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WORD DISTANCE ON THE DISCRETE HEISENBERG GROUP

BY

SEBASTIEN BLACHERE (Toulouse)

Abstract. We establish an exact formula for the word distance on the discrete
Heisenberg group Hs with its standard set of generators. This formula is then used to
prove the almost connectedness of the spheres for this distance.

1. Introduction. For any finitely generated group I" with a finite sym-
metric generating set S, we define a Cayley graph as follows. The vertices
are the elements of I' and there is an edge between two vertices x and y if
™y belongs to S. The word distance d(x,y) between two elements x,y of
I' is the minimal number of generators we need to go from e (identity of I")
to #~'y. Thus, it is the natural distance on the Cayley graph.

If the volume of the balls B(e,n) = {z € I' : d(e,xz) < n} grows like a
polynomial in n, then I is said to be of polynomial growth. In this class of
groups, Z¢ is the simplest example. Another typical example, outside the
Abelian setting, is the Heisenberg group Hs: the group of upper triangular
integer-valued (3 x 3) matrices with 1’s on the diagonal,

1 x =z
M=10 1y, (2,92 ¢cZ.
0 0 1

The group Hjs is Z2 with the following product:
(z,y,2)(@"y,2") = (@+2",y+y 2+ 2 +ay).

On Z<, the word distance is easily computable for the standard generat-
ing set, but not in general. Here, our aim is to give an exact formula

(Theorem 2.2) for the word distance on Hs with its standard generators
{AT! BF1} ) with
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The method uses the formalism of the theory of words adapted to the be-
havior of the coordinates along a path. Typically, the third coordinate grows
quadratically when the first two grow linearly.

Then we use this formula to obtain the almost connectedness of the
spheres S(e,n) = {z € I' : d(e, x) = n} of H3 (Proposition 3.1), always with
the standard set of generators.

DEFINITION 1.1. We say that the spheres (for the distance d) are almost
connected with constants («, 3) if there exists a constant Ny such that for
all n > Ny and « € I', any two points in the sphere S(e,n) can be joined
by a path within the annulus A(e,n —a,n+ () = B(e,n+ () \ B(e,n — «).

By translation invariance, this property does not depend on the choice
of the center of the spheres.

On any discrete group with polynomial growth (for any generating set),
the spheres are relatively connected, which is the same property with the
constants multiplicative (see [2, 1]). Clearly, on Z% with its standard gener-
ating set, the spheres are almost connected with constants (0,1). However,
we do not know whether or not the almost connectedness of the spheres is
still true for any finite set of generators, as this notion is not, a priori, stable
under rough isometry.

2. Word distance on Hs. We write d(x,y, z) = d(e, M) for the word
distance associated to the set {A*!, B¥1} of generators. We give some clas-
sical definitions dealing with the theory of words.

DEFINITION 2.1. The set {A, A=, B, B~1} is our alphabet. Each of its
elements is called a letter from which we compose words. A subword is a
part of a word formed by successive letters. A reduced word is a word from
which we have removed all the possible subwords of the form X X ~! where
X is any letter. A prefix is a subword starting with the first letter and a
suffiz is a subword ending with the last letter.

We first reduce the domain of (x,y, z), by some symmetry properties of
the distance function. By changing the A®’s into A=’s (¢ = 1), and then
the B®’s into B~¢’s in a word of length d(x,y, z) which represents (x,y, z),
we see that

(1) d(l‘,y, Z) = d(—l‘,y, _Z) = d(—IE, -y, Z)'

Therefore, we can restrict ourselves to z > 0 and = > 0. Now, by changing
the A%’s into B®’s, the B®’s into A®’s, and reversing the order of the letters,
we see that d(z,y, z) = d(y, x, z). Together with (1) we also get d(z,y,2) =
d(—y, —x, z). Therefore, we can also suppose x > y > —z. We denote by [k]
the least integer greater than k.
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THEOREM 2.2. Let 2> 0,2 >0,z >y > —z and (z,y,2) # (0,0,0).
Ly>0:
L1. If © < /z, then
d(z,y,2) =2[2Vz] —x —y.
1.2. If x > /z, and
1.2.1. 2y > z, then
d(z,y,z) =z +y;
1.2.2. zy < z, then
d(z,y,2) =2[z/x]+x—vy
(except when x = 0, but then z =0 =y).
IL y < 0:
IL1. If x < \/z —zy, then
d(z,y,2) =2[2v/z —zy] —x +y.
I1.2. If x > \/z — xy, then
d(xz,y,z) =2[z/z]| + = —y.

