COLLOQUIUM MATHEMATICUM

VOL. 95 2003 NO. 1

A NOTE ON RARE MAXIMAL FUNCTIONS

BY

PAUL ALTON HAGELSTEIN (Princeton, NJ)

Abstract. A necessary and sufficient condition is given on the basis of a rare maximal
function M; such that M;f € L'([0,1]) implies f € Llog L([0,1]).

For a locally integrable function f : R — R, the Hardy-Littlewood
maximal function Myp, f is defined by

Mig f(x) = sup — | |£(y)]dy,
zel |I’ I

where the supremum is taken over all bounded intervals I containing x.

In 1969, E. M. Stein proved in [2] that if f is supported on the unit
interval T = [0, 1], then My f € LY(I) if and only if f € Llog L(I). The
proof of this result is based on classical weak-type inequalities for My,
which in turn strongly depend on the covering properties associated to the
set of intervals in R.

In [1], K. Hare and A. Stokolos investigated whether or not Stein’s result
still holds when the Hardy-Littlewood maximal operator is replaced by a
rare maximal operator, an operator similar to My, but where the supremum
is taken only over a given subset of the set of intervals on R. For the sake
of specificity, we here define a rare maximal operator M; as follows:

DEFINITION 1. Let [ = {l;}, where the I <1, [ | 0, and let
7T = {intervals I C R: |I| € l}.

We define the rare maximal function M;f by

Mif() = sup —1f()]dy.
I€eT, xel |I’ I

In [1], Hare and Stokolos showed that there exists a sequence [ and a
locally integrable function f supported on I such that f ¢ Llog L(I), but
M, f € L*(I). Moreover, they found that if {m;} C N is a strictly increasing
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sequence satisfying
mg
(1) sup — = 00
ken K
and [ = {27™k}, then there necessarily exists a locally integrable function
f supported in I such that f ¢ Llog L(I), but S(l) M, f < oo. Having found
these results, Hare and Stokolos indicated the question whether or not the
condition (1) above is sharp, i.e. if [l = {27} and if there exists a locally
integrable function f supported in I such that f & Llog L(I) but S(l) M f < o,
must then supycy mi/k = 00?
In this paper we indicate the negative answer to the above question, as
well as provide a necessary and sufficient condition on {my} such that there
exists f & Llog L(I) such that M;f € L*(I).

THEOREM 1. Let | = {27}, where {my} is an increasing sequence of
nonnegative integers.

(i) Suppose that for any positive integer m, there exists k € N such that
none of the mj lie in Ay, = {k,k+1,...,k+m} C N. Then there exists
a locally integrable function f supported in 1 such that f ¢ Llog L(I), but
M, f € LYT).

(ii) Suppose there exists a positive integer m such that any set Ay, ., nec-

essarily contains an element of the sequence {my}. Then if f is a locally
integrable function such that M;f € LY(I), f must be in Llog L(T).

Before we begin the proof, we remark that part (i) of the theorem pro-
vides a negative answer to the question of Hare and Stokolos, given the
existence of increasing sequences of positive integers {my} that satisfy the
condition in (i) but also such that supjcymy/k < co.

Proof. (i) We construct a function f such that M;f € L'(I) but f ¢
Llog L(I) as follows:

Let m € N. There exists k € N such that none of the m; lie in Ay ,,. Let
FE,, be the subset of I defined by

En=[0,27Fmu27k 27k 27 kmy. Ul —27F 1 —27F 427k,
Let
lpi =427 :m; <k}, Ip2={2""":m; >k+m}.
Note that for any locally integrable function g,
Mg(z) < My, ,9(x) + My, ,9(x).
Now, M, XE,, () <2-27™ pointwise, and
My, s XEn (T) < XE, (T) + XE,, (x — 2757 + X, (x +2757™).

So
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\M,,, xp, <2-27" \My, x5, <3 |Ex|=3-27"
I i
Therefore
\Mixp, <5-27™
i
Note that by direct computation one sees that ||xg,, || L 10g Ly ~ m-27™,

as ||XEm L 10g L) ~ ||MHLXEm||L1(]I) by Stein’s L log L result [2].

Let now o
5092
f= 22 722 ]XEgzj'
j=1
Clearly
. 56227 RT _j 227 24 —922j
1l 2 10g L(D) Zjll{go? 1277 |IXEp; I 10g L (D) —jlig)IOQ 7.257.29.2

= lim 2/ = oo.

j—oo
However,
o0 o0 oo
. o .
(<> 27992 ( My, <5> 2722277 =53 277 =5,
I j=1 I Jj=1 J=1

So le € Ll(ﬂ)a but Hf”LlogL(I[) = 0.

(ii) We assume without loss of generality that 1 € [. Let I be an interval
in I. Let j € N be such that 277 < |I| <2771,

If j <'m, then [I|] < 2™|I|. If j > m, then the sequence

{j_m7j_m+1>"'aj_17j}
contains an element of the sequence {my}. These two cases imply that there
exists an interval I’ such that |I'| € [, I C I', and |I'] < 2™2||. So
My f < 2" M f.

Hence, if M;f € L'(I), then My, f € L'(I), and thus f € Llog L(I). =
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