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SELECTION PRINCIPLES AND
UPPER SEMICONTINUOUS FUNCTIONS

BY

MASAMI SAKAT (Yokohama)

Abstract. In connection with a conjecture of Scheepers, Bukovsky introduced prop-
erties wQN™ and SSP* and asked whether wQN™ implies SSP*. We prove it in this paper.
We also give characterizations of properties Sq1(I', Q) and San (T, 2) in terms of upper
semicontinuous functions.

1. Introduction. In this paper all topological spaces are assumed to
be infinite. We denote by I the closed unit interval [0, 1]. The symbol 0 is
the constant function with the value 0. For real-valued functions f,, (n € w)
on a set X, the symbol f,, — 0 means that the sequence {f;, }nec. converges
pointwise to 0 (i.e. for every x € X the sequence { f,,(z) }ne. converges to 0).
A real-valued function f on a space X is said to be upper semicontinuous
[4] if for every real number r, the set {x € X : f(x) < r} is open in X.

DEFINITION 1.1 ([5]). A family { A, }new of subsets of a set X is a y-cover
of X if every point z € X is contained in A,, for all but finitely many n € w
and A, # X for every n € w. A space X has property Si(I',T") if for every
sequence {Up, }ne, of open vy-covers of X, there are U,, € U, (n € w) such
that {Up }new is a y-cover of X.

DEFINITION 1.2. A sequence {fy}necw of real-valued functions on a set
X converges quasi-normally to 0 [1] if there is a sequence {&, }new of pos-
itive real numbers converging to 0 such that for each z € X, |f,(2)| < &,
for all but finitely many n € w. A space X has property wQN [3] if when-
ever {fn}new is a sequence of real-valued continuous functions on X such
that f,, — 0, the sequence contains a subsequence which converges quasi-
normally to 0. A space X has property SSP (the sequence selection property)
[6] if whenever { fn m}nmew is a family of real-valued continuous functions
on X such that for each n € w, fr,m — 0 (Mm — 00), there is a function
p € w¥ with fn#p(n) — 0.
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Uniform convergence implies quasi-normal convergence, and quasi-nor-
mal convergence implies pointwise convergence. It is known that properties
wQN and SSP are equivalent (for instance see [2, Theorem 1]). Scheepers [7]
proved that property Si(I',T") implies property wQN, and conjectured that
for perfectly normal spaces, properties wQN and S;(I',T") are equivalent. In
connection with this conjecture, Bukovsky introduced properties SSP* and
wQN* below as modifications of SSP and wQN.

DEFINITION 1.3 ([2]). A space X has property wQN* if whenever
{fn}new is a sequence of upper semicontinuous functions from X into I
such that f, — 0, the sequence contains a subsequence which converges
quasi-normally to 0. A space X has property SSP* if whenever { f, m }nmew
is a family of upper semicontinuous functions from X into I such that for
each n €w, fnm — 0 (m — 00), there is a function ¢ € w* with f, ;) — 0.

Bukovsky proved:
THEOREM 1.4 ([2]).

(1) Property SSP* implies property wQN*,
(2) Property S1(I',T") is equivalent to property SSP*.

But it was open whether wQN* implies SSP* [2, Problem 2|. In the
next section we show that this is indeed the case. In the third section we
give characterizations of properties S1(I', Q) and Sg, (T, ) in terms of upper
semicontinuous functions.

2. Properties S;(I',T"), SSP* and wQN*

LEMMA 2.1. Let {fim}mew be a sequence of real-valued functions on a set
X which converges quasi-normally to 0. Let {0y, }new be a sequence of posi-
tive real numbers converging to 0. Then there is a subsequence { fm, tnew C
{fm}mew such that for every x € X, |fm, (x)| < oy, for all but finitely many
necw.

Proof. Since { fi, } mew converges quasi-normally to 0, there is a sequence
{&m }mew of positive real numbers converging to 0 such that for every z € X,
| fm(x)| < &, for all but finitely many m € w. For each n € w take m,, € w
with &, < d,. Then for every z € X, |fm,(x)| < em, < 0y for all but
finitely many n € w.

We denote by USC,, (X, I) the space of all upper semicontinuous functions
from a space X into I with the topology of pointwise convergence.

THEOREM 2.2. Property wQN* implies property S1(I',T).