The rest of this section is devoted to the proof of Theorem 2.2. We start
with some remarks.

REMARK 2.3. If an element (z,y,z) is represented by a word written
with a@ A’s and 8 B’s (« and [ positive), then the maximum value we can
have for z is /3, obtained by A®B7.

REMARK 2.4. The values of z and y do not depend on the order of the
letters in a word. If we have a A’s, o/ A='’s, 3 B’s and 3 B~ !’s, we get
r=a—cd andy=p5-7".

REMARK 2.5. For all k € Z, adding (or removing) a prefix that can be
reduced to B*, or a suffix that can be reduced to A*, does not change the
value of z.

In what follows, for any letter X, X° will be the empty word. We denote
by |W| the length of a word W. An element (x,y, z) of Hs can be represented
by several reduced words, and we denote by M = M(x,y, z) the set of re-
duced words with minimal length d(x,y, z). We denote by M’ = M'(x,y, 2)
the set of subwords of all M € M obtained by removing the longest prefix
of the form B* and the longest suffix of the form A!. Note that if z > 0, then
M’ is not empty. Moreover, the element represented by a word M’ € M’
is (2/,y’, z) for some integers z’,y’. The value of z remains the same by
Remark 2.5.
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For each z > 0, we define a particular word S(z), which represents
(z,y,z), with minimal length disregarding the value of z and y. That is
to say, S(z) is one of the words with minimal length in J, , M(2,y, 2). Let

n = [v/z] — 1. We have three cases.
e 2 =(n+1)% Then
S(z) = Avtipnt

This comes from Remark 2.3 and min,g—x2{car + 8} = 2k.

e 3k, 0 < k < n, such that z = n? + k. Then
S(z) = AkBA™ k™.

This comes from ming: <qg<ppt1){a + B} = 2k + 1.

e 3k, 0 < k <, such that z =n? +n + k. Then
S(z) = AkBA™t1=Fpn,
This comes from ming(y41)<ag<w+1)2{a + B} = 2k + 2.

We check that |S(z)| = [2y/2].
We now exhibit a particular word T' = T'(z, y, z) that represents (z,y, z)

in case II.1. Set n = [\/z —zy] — 1. Note that —y <z < /z —zy <n+ 1.
We have two cases.

e 3k, 0 < k < n, such that z — 2y = n? + k. Then
T = Aafanf(n+1)AkBAn7an+y‘
e Jk, 0 < k < n, such that z = (n + 1)2 — k. Then
T = Az—nB—kA—lBk—(n—&-l)An—i-an—f—l—i-y.

We check that |T'| = 2[2/z —xy| —z +y.

We define a last word U = U(z,y,2) when z > xy and x > 0. The
Euclidean division of z by x gives z = uz +v with v < z. If u <y — 1, then
z < zy — x4+ v < xy, which is impossible. So v > y, and

U= BV 1A"BA® " B".
We check that |U| =2[z/z| + 2z —y.

LEMMA 2.6. If z > 0, x > 0 and x > y > 0, then the subset ./\/l’Jr

composed of those words in M’ that use only A’s and B’s is not empty.

