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GOOD-)\ INEQUALITIES FOR WAVELETS OF COMPACT SUPPORT

BY

SARAH V. COOK (Topeka, KS)

Abstract. For a wavelet 1) of compact support, we define a square function Sy
and a maximal function NA. We then obtain the L, equivalence of these functions for
0 < p < co. We show this equivalence by using good-\ inequalities.

1. Introduction. In 1970, Burkholder and Gundy [4] showed, among
other results, that if for a martingale f = (f,,) the square function Sf and
maximal function f* are given by

o 1/2
Sf) = (D (nl@) = famr@)’) . f(@) = sup|ful)]
n=1
then ||Sf|, = ||f*||p for 0 < p < co. Previously this result was known only
for 1 < p < 0.

Burkholder and Gundy proved their results by first showing that S f
controls f* and conversely f* controls Sf by what is now commonly known
as a good-\ inequality.

DEFINITION 1. For positive measurable functions f and g, we say that
g controls f by a good-A inequality if there exist constants K > 1,0 < ¢gg <1
and a function C(g), with C(e) — 0 as € — 0, such that for all A > 0 and
0 < € < g9 we have

HzxeR: f(z) > KX g(z) <eA} <C(e){z € R: f(z) > A}

Burkholder ([2], [3]) later refined these results and in particular gave
in [2] the following lemma, which demonstrates the usefulness of a good-\
inequality.

LEMMA 1. Consider a non-decreasing continuous function @ defined on
[0,00) such that $(0) = 0 and P is not identically zero. Suppose @ sat-
isfies ®(2X) < CP(N) for all X > 0 and for some fized constant C de-
pending only on ®. Suppose also that g controls f by a good-\ inequality.
For a fized €, 0 < & < gq, there exist real numbers o and v which satisfy
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D(KN) < 0®B(N) and ®(e7N\) < vd(N) for every A > 0. (The growth condi-
tion on @ ensures the existence of o and v.) Finally, suppose oC(g) < 1 and
{p @(min{1, f(2)}) dx < co. Then

ov
o) i < = o)

Burkholder and Gundy’s results along with the fact that a martingale is
essentially a Haar wavelet provide us with a reason to believe that good-A
inequalities exist for a more generalized wavelet. As further justification, we
have the following theorem from Meyer [8] which shows the L,, equivalence of
two square functions for an r-regular wavelet. In the statement of the theo-
rem and throughout the paper, for a dyadic interval @Q = [k/2", (k 4+ 1)/2™),
let g (z) := ¥ x(z) = 27/2¢)(2"x — k) be the standard dilation and transla-
tion of a wavelet 1. Also, for each dyadic @, let ag denote the corresponding
wavelet coeflicient.

THEOREM 1. For ¥ an r-regular wavelet and 1 < p < oo, the norms
12 s [ (@) 2]l and [[(3Z, las|? [T~ X ()2l are equivalent.

We now make some definitions which will be used throughout the paper.
Fix 1) to be a wavelet with compact support. Then there exists M € Z such
that if @ is the unique interval that has the same center as @ and length
Q| = 2M|Q|, then supp(vg) C Q. Fix such an M and for a dyadic @Q,
define @ in this manner. Similarly, define @ to be the interval of R that has
the same center as @ and length |Q| = 2M13|Q|. Further, let Q,,(z) be the
unique dyadic interval that contains x and has length |@Q,,(z)| =27".

In this paper, we show the L, equivalence, 0 < p < oo, of a maximal
function and a square function for our wavelet by using good-X inequalities.
We define our maximal function, N A, by

NA(z) :=sup sup |A,(y)|, where A,(x):= Z ayy(z).
n yeQn(z) |J|>2—n
We also define the square function, Sy, by

1 1/2
Sy (z) := ( > ag ol X@(a:)> .
QCR
In Section 2, we show Sy, controls NA by a good-\ inequality. The proof
of this inequality roughly follows the proof of the martingale case. In fact,
we shall make use of the following theorem, which is a variation of that
found in [4].