Proof. For each n € w, let U,, = {Upsm : m € w} be an open y-cover
of X. For each n,m € w, we put V,, ,, = Upp N -+~ N Uy, and let V,, =
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{Vim : m € w}. Each V, is an open y-cover of X. We define fp, : X — [0, 1]
as follows:

1 if € X\ Vom,
fm(@) = 1/(k+2) ifz€ Vi \ Vicrm (k€w),
0 otherwise.

Then f,,, € USC,(X,I). Note that f,,(x) <1/(n+1)ifand only if x € V}, 1.
Since each V, is a ~-cover of X, f,, — 0. By property wQN*, the se-
quence { fm }mew has a subsequence converging quasi-normally to 0. Apply-
ing Lemma 2.1 to this quasi-normal subsequence and {6, = 1/(n + 1) }ncw,
we obtain a subsequence {fn, }new C {fm}mew such that for each z € X,
fm, () < 6n =1/(n+1) for all but finitely many n € w. This shows that
{Vimn tnew (hence {Uy m, }new) is a y-cover of X. m

Combining Theorems 2.2 and 1.4, we obtain the following (so Problems 1
and 3 in [2] coincide):

COROLLARY 2.3. Properties S1(I',T'), SSP* and wQN* are all equivalent.

3. Properties S;(I',Q2) and Sg,(I', )

DEFINITION 3.1 ([5]). A family A of subsets of a set X is an w-cover
of X if every finite subset of X is contained in some member of A and X
is not a member of A. A space X has property Si(I',2) (resp. Sqn(I',2)) if
for every sequence {U, }ne. of open y-covers of X, there are U,, € U,, (resp.
finite subfamilies V,, C U,,) (n € w) such that {Uy}new (resp. U, c, Vn) is
an w-cover of X.

new

Obviously the following implications hold:
S1(I,T) = Si(T, Q) = Saa (T, Q).
The following is easy to show, so we omit the proof.

LEMMA 3.2. If U is an w-cover of a set X, then every finite subset of
X is contained in infinitely many members of U.

We denote by [X]<“ the set of all finite subsets of a set X.

THEOREM 3.3. The following properties of a space X are equivalent.

(1) San(T, ),

(2) If {famtnmew C USCH(X,I) and for each n € w, fpm — O
(m — 00), then there is ¢ € w* with 0 € {fpm :n € w, m < p(n)}
in USC,(X,I),

(3) If {fm}tmew C USC,(X,I) and f,, — 0, then there is a sequence

{em}mew C (0,1) converging to 0 such that for every F € [X]|<¥
there is m € w with max{fy,(x) 1z € F} < &y,.
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Proof. (1)=(2). Assume { fy m }nmew C USC,(X,I) and for each n € w,
fam — 0 (m — o0). For each n,m € w, let Uy = {2 € X @ frym(x) <
1/(n+1)}. Since each f,,, is upper semicontinuous, U, is open in X.
Let Uy, = {Uym : m € w}. If there are infinitely many n € w with X € U,,
then we can take a sequence {fn; m,}jew Which converges uniformly to 0.
Therefore we may assume X ¢ U, for every n € w. Hence each U, is an
open ~v-cover of X. Using property Sgn(I',2), we can take ¢ € w“ such
that U = {Upm : n € w, m < p(n)} is an w-cover of X. Let F € [X]<¥
and let ¢ > 0. By Lemma 3.2, F' is contained in infinitely many mem-
bers of U, hence there are n,m € w such that F C U, ,, m < ¢(n) and
1/(n+1) < e. Then for every z € F, fpm(x) < 1/(n+1) < e. This shows

0€ {fom:n€w m<pn)}
(2)=(3). Assume that {fp}mew C USCyH(X,I) and f,, — 0. For each
n,m € w, let gn,m = min{l, (n + 1)fy,}. Then g,,, € USC,(X,I) and

Gnm — 0 (m — 00). We take ¢ € w* with 0 € {gnm : 1 € w, m < ¢(n)}.
We may assume that ¢ is strictly increasing. We define a sequence {&, }mew
C (0,1) as follows:

B {1/2 if m < ¢(0),
"1/ (n+2) ifen)<m<pn+1) (new).

Note that {em}mew is decreasing and e,y = 1/(n+1) (n > 1). Let
F € [X]=¥. Take g, such that m < ¢(n) and max{gnm(z) : v € F} <1.
Then max{fn(z) :z € F} <1/(n+1) = Ep(n) < Em.