Proof. Let M € M and let M’ be the corresponding word in M’. Our
aim is to write, from M’, a word M which belongs to M’ . So, we first
show that we can remove all the possible A~’s and B~!’s from M’ and then
create a new word M’ such that the corresponding M represents (z,y,2)
with Z > z and |[M| < |M|. Then we will change M’ into M/, by decreasing
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Z down to z with |M,| < |M| < |M]|. And so, by the definition of M, we
will have M, | = |M| and then M’ € M/

At each step of the proof below, we can check that we always get words
of length less than or equal to |M|. We remark that the following changes
in the order of the letters increase the value of z by 1, without changing x
and y:

BA— AB; A7'B—BA™; BT'A™' - A7'B™!; AB™' - BT'A.

We apply these changes in M’, from left to right, as long as any of them is
possible. The result is a word M such that the corresponding M; represents
(x1,y1,21) with z; > z. The M] can be written as

(2) A(*l)k-HOlkB(*l)k-Hﬁk L. 14*0423*5214011B517

with the «;’s and (3;’s non-zero and of the same sign. The word M] represents
(2], Y}, 21) where x| = Zle(—l)”lai and y] = Zle(—l)i“ﬁi.

We first suppose o}, > 0. If 3; < 0, then removing B, and putting it
on the left of Ml, will increase z; by —f1x). Then, by definition of M’ we
get a word Ml, where A%t does not belong to the corresponding Ml Hence,

]\41 can be written as in (2), ending with B=%2 (=5 > 0). Since a; < 0, we
have 7} > x{ > 0. Therefore, without loss of generality, we can take all the
a;’s and f3;’s positive in the representation of M.

Our aim is to change M; into some word M , which represents (z,y, z)
with z > z;. Moreover, we want the corresponding M’ written as
A2 B P2 g Bﬁ1’
with aq, 01, as, and (o positive. When k& > 3, we can either reduce k, or
suppose ag > ag, and #; < [y < f3. To see this, suppose B2 > (3. Then the
change
A% BBs p—a2 B—PB2 pa1 BB _, BBs g—a2 B—F2 gas g1 BP
increases z1 by (82 — f3)as > 0. Moreover, by the same construction used
to get My, we can change the new word into some M1 such that the corre-
sponding M1 can be written as in (2) for some k < k — 1. Therefore, we can

take G2 < 3.
Now, suppose as < as. Then the change

AasBﬂsA—th—ﬂz N B—ﬁgAOé:sBﬁaA—az

increases z1 by (ag — as)f2 > 0. Likewise, that allows us to take as > as.
Moreover, by the change

A—azB—ﬂonq Bﬂl N B—ﬁzAal Bﬁl A2

we can also take 31 < (.
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Now, we suppose k > 4. The change
A~ B—B1 gas BBz g—a2R=02 _, A3 BBz pg—a2 =02 g—@a B—Fa
increases 21 by (a2 — a3)Bs — (B2 — f#3)as > 0. By the same construction
used to get M;, we can change the new word into some M; such that the

corresponding M/ can be written as in (2) for some k < k — 1, with the
same properties as Mj. Therefore, we can take k < 3 and write M/ as

A3 BBz p—a2 g=PF2 ga1 g1
Then we can change M into
A9 A% BB pA—@2 =02 Bhr

We increase z1 by (83— B2)a1 > 0. As before, by the same construction used
to get M7, we can change this new word into Ms, which represents (z,y, z2),
such that the corresponding M) can be written as in (2) with k < 2. If £ = 1,
we take M = Ms. If k = 2, then

M, = BY—(B1—=B2) g—x2 g—P2 g gb1 gr—(a1—2)

with aq > a9 (since 2} > 0 and the preceding changes always increase z’)
and (o > (1. We define

M = ByfﬁzAOu BﬁzAwfoq.

We only need to check that M represents (z,y,%) with Z > 2 and |M| <
| M5|. First note that

Z=o1f = (a1 —a2)f2 + azfs > (a1 — a2)B1 + azf2 = 2.
Now, as y > 0 > (1 — (B2, we have
|Ma| = [z — (1 — a2)| +y + a1 + az + 202,
M| = |z —oa| + |y — B2| + o1 + Bo.