THEOREM 2. There exists a constant K > 1, and constants C and c
possibly depending on K, such that for 0 <e <1, A > 0 we have

{z €Qo: ff(x) > KN Sf <el}| < oeXpC—;) {z € Qo : f*(z) > A}
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In the third section, we will define a new maximal function N,A and
show N, A controls Sy,. We shall then estimate NA by N,A. In that section
we will use the theory of dyadic bounded mean oscillation to obtain our
good-A inequality. In particular, we will use the following corollary to the
John-Nirenberg Theorem [9].

COROLLARY 1. Suppose g € BMOyq, g # 0, with |glla < C(e\)? for

some 0 < e <1 and A > 0. Then there exist constants K > 1, ¢ > 0, and
ca > 0 independent of € and \ such that

Hz eR:|g(z)| > KN} < exp(—i—i) Hz e R:|g(x)| > N}

2. Control of NA by S,. Our goal in this section is to prove the
following good-A inequality:

THEOREM 3. There exist k > 1, 0 < gg < 1 and constants C and ¢ such
that for 0 < e < g9, A > 0 we have

{z € R:NA(z) > k), Sy(z) <eM}| < cexp(_§>\{x € R: NA(z)>\}.

To prove Theorem 3, we shall divide the dyadic intervals of R into a
finite number of sets and examine the square function indexed over these
sets. To this end, we make use of the following which is a slight variation of
a lemma found in [6].

LEMMA 2. Let F' denote the set of all dyadic intervals of R and for
meZletF,={Q€cF:|Q=2""}. Forx e R, set F* ={z+Q : Q € F}
and F* ={x+ Q : Q € F,,}. For a dyadic interval Qq, there exist N € N,
{z;}L1 CR, and disjoint subsets (B?)_, of F such that

N
{QeF:Qc Q=B
j=1
Furthermore, if Q € B7, then we have Q C Q' for a unique Q' € F* with
Q| = 2M+2|Q|. Also, if Q1,Q2 € B7 and Q1 # Q2, then Q) # Q2.

Of importance here is the fact that for any dyadic Qg, we have subsets
BJ,j€{l,...,N}, where N depends only on M. For simplification, we shall
assume in what follows that (o is the unit dyadic interval [0,1). Similar
results for an arbitrary dyadic ¢ also hold and we shall be free to use this
later on.

Fix j € {1,...,N}, where N is as in Lemma 2. Continuing with the
notation from the lemma, we re-index the wavelet coefficients and functions
by

cg,) =aq, wg/)(a:) =Yg (z).
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Similarly, we also subdivide the function A, by defining

Agmi@i= 3 eqvol@)= 3 cquwg(a)
QeB’ Q' eG™i
|QI>2—™ |Q/|>2-mH2+2
for m > 0 and where G% := {Q' € F% : Q C Qo, Q € B’}.
Note that we now have suppw(J) C Q' and SQ, w(J) (z) dz = 0. Thus, if we

set fQ(o] )m = E(Ag()) m ]Q J) where Gni is the o-field generated by intervals

in F.7 M2 then fgo) (fC(QJo) ) s a martingale with fC(QJo),O = 0. For each
martingale in this indexed collection, we denote the martingale maximal
function and square function as (fg G )) (z) and Sf U )( ) respectively.

We wish to estimate the Wavelet square funct1on by the martingale square
functions and apply Theorem 2. Since we have a collection of indexed mar-
tingales, it is necessary to define an indexed set of functions similar to the

wavelet square function by

Gutr=( T @ o)

Q'eG"i

The following lemmas relate the wavelet square function to the martingale.
Lemma 3 is due to Banuelos and Moore [1].

