 01if ¢ ¢ {l,5},
Dij(X;) = —a; X"V if i < j, and Dji(X;) = a; X"V if j <. Thus d(X;)
€ J;. Now because for every j # i we have d(ij*l) =(m— 1)X]’."*2d(Xj)
and d(X;) € Jj, we conclude that d(J;) C J;.

(b) and (c) are direct consequences of (a).

(d) Induction on [ > 2. By Nakai’s definition of higher order deriva-
tions [3], we have, for [ = 2,
D(X1X}) = X1 D(X})+2X;D(X1) - 2X, X;D(X;) — X7 D(X1) € (X1, X;),
and for [ > 3,

I—
D(X1X}) = D(X1X; X, 1)
= X1D(X}) + X;D(X: X7 + X' D(X1 X))
- X1 X; DX - X1 X' D(X;) — XiD(Xy).

Since D(XlX]l-_l) € (Xl,XJl»_Q), we have D(Xlle-) € (Xl,le-_l). Therefore
for | =m > 2 we obtain D(X F) € J;. m

LEMMA 4. In the notation of Lemmal[3], let

S
D=d+)» djod;+FD'
=1

where {d,d;,d;; 1 <i < s} C Derp(S) and D' € Deri(S). If d(F) € (F) and

7
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{di(F),d,(F)} C (F) for every i then
D(X1F)=HF with Hec Jy = (X1, X", X7,
Proof. By Lemma [3{c), we have

d(X1F)+Y (djod;)(X,F) = HiF  with Hy € Jj,
=1
By Lemma [3(d), D'(X1F) € J;. Thus

S
D(X\F) = d(X,F)+Y_ d,odi(X,F)+ FD'(X,F) = HF,
i=1

where H = H1 + D/(XlF) eJi. m

Since B = S/(F) = S/(G) where S = k[X1,...,X,], F = a1 X" +
as X+ +ap, X" and G = X"+ (az/a1) X3 +- - -+ (an/a1) X", henceforth
we will assume that

F=X"4+aXy" 4+ +a, X" with a; #0.

LEMMA 5. Assume that m > 2 and let D be the second order k-deriva-
tion of S given by

D=—(m-1)(n— )Gi—XG o —2(;2)(-872
a ox, “ox? 71 0X10X;
G 0?
m—1
T Z a; X2 0X?
j=2 Y
where )
1 oO°F — o
G = H 8X2:a2-'.anX2 QXn 2.
]>2
Then
D(F)=0, DXiF)=-2m+(m+1)(n—1))GF, D(X;F)=0,j>2.
Proof. Since 8?;(5))( = 0 and a;;f;) = m(m — 1)an]m_2 for j > 2, we
have !
D(F) = —m(m — 1)(n — 2)GXm—1 —m(m —1)GX]"!
0*F
m—1
+ X} Z Xm X7 OX7
j=2 Y
Thus

D(F) = —m(m —1)(n — 1)GX"1 X1 zn:m(m - 1)G=0.
=2
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Now we calculate

P = D)+ (5 (30,7

= —(m—1)(n—2)G((m+ X" —m(m + D)X]"G + > a; X"
j=2

- 2mGZan}” + X" Zm(m -G
j=2 Jj=2
=—2m+ (m+1)(n—2))GX"

— @2m+ (m+1)(n— 2))(;(2”: anjm),
j=2

thus D(X1F) = —(2m + (m + 1)(n — 2))GF.
Analogously one can prove that D(X;F) =0for j > 2. =

The main result of this paper is

THEOREM 6. Let B = S/(F) where S = k[X1,...,Xy], n > 2 and
F=X"4+aX)+ - +a, X' with0#a; €k andm > 1. Then

Der;(B) = dery(B) if and only if m = 1.

Proof. The sufficiency is a direct consequence of the fact that for m =1,
the ring B = k[Xy, ..., X,] is a polynomial ring over k.
For the proof of the necessity suppose m > 2 and take the derivation
D € Deri(S) defined in Lemma Thus by Lemma we have D(F') = 0 and
[D, Xi](F) € (F) for every 4. Then by [5, Prop. 2.10] we get D((F')) C (F).
Therefore D induces a derivation D € Der;(B) defined by
D(G + (F)) = D(G) + (F).
We claim that D ¢ der?(B). Suppose that D € der;(B). Then
S
D=d+Y djod+FD
i=1

with D’ € Der;(S) and {d,d},d;; 1 < i < s} C Deri(S) with d(F) € (F)
and {d;(F),d;(F)} C (F) for every i. Thus by Lemma [4]

D(X1F)=HF with H € J; = (Xy, X"t .. Xmh.
But, by Lemma [, D(X1F) = —(2m + (m + 1)(n — 2))GF, where
G=ag--a, X5 2. X" 2 ¢ Jp.

This contradiction proves our claim, and this proves the theorem. m
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COROLLARY 7. If H € S = k[X,...,X,] is a homogeneous polynomial
of degree m with 1 <m <2 and C = S/(H) then
Der;(C) = derz(C) if and only if m = 1.
Proof. This is a consequence of Theorem [6] and of the fact that if m = 2
then there exists a linear change of variables X; = Z]- bi;Yj, bij € k, 1 <
i <n,such that H=Y? +a2Y? + - +asY2 s<n.m
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