If © — (g — @) > 0, then we have

°y > [
® > ai: |J\Z|§|M2|<:>a2+ﬂ220,
erx<ap:|M|<|Mylex+ar+fr>a1 <=2 — (g —az)>0.
oy < [

o x> ay: [M|<|Ms| & y+ay>0.
ex<ap: |M<|My] & zx4+y+as>a <xz— (o —az) >0 and

y > 0.
If v — (g — @) <0, then z < ay. So, we have
oy > [y [M| < |Ms] & (32 > 0.
oy < [y |M| < |My| = y>0.
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Thus, |M| < |M,] in every case. Finally, |M| < |M| and zZ > z. As M’ =
A% BB we can reduce Z down to z, by the changes AB — BA. Hence, we
have the desired M/, .

Now, we consider the case 2} < 0. We first suppose y; < y. We change
the A%’s into A™’s and the B®’s into B~ ¢’s (¢ = £1) in M{. Then we get

a word M{ which represents (—z, —v}, 21) and
T, = BV BT A%+
We compare |M;| and | M. Since
|Mi| = [Mi]+ |y — il + |z — 23| = M| +y —y1 + 2 — af,
[My| = [M{| + |y + il + o+ 24| = [M| + |y + v1| + |2 + 24],
we have
ey+y; >0:
e zx+x) >0 \gﬂ < M| &y + 27 <0.
ex+a) <0: M| <|Mi| &y <z<y; <y<u.
ey+y; <O0:
ex+af > 0: My <My & af <yeal <0<y

So, |M1] < | M| in every case, and starting with Ml, we can apply the above
proof, since —z} > 0.

Now, suppose y; > y. We change the A®’s into B®’s and the B®’s into
A®’s (e = £1) in M7 and we reverse the order of the letters. Then we get a

word M| which represents (y}, 2}, z1) and
M, = BY""1 M A" "1,
We compare |M;| and | M. Since
[My| = Mi| —y+yi+z -2y, [M]=[M|+y—2)+z—yl,
we have
ex—yp 2 0: M| < [Mi| &y <y
ox—yy <0: |M| <|M| & y<uz.

So, \Mﬂ < | M| in every case, and starting with ]\71, we can apply the above
proof, since y; >y > 0. m

We denote by M/, the subset of M’ composed of the words M that
can be written as M’ M/ where M’ is written only with A~*’s and B~ '’s,
and M’ only with A’s and B’s (both M’ and M/ can be the empty word).
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We also define My C M as the set of words M € M such that the corre-
sponding M’ belongs to M/, .

LEMMA 2.7. If 2> 0, /z—2y>x >0, and 0 > y > —x, then M4 1is
not empty.

Proof. The proof of Lemma 2.6 does not use y > 0 to construct Ms in
the case 2 > 0. When ) < 0, we first suppose y; > 0. We change the A®’s
into A=%’s and the B®’s into B~’s (¢ = £1) in M]. Then we get a word

M/ which represents (—z’, —y}, 2z1) and
A, = BUANT A
We compare |M;| and |M1] Since
[My| = [Mi| + |y — il + o — 21| = [Mi] =y +yp + 2 — 2,
| M| = |M{| + [y + yi| + [z + 24| = [M{] + |y + y1| + [z + 21,
we have
ey+uy =0
ex+al>0: M| <M &y < - <y<0<—af.
e x+a) <0: M| <|M]| & y<ua.
°y+uy <0
e x+af > 0: M| < My & af <yf < al <0<y
ex+ ) <0 |M|<|Mp| & —x <y <= —2<0<y].

So, |M;| < |Mi| in every case, and starting with M7, we can construct M,
since —z} > 0.