LEMMA 3. There exist c1 and co depending only on v such that

(1) (Sf8)(2))? < e1(SY)  (2))?
(2) ) (@) = 48 (2)2 < ea(8Y) ()2,

LEMMA 4. Fiz Q, to be a dyadic interval with length 2=™. There exists
a constant c3, depending only on v, such that if z,y € Q,, then

3 (Z (49) () ~ AG) o (@)] < esSule).
Proof. We have

\ZASSn A @) =] X artes) -]

Since z,y € @y it follows that if either = or y is in supp ¢, for some dyadic
interval J with |J| > 27", then both z,y € J. Hence we may approximate
the above by

> a@i) = v@)| < D las2 WlleXy()
JCQo JCQo
|J|>2-n |7|>2-n
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< > ladl27M W llol 12X ()

| J|>2-n

< Wl Y lasPl @) (X 2 w)

|J|>2—n |J[>2-n

< 2[[¢]|oo Sw ().

To prove Theorem 3, we must obtain constants k£ and £¢. We shall explain
how these constants are obtained later. In what follows, we simply assume
k>1,e0<1,and e < ggp.

Choose a maximal dyadic Q C R with [{z € Q : NA(z) > A\}| > 1|Q|. By
maximality of @, there exists xg € @ such that NA(zp) < A. In particular,
for y € @ we have

(4) ‘ > aﬂ/u(?/)‘ <A
[71>Q

Fix g € @ such that NA(zq) > kX and Sy (zg) < €. Say @ has length
|Q| = 27"™. Note that since zo, zg € Q, it follows that for every n with n <
m, both z¢ and xg must be in the same dyadic interval of length 27". Thus,
if SUpycq, (2q) [4n(¥)| > kA, then sup,cq. (4) [4n(y)| > kA, which implies
NA(zg) > kX. But by choice of zg, NA(xzg) < A < kA. Hence, for NA(zq),
it suffices to take the supremum over only those n where n > m. Thus

NA(zg) = sup sup |4, (y)]

mSnyEQn(ﬂ?Q)

< Sup _sup ‘ Z aﬂ/}J(y)‘—F‘ Z aﬂ/&](y)‘
mEnYEQn(2Q) ' o[> |1|>2-n |71>1Ql

<A+ sup sup ’ Z aﬂ/’J(y)’

mEnYEQn(2Q) 1|3 >2-n

where the last inequality comes from (4).
Since NA(zq) > kA, we then have

(k=A< sup sup ( > aﬂm(y)(-

MENYERn(TQ) QP21 >2-

By applying Lemma 2 to @, there must exist ng > m and y,, € Qn,(zqQ)
where

E—1)A< ‘ZAg)no Ynyo )

N
o) < \zAgao )] | 4G o) ~ 45 x|
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It is clear that Z;VZI( (g)w(:z:Q))2 <27M(S(zg))?. Using this with (2)
and Sy (zg) < €\, we may estimate the first summation in (5) by

N
(6) > 149, <xQ>|<cwek+Z S (@q).

j=1 j=1
Using (3) and (6) in inequality (5) we obtain

(k=1 <cyper+ Z (]) ,(2qQ) + cael,

=1

which implies £*\ < Z g)ko (xq) < Zjvzl(fg))*(mQ) We then have

Hx €@ : NA(zx )>k/1, Sw(z) < e}

N . E*\ - EA
{x €Q:(fJ) @ > N SG(®) < \/W}‘

gi {req:u§r@>"3 5w <a sl

where the last estimate is from (1). Now set k large enough and ¢ small
enough so that we may apply Theorem 2 to the above to obtain

Hz e Q: NA(z) > kA, Sy(z) <er}| < C’exp(—g%) Q-

Note that our constants will depend on N. However, recall that for all
dyadic @, N depends only on M. Summing over all such maximal dyadic Q
yields Theorem 3.