(3)=-(1). This can be proved by similar arguments to the proof of The-
orem 2.2. For each n € w, let U, = {U,m : m € w} be an open -
cover of X. For each n,m € w, we put V,,,, = Upsm N - N Upy, and
let V, = {V,m : m € w}. Each V, is an open ~-cover of X. We define
fm : X — [0, 1] as follows:

1 if € X\ Vom,
Jm(@) = 1/(k+2) ifx€ Vim\ Vitim (kK €w),
0 otherwise.

Then f,,, € USC,(X,I) and f,,, — 0. We take a sequence {e, }mew C (0,1)
converging to 0 such that for every F € [X]<¥ there is m € w with
max{fm(x) : © € F} < &5,. Note that 1/(n+2) < g, < 1/(n+1) im-
plies f,1([0,em)) = Vyum. For each n € w, let

Vi ={Vom mew, 1/(n+2) <epn <1/(n+1)}

Since {&m }mew converges to 0, each V! is a finite subfamily of V,,. We
observe that J, .V}, is an w-cover of X. Let F' € [X]|<“. Then there is

new
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m € w with max{fy,(z) : © € F} < gp. Take n € w with 1/(n+2)
< &m < 1/(n+1). Then F C Vum € V;,. Consequently, U, c,{Unm :
mew,1/(n+2) <&y <1/(n+1)}is an w-cover of X. m

THEOREM 3.4. The following properties of a space X are equivalent.

(1) Su(T', ).

(2) If {fumtnmew C USCL(X,I) and for each n € w, frm — 0
(m — ©00), then there is ¢ € w* with 0 € {fy om) N Ew} in
USC,(X,I).

(3) If {fm}me C USCP(X,]I), fm — 0 and {5m}m€w C (07 1) s a
convergent sequence to 0, then there is ¢ € w* such that for every
F e [X]<¢ there is m € w with max{ fym(z) 12 € F} <éep.

Proof. (1)=(2). Assume { fym }nmew C USCp(X,I) and for each n € w,
fam — 0 (m — o0). For each n,m € w, let Uy = {2 € X @ frum(x) <
1/(n+1)}. Since each f,,, is upper semicontinuous, U, is open in X.
Let U, = {Upm : m € w}. By the same argument as in the proof of
Theorem 3.3, we may assume that each U, is an open ~y-cover of X. Us-
ing property Si(I',Q2), we take ¢ € w“ such that U = {U, on) :n € w}
is an w-cover of X. Let F € [X]<% and let ¢ > 0. By Lemma 3.2,
there is n € w such that F C U, ,) and 1/(n+1) < e. This shows

0 € {fnpm) :n€w}

(2)=(3). Assume {fi}mew C USCyH(X,I), frn — 0 and let {ep, }mew
C (0,1) be a convergent sequence to 0. For each n,m € w, let gn,m =
min{1, (1/e,) fm}. Then gp.m € USCL(X,I) and gnm — 0 (m — o00). We
take ¢ € w* with 0 € {g, o(n) : 7 € w}. Let I € [X]~¥. Take gy, o(m) With
max{ gy, o(m)(T) : ¢ € F} < 1. Then max{f i, (7) : v € F} < ep.

(3)=(1). This can also be proved by similar arguments to the proof
of Theorem 2.2. For each n € w, let U,, = {Uy,m : m € w} be an open
v-cover of X. For each n,m € w, we put Vi, ,, = Ugy N --- N Uy, and
let V, = {Vom : m € w}. Each V), is an open ~v-cover of X. We define
fm : X —[0,1] as follows:

1 ifrxreX \ ‘/077717
fm(x) =9 1/(k+2) ifz € Vim\ Vitrm (k €w),
0 otherwise.

Then f, € USC,(X,I) and f,, — 0. For the sequences {fm}me, and
{eo = 1/2,ep, = 1/(m+1)}y>1, there is ¢ € w* such that for every
F € [X]=¥ there is m € w with max{f,m)(z) : © € F} < &5,. Note that
the condition max{f,,)(v) : © € F'} < &y, implies F' C V, ;). Therefore
WVien) : n € w} (hence {Uy, o(n) : 1 € w}) is an w-cover of X. u
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