Now, suppose y; < 0. We change the A%’s into B~¢’s and the B®’s into
A™%s (e = £1) in M7 and we reverse the order of the letters. Then we get

a word M 1 which represents (—yj, —z1, 1) and
M, = BYt#1 [ A* Vi
We compare |M;| and |M1] Since
|Mi| = M|+ |y — il +2—2),  [Mi|=|Mj|—y—2) +|z+ ],
we have
°oy—y =0

o ty; > 0: M| < M| &y -y >0.
ez +y) <0: M| < |M]| & —x <uy.

o y—y; <0:then z+y) >x+y>0. So, |M1| < [M].
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So, \Mﬂ < |M;] in every case, and starting with Ml, we can construct My,
since —y}] > 0. Now,
Mé _ A*azB*ﬁ2AalBﬁl’
so we can reduce z; down to z by the changes AB — BA and A"'B~! —
B~1A~!. These changes keep the word in M., so we have the desired M/.. m
LEMMA 2.8. If 2> 0, x> \/z—xy, and 0 > y > —x, then M/, is not
empty.

Proof. First note that, except when (z,y,z) = (0,0,0), the conditions
of the lemma imply z > 0. Lemma 2.7 works also in this case. So, we start
with the preceding M}, which represents (x5, y5, z2) with zo > z. First, we
suppose > /za — xy. We prove that | M| > |U|. We have

|Mz| = |z — (a1 — a2)| + |y — (B1 — B2)| + a1 + az + B1 + [,
Ul =z —y+2[z/x].
We easily see that
(3) ‘MQ‘Z‘«T—(OQ—CYQN-FCH +a2+2ﬂ1—y.
Recall that none of the a;’s or 3;’s are null, that z = (a1 — a2)B1 + a2fs,
and that x > /z —zy, so z/x < z +y.
o r — (a1 — ag) > 0: we first suppose = < B2 + as.
oy —(f1—052)>0:
U| < |Ma| &y + B2+ az > [2/x]
Sy+LPetas>z/x
=[P+ ax > .

The second equivalence comes from the fact that y + B2 + ao is an
integer.

oy —(f1—0F)<0:
U| < |Ms| < 1 +as > z/x
hhta>z+y
< B1+as > x.

Now suppose x > B2 + as. Then by (3),
|U| < |Ma| < 81 +az > z/x
< (B2 +a2)(B1 +az2) > a1 B + @z — azfh

& aj + Bife + 20261 > a1y
<= B9 + 209 > .
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And, when oy — ag > B2 + o,
|U| < [Mz| <= (a1 — a2)(B1 + a2) > a1 + azfs — a2 & a1 — ag > Ba.
o — (ay — ) < 0: we first suppose 2x < o + .
oy —(f1—0B2)>0:
Ul <|Mz| & y+foata1>z/z+z < [fot+oq > 2z,
oy — (B —p2) <0
U| <Mz & B1+a1>z/z+x
b +ar>2r+y
<= By +ag > 2z,
Now, suppose 2z > (B2 + a1. Then
(4) a1 — 2as > Bo.
And so, by (3),
|U| < |Ma] <= B1+a1 > z/o+x
<= z(f1+ o) > 24 22
&2 — (B + 1) + a1 fr + asfs — azfBr < 0.
The discriminant of this polynomial in x is
A= (61 +a1)’ —4(a1B1 + azf — azfh).

Using (4) yields A > (a1 — 2as — £1)?, where oy — 2a — 31 > 0. So the
polynomial is negative if 51 + @y < 2 < a1 — a, which is true, since by (4),
2x > fo + a1 > 202 + 200 > 2(81 + ag).

In U’, by the changes AB — BA, we can reduce zo down to z. Then we

get the desired M/ € M/, .
Now, suppose = < /2 — xy. We prove that |Ms| > |T'|. We have
[Ma| = [z — (1 — a2)[ + [y = (B1 = B2)| + a1 + az + B1 + Po,
IT| =2[2y/z—2y|] —z+y.
oy —(B1—0F2)>0:
o — (ap —ag) >0:
T| < [Ma] & [2Vz—zy] <2+ a2+ (2
S2/z—zy<z+ar+
& Ao B + azfs — azfy — a2y < (z+ az + fo)?
<=0 <a2” +2z(ag — f2) + 461[r — (a1 — o))
+ (2 — B2)?