3. Control of Sy, by NA. Ideally, in this third section we would prove
a version of Theorem 3 with the roles of NA and Sy, reversed. Unfortunately,
we have not been able to obtain this inequality. However, we will obtain our
desired L, equivalence of Sy, and NA by showing S, is controlled by a new
maximal function, N, A, where we shall take the supremum over non-dyadic
intervals.

Before we specifically define the maximal function N,A, we require
a few definitions. Since v is of compact support, there is a smallest in-
teger L such that for a dyadic interval J = [k/27,(k+1)/27), we have
J C [(k—L)/27,(k+ L)/27). Fix this L and for a dyadic interval J, define
J=[(k—L—=1)/27,(k+ L+2)/27). Thus suppe; C J C J.

For @ > 0,n € Z, and x € R, define I, o(z) :={t e R: [t —z| < 27"},
the open interval of length 27" *!q that has its center at x. We now define
the maximal function N,A by
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NoA(z) :=sup sup |A,(¢)].

n tel, o(x)

As mentioned before, our intermediate goal is to prove N, A controls Sy, by
a good-A inequality. We record this as Theorem 4.

THEOREM 4. There exist ag > 0, K > 1 and constants C, c such that
H{z: Sy(x) > K\, NoA(x) < eX}| < Cexp< )]{x Sw(z) > A}

forO0<e<1, A>0, a> ap.

To prove this theorem, we shall define a function similar to S, that is
of dyadic bounded mean oscillation. To obtain our desired BMOy4 function,
set B :={x € R: N,A(z) < e} for fixed A > 0, 0 < £ < 1, and define

1/2

=( X dga@)
JCR
JNE#0

Note that Sy (z) > Sy(z) for all 2 € R, and Sy (z) = Sy () for all = € E.
We shall show

PROPOSITION 1. (S4)2 € BMOy4 and ||(Sy)2|la < ca(eN)?, where ¢y de-
pends only on supp .

Fix an arbitrary dyadic interval Q, say |Qo| = 27"°. We define
T:={Q:|Q|>2"™, QNE#0}, B:={Q:|Q<27™, QNE#0}.
For fixed x € R, set
1/2 o
a ) = a .
(26; g ) (Q%:B Q!Q! )

Note that (Sy (2))2—(S7 (z))? = (S8(x))? and that S7 (z) is constant on Q.
Thus,

J (Sw(@)? = (ST (@) d = § (SE(w))? da

Qo Qo
9 1
:S Z aQ@X@(x)daﬂ
Qo QNE+#0
1QIL|Qo]
M+3 2 M+3 2
Y pereya,
QNE#0, QNQo#D Qeg
1QIL|Qo]

WhereQ::{QzéﬂE#Q,QﬂQo#ma Q| < [Qol}-
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By orthonormality, we have

(7) Z aé = S Z a?;)|7/’Q(SC)|2 dr = S ‘ Z aQ¢Q(m)‘2das.

Qeg RQegG R Qe€g

To estimate (7), we first note that ZQEQ aqq has support of length C|Qo,
where C depends only on M. To complete the estimate of (7), we need to
make a pointwise estimate for the partial sum of wavelets associated to
dyadics in G. We will make this estimate by taking the summation over a
larger collection of dyadic intervals. We remark that this procedure is similar
to one used by Gundy and Iribarren [7]. Define

H:=1{Q:QNJ #0 for some J € G,|J| = |Ql},
I::{Q:Qﬂj;«é@forsomeJEH,\J’:’Q‘L

T :={Q:QnJ #0 for some J € T, |J| = |Q|}.

Note that clearly G C H CZ C J.

We may now select ag large enough so that if « > a9 and Q € J,
|Q| =277, then Q C I} o(z0) for some zy € E. We remark that o depends
only on M.

There are three properties of this collection of sets which we state now
as propositions. The proof of Proposition 2 is clear from the definition of
the relevant sets and is omitted.

PROPOSITION 2. For dyadic Q, let C~2 be the parent dyadic interval of Q.
If |Q] < |Qo| and Q € G (respectively H,Z,J) then Q € G (respectively
H,Z,T).

PROPOSITION 3. Let Q € J with |Q| = 277. For for all t € Q, and all
l1,1l5 € N with mg <1 <ls < j, we have

‘ Z aj’gbj(t) S 2e ).

27l >|J|>27 12

Proof. By choice of ap, Q@ C I o(x0) for some z¢ € E. Proposition 2
implies that if J is the unique dyadic interval with |J| = 27%2 and Q C J,
then J € J. Thus, again by choice of a, we get J C I, o(z0) and |4, (t)] <
eXforallt e J

Similar reasoning shows that if I is the unique dyadic interval of length
2~ 1+ containing @ then |A;, _1(t)| < e for all t € I. The proposition then
follows from the triangle inequality.

Our last proposition estimates the wavelet coefficient ag for Q C 7.

PROPOSITION 4. If Q € T is such that |Q| = 27%, then there exists a
constant C, depending only on ), such that |ag| < 27/2Ce.
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Proof. Fix such a Q and say Q = [r/2", (r +1)/2"). Let t € Q be arbi-
trary. There must exist some dyadic I C Q with t € I and |I| = |Q|. Thus,
since () € Z, we have I € J. By Proposition 3,

‘ Z (IJ1[)J(:IT)‘ §25)\
J:| J|=|1]
for all x € I. In particular, the above inequality holds for ¢.

Using the orthonormality of {¢;} and applying the above estimate we
get

agl =|§ D asvs(shia(s)ds| < [la(s)l| Do asws(s)]ds
R

R J:J=[Q| J:|J1=|Q|

< | Ipo(s) 2ends.
R

Since g (s) = 2¥/2¢(2's — k), we may substitute y = 2's — k in the above
to obtain
lag| < | [vo(s)| 2eXds = 2eA | 272 |y ()| dy < 227"/ |3) .
R R
We are now prepared to make the desired pointwise estimate for the
partial sum of wavelets associated to dyadic intervals in G.

LEMMA 5. There is a constant cs depending only on v such that for all
teR,
‘ Z aQwQ(t)‘ < e
QEeg
Proof. Fix t € supp(EQeg aQyq). Then t € J for some J € H. By
Proposition 2 applied to H, we have the following two cases.
CASE 1: There exists a sequence {J;}32,, of dyadic intervals with ¢ €
Ji € H and |.J| = 27%. For each k > my, there exist 2 € F and y, € Qq
with |75, —t| < C27% and |yx — t| < C27% where C depends only on M.
Since E is closed we have ¢ € E, which implies |}, 2o-n aror(t)| < e for
all n and consequently, for every n > mg,

(8) D SERTGIES D
2-m0 >|[|>2-"
Fix n > mo. We wish to show
{IeG:tesuppiy, |I| >27 " ={I:tecsuppey, 27™ > |I| > 27"}
To see this, let I be dyadic with [I| =27 mg <1 <n,andlet t € supps.

Note that ¢ € suppt; C I and, from the above, t € E. Thus, INE # (). By
definition of I, it must be that INQy # 0 and hence INQy # 0. Thus, I € G.
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This gives half of the desired set equality. The remaining set containment is
trivial.

We substitute into (8) to obtain |- ;cg 7js0-n arthr(t)] < 2eX for every
n > mg. The conclusion of the lemma is then immediate in this case.

CASE 2: There exists a maximum integer ng, with ng > mg, and dyadic
intervals {J;}2,, € H with |Jg| = 27%, such that ¢t € J, for all ng > k >
mg. Consider the dyadic interval .J,,, € H. By Proposition 3,

(9) Y ami] <2

2-m0>|1|>2-"0
Similarly to Case 1, we can show
{feT:tesuppyy, [I| =27}t ={l:t€suppyy, 27" > [I| > 27"}

Hence, (9) becomes |} ;7 1>2-n0 @r¥r(t)] < 2eX and we obtain our de-
sired inequality by estimating the quantities | > c7\3(,|7j52-n0 @r¥1(t)| and
| Xorer\g, (1)>2-n0 artr(t)] by means of the following claim.