=0< (z+ag — F2)%
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The second equivalence comes from the fact that = 4+ as + (5 is an
integer.
e r— (ag —az) <0:
IT| < |Ms| & 2vz—xy < ag + P
< 4o B + azfe — azf — (a1 — a2)(B1 — B2)]
< (a1 + B)?
& 0< (B2 —ar)?

oy — (1 —B2) <0

e r— (ag —az) >0:

T| < [Ma| & 2v/z—azy <z —y+az+ [
< 4(z + a2)B1 + a2(B1 — y) — a2 — xy]
<(@—y+oaz+p1)?
S0< (z+y+oar—p)

e r— (g —ay) <0:

IT| < |[Ma| & 2vz—2y < —y+a1+ 5
< 4B + (B —y) — 2B — (a1 — az)y]
< (o1 + B —y)?
S 0< (y+o —pr)%

Note that 77 = T € M’_. In the prefix of T composed only of A=1’s
and B~ !’s, we change A7'B~! — B~1A~! until we get a word W with
W' e M, . Then W represents (x,y, 2y)-

If there exists k, 0 < k < n, such that zo — 2y = n? + k, then

zw=z2—nn+1)+zn+1)=zy+k—n+z(n+1).
Hence, as 1 < x < n,
2y —xy > —n4zn+1)> 2%+ (- 1)(n—2z) > 22

So, we still have \/z, — Ty > .
If there exists k, 0 < k < n, such that 2o — 2y = (n + 1)? — k, then

zw=z2+k—nn+1)+zn+l)=zy+ (z+1)(n+1).

Hence, as x < n + 1, we still have \/z, — xy > x.
As /zy —ry > x, we need to reduce z, down to z by the changes
AB — BA. So, we get the desired M € M/, . m

Case I.1. As we exclude (x,y, z) = (0,0,0), we have z > 0. We denote by
(a,b, z) the element represented by S(z) and we remark that |S(z)| = a +b.
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Our aim is to prove that S(z) belongs to M’ and then to say that

W =B"0t"9g5(z)A"=2) ¢ M.
As z < /z we see that y < x < min{a,b}. Therefore we will obtain
d(m,y,z) = 2(a+b) —$—y:2(2\/5—| —Tr—y.

Let M" € M’_ (non-empty by Lemma 2.6) and (z’,3’, 2) be the element
represented by M’. We will prove that there is an M’ € M/, such that
2’ = a and y' = b. We define two integers o, 3 by 2’ = a+« and 3y’ = b+ 3.
We will prove that the cases (a, 3) # (0,0) are either impossible or the word

BV M AT
has the same length as W.
By Lemma 2.6, we have |M'| = a + a + b+ 3. By Remark 2.3,

(5) (a+a)(b+p3) = 2.
We first suppose o > 1. If 8 > 0, then |M'| > |S(z)], |y’ —y| > b—y and
|z’ — x| > a—x. So,
|M| > |BY=°S(2) A",
which is impossible. Now suppose 3 < —1. By the construction of S(z), we
get z > a(b—1). So, (5) implies
ala+B) > —a+a(=6 - (b—a)).
But -3 > 1 >b—a,so a+ 3 > —1 and then o + 8 > 0. Therefore
M| > |S(2)] and
Y —yl+ |2 —x|>a—z+b—y+a+B>a—x+b—y.
So, |M] > | BYS(2) A7,

Now suppose a < 0. If 8 > 0, the case is the same as the preceding one,

since z > a(b— 1) and (5) imply

ba+B) > —a+ B(—a— (a—b) = —b+ f(—a — (a—b))
and —a > 0 > a —b. Finally, § < —1 is impossible since then (a+ «)(b+ ()
< a(b—1) < z, which contradicts (5). That completes the proof.

Case 1.2.1. By Remark 2.4, we get d(z,y,z) > = + y. So, we only need
to find a word W of length x + y that represents (x,y, z). If xy = z, then
we take

W = A*BY.