CLAIM. There exists an N, depending only on v, such that for any
dyadic Q € T\ 'H (or Q € H\ G) with |Q| > 2V /2" we have t & supp ¥q.

Proof. The condition ¢t € J,, € ‘H implies that there exists some z¢y € E
and some yo € Qo such that [t —zo| < C27" and |y —t| < C27"0. Choose
N large enough so that 2 > 2C. Then |y — zo| < 2V /2. Let Q € T\ 'H
(respectively Q € H\G), with |Q| = 2% > 2V /270, Thus, x¢ and yo must be
either in the same dyadic interval with sidelength 2% or in adjacent dyadic
intervals with sidelengths 27, and ¢ must be in the same dyadic with either
xg or yo. If t € supp g, the ch01ce of Q implies that xq,yo € Q This gives
us @ € G, which is impossible since Q € Z \ ‘H (respectively @ € H \ G).
Hence it must be that ¢ & supp g, which proves the Claim.

To complete the proof of Lemma 5, fix . There exist at most 2L dyadics
Q with |Q| =27% and t € supp¢g. By the above Claim, ¢ € supp g for at
most 2L N dyadics Q with @ € 7\ 'H (respectively @ € H \ G).

Finally, if t € suppyq for Q € Z \ 'H (respectively Q € H \ G), then
Proposition 4 yields |agvo(t)| = |ag||vo(t)] < 277/2CeA|po(t)|, where
|Q] = 27" Note that [¢g(t)] < 2/2 sup,cg | (y)|. Since 1 is continuous
with compact support, we have |agyg(t)| < Cel.

Thus,
S ans]<2NLC2x | ST asus(t)] < 2NLCe
JETI\H JEH\G
[J[=27 "0 |J|>2—"0

This combined with (9) completes the proof of the lemma.
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Using the result of Lemma 5 in (7) we have
2
[ > aqua(@)| dz < Cen?IQul.
R Q€g

Thus, SQO((§W(33))2 — (SZ(2))?) dx < C(£)\)%Qq|, which finishes the proof
of Proposition 1.

From this proposition and Corollary 1, we now have

{z e R: Sy(z) > KA} < Cyexp <_§2> {z e R: Sy(x) > A}

This gives the estimate
H{z € R: Sy(x) > K\, NoA(x) < e}
< Hz € E: Sy(x) > KX, NaA(z) < eA}|
<z €R: Sy(z) > KM}

where the last inequality comes from the fact that Sy (z) > Sy (z) for all
x € R. We have thus proved Theorem 4.

§C’1exp< {z e R: Sy(z) > A}

gC’lexp( iz €R: Sy(z) > A},

We shall now show the following corollary to Theorem 4, which will give
the desired relationship between S, and N A. Namely, we will show

COROLLARY 2. For @ as in Lemma 1, we have
| &(Sw (@) do < C | B(NA(x)) d,
R R
where C' depends only on @ and 1.

To prove the corollary, we make use of the following lemma. The proof
of (a) is given in [5]; (b) follows using similar arguments.

LEMMA 6. (a) Fory > 8 > 0, there exists a constant C 3, depending
only on v, 3, such that

{z € R: NyA(w) > A} < Cysl{z € R: NsA(z) > A},

(b) For a > 0, there exists a constant C,, depending only on «, such
that

H{x € R: NoA(z) > A} < Col{z € R: NA(z) > A}
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Applying Lemma 6 with the Lebesgue—Stieltjes measure associated
with @, we obtain Corollary 2. Combining Corollary 2 with Theorem 3 we
have our desired result of || Sy |, =~ [|[NA||p, 0 < p < 0.
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