Now, we are left with xy > z. The Euclidean division of z by = gives z =
ur + v with v < z. If u > y, then z > zy + v > zy, which is impossible. So
u <y—1and we get

W = By—u—lAvBAa:—vBu
and [W|=z+y.
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Case 1.2.2. Here, we have z > 0. First consider the case where y = 0
and z > z. There is at least one B¢ (¢ = +1) in M as z > 0. But y = 0,
so there is at least one B~¢ also. Therefore d(z,0,z) > = + 2, and we can
represent (z,0, z) by

B 1A*BA* %
So d(x,0,z) = x + 2. Now we are left with = < z.

We write @ = [z/z]. In the definition of U, we can check that @ = u+ 1
when v > 0, and w = u when v = 0. Hence, w > y. By Lemma 2.8, we can
take M’ € M’_ which represents (z’,y’,2). We define two integers «, 3 by
2 =x+ aand vy = uw+ 3. We will prove that « = 8 = 0 is possible by
showing that any other case is either impossible or the word

M = BY=Y M A"

has the same length as U. As M’ € M, we have |[M'| =z +a+7+ (. By
Remark 2.3,

(6) (x+a)(T+p) > =

We first suppose a > 1. If § > 0, then |M'| > |U'|, |y’ —y| > u —y and
|z' — x| > 0. So |M| > |U|, which is impossible. Now suppose § < —1. We
have z = uz + v > uzr — z, so (6) implies

(a+ B)r > -z —af + alzx — ).

Using z < 22, we get > u. Moreover a8 < 0, so o + 3 > —1, and so
a+ (> 0. Therefore |M'| > |U'|, |y —y|+ |2’ —z| >u—y+B+a>u—y.
Hence |M| > |U|, so |M| = |U| by definition of M.

Now suppose that o < 0. The case § < —1 is impossible because then
(x+a)(u+p) < zu—z < z, contrary to (6). If 3 > 0, then |y’ —y|+ |2’ —z| =
B+u—y—a,so |M|=|U|+283 > |U|. That completes the proof.

Case II.1. By Lemma 2.7, we can take M’ € M/, and the corresponding
M € M. By definition of M/_, M’ can be written as M’ M/ . Then M’
represents (—ag, —f2,22), and M/ represents (v, 1, 21). By Remark 2.3,
we have z1 < a181, 29 < asfs, and so

(7) 2 < o1+ aefa — azfh.

Now, we compare |M| and |T| exactly as we compared |Maz| and |T| in the
proof of Lemma 2.8. Using (7), we conclude that |T'| < |M]|, and so T' € M.

Case II.2. By Lemma 2.8 we can take M’ € M’_ and the corresponding
M € M. The proof is as in case 1.2.2, since we did not use y > 0.

3. Almost connectedness of the spheres. In this section we prove
the almost connectedness of the spheres of the Heisenberg group.
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PRroOPOSITION 3.1. The spheres of Hs with the word distance associated
to the set {AT1 BT} of generators are almost connected with constants

(6,4).

Proof. The idea of the proof is first to split the sphere into several regions
according to the expression of the distance (see Theorem 2.2). Then we build
a path (equivalent to a 1-path in the discrete setting) from a given point to
a particular one in the boundary of its region. As before, we only need to
consider points with z > 0, x > 0 and x > y > —x. We first suppose that
y > 0. Each point at distance n from the origin has a neighbor at distance
n — 1. Then we just need to prove the theorem for a sphere of radius 2n,
and we will adapt the constants at the end. Let d(z,y,z) = 2n; the aim
is to build a path from M = (z,y, z) to (n,n,n?) which belongs to all the
regions. Here, the notation M = (x,y, z) is not confusing since we always
use Theorem 2.2 to compute the distance.

Let (z,y, z) be in Region I.1. Then x < /z, and we have

2n =2[2v/2] —z —y > 2[2v/2] — 2z > [2V/2].
So,
<z < [2vz]/2 <n.
We will increase x and y up to n. At each step, we will “correct” the value
of z by multiplying by C®’s (¢ = £1), where C = ABA~'B~!, in order to
come back within B(2n + 1) \ B(2n — 1) (multiplication by C' changes only

the value of z). The reason why we cannot come back exactly on 0B(2n) in
general is the following remark.

REMARK 3.2. When n > 3, multiplication by C' changes the distance by
1 or 2.

First, we increase y up to the value of z. We have

MB = (z,y+1,z+ ).

2z t+r <22+ Vz+1/4<2yz + 1.

So, M B belongs to B(2n + 2) \ B(2n — 2). So, we correct the distance, if
necessary, by multiplication by C¢’s until we get M BC® within B(2n+1)\
B(2n — 1). Easy computations show that |a| < \/z + 1/4. Finally, we have
went from M to M BC® within B(2n+4)\ B(2n—4). We repeat this process
until we have z = y.

Now we may consider M = (z,z,z). As long as © < \/z — 1, we do

MAB=(z+lL,z+1,z+z+1).

As z < /2,
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AsvVz+ao+1<\/z+z+1/4=/z+1/2, MAB is within B(2n + 1) \
B(2n — 3). So, we increase z, if necessary, by C’s until we get M ABC®
within B(2n+ 1)\ B(2n —1). We get a < /z+ 1/4 and we have went from
M to MABC® within B(2n 4+ 1) \ B(2n —5). If v/z — 1 < x, we increase
z by C’s until /2 becomes an integer. Then x = /z and d(z, x,2?) = 2z.
So, z = n and we are at (n,n,n?). The path we have built stays within
B(2n+4)\ B(2n —5).

Let (z,y, z) be in Region 1.2.1. Here, the value of z does not appear in
the distance, as long as it satisfies the conditions of this region. So, we can
first increase z up to zy, by C’s. As x +y = 2n, we have y < n < z. The
idea is to increase y up to n and to decrease x down to n simultaneously (as
n —y =x —n). At the same time, we “correct” the value of z as before, in
order to keep the relation zy = z. We have

MC™™*B = (z,y+ 1,2y + x).

We are still in Region 1.2.1. Thus, we can decrease the value of z down to
xy + x — y + 1 without changing the distance. Then we reduce z to get

MC™*BC* YA ' =(z—1L,y+1l,zy+a—y+1),

which satisfies zy = z. The path we have built stays within B(2n 4 4) \
B(2n — 3).

Let (z,y,2) be in Region 1.2.2. As long as = > y > 0, we do not need to
check if we stay in this region, because as soon as we exit it, we know how
to reach (n,n,n?). We have y < \/z < x. The idea is again to decrease x
and increase y simultaneously. Now,

MBA™ ' =(z—1,y+1,2+2)

satisfies d(x — 1,y + 1,2 + x) = d(z,y,2). So, we can iterate this process
until x —y < 1. If x — y = 1, then we multiply again by B. Finally we
enter one of the preceding regions. The path we have built stays within
B(2n+3)\ B(2n — 2).

Finally, we take y < 0. Let (z,y, 2) be in Region I1.2. We only need to
find a path to some point with y > 0 in order to connect it to one of the
preceding regions. We build

MB?C™ = (x,y + 2,2 + ),

which is still in Region I1.2 (unless y +2 > 0). So d(z,y + 2,z + z) =
d(z,y,z), and thus we can increase y. The path we have built stays within
B(2n+3)\ B(2n —5).

Let (x,y, z) be in Region II.1. As long as z < \/z — zy, we do

MA=(z+1,y,2).
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As

z—xy—yg\/z—xy—i—\/z—xy—i—l/élz\/z—xy—i—l/Q,

M A belongs to B(2n+2) \ B(2n —2). So, we correct z, if necessary, by C'’s,
until we get M AC® within B(2n+1)\ B(2n—1). We get o < \/z — zy+1/4,
and the path we have built stays within B(2n 4 3) \ B(2n —4). We repeat
this process until we reach one of the preceding regions.

Finally, even if we look at a sphere with an odd radius, we get the almost
connectedness with constants (6,4). =
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