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LIFTING VECTOR FIELDSTO THE rTH ORDER FRAME BUNDLEBYJ. KUREK (Lublin) and W. M. MIKULSKI (Kraków)Dedi
ated to Professor Witold Roter on the o

asion of his 75th birthdaywith respe
t and gratitudeAbstra
t. We des
ribe all natural operators A lifting nowhere vanishing ve
tor �elds
X on m-dimensional manifolds M to ve
tor �elds A(X) on the rth order frame bundle
LrM = inv Jr

0 (Rm, M) over M . Next, we des
ribe all natural operators A lifting ve
-tor �elds X on m-manifolds M to ve
tor �elds on LrM . In both 
ases we dedu
e thatthe spa
es of all operators A in question form free (m(Cm+r
r − 1) + 1)-dimensional mod-ules over algebras of all smooth maps Jr−1

0 T̃R
m

→ R and Jr−1

0 TR
m

→ R respe
tively,where Cn
k = n!/(n − k)!k!. We expli
itly 
onstru
t bases of these modules. In parti
ular,we �nd that the ve
tor spa
e over R of all natural linear operators lifting ve
tor �elds

X on m-manifolds M to ve
tor �elds on LrM is (m2Cm+r−1

r−1 (Cm+r
r − 1) + 1)-dimen-sional.0. Introdu
tion. Let Mfm denote the 
ategory of m-dimensional man-ifolds and their embeddings (i.e. di�eomorphisms onto open subsets), and

FM denote the 
ategory of �bered manifolds and their �bered map.In this note we des
ribe how a nowhere vanishing ve
tor �eld X on an
m-dimensional manifold M 
an indu
e a ve
tor �eld A(X) on the rth orderframe bundle LrM = inv Jr

0 (Rm,M) = {jr
0ψ | ψ : R

m→M is anMfm-map}over M . This problem is re�e
ted in the 
on
ept of Mfm-natural operators
A : T̃  TLr in the sense of [4℄, where T : Mfdim(LRm) → FM is the naturalbundle of tangent ve
tors (the tangent fun
tor) and T̃ : Mfm → FM is thenatural bundle of non-zero tangent ve
tors.We re
all that an Mfm-natural operator A : T̃  TLr is a family of
Mfm-invariant regular operators (fun
tions)

A = AM : Γ T̃M → ΓT (LrM)from the set Γ T̃M of all nowhere vanishing ve
tor �elds on M (se
tions ofthe bundle T̃M) into the set ΓT (LrM) of all ve
tor �elds on LrM (se
tions2000 Mathemati
s Subje
t Classi�
ation: Primary 58A20.Key words and phrases: natural bundle, natural operator, jet.[51℄ 
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of the tangent bundle TLrM → LrM of LrM) for any m-manifold M . (Of
ourse, for some m-manifolds M one 
an have Γ T̃M = ∅; then AM = ∅.)The invarian
e means that if X1 ∈ Γ T̃M and X2 ∈ Γ T̃N are two relatednowhere vanishing ve
tor �elds on m-manifolds M and N (respe
tively) bya Mfm-map ϕ : M → N then AM (X1) and AN (X2) are related by Lrϕ,where Lrϕ : LrM → LrN is the indu
ed map (de�ned by the 
ompositionof r-jets, Lrϕ(jr

0ψ) = jr
0(ϕ ◦ ψ), jr

0ψ ∈ LrM). The regularity means that Atransforms smoothly parametrized families of nowhere vanishing ve
tor �eldsinto smoothly parametrized families of ve
tor �elds. Repla
ing T̃ : Mfm →
FM by T : Mfm → FM we obtain the 
on
ept of Mfm-natural operators
A : T  TLr.An Mfm-natural operator A : T  TLr is said to be linear if AM :
ΓTM → ΓT (LrM) is R-linear for any m-manifold M .An Mfm-natural operator A : T̃  TLr is said to be of verti
al type if
AM (X) is a verti
al ve
tor �eld on LrM → M for any nowhere vanishingve
tor �eld X on an arbitrary m-manifold M .Let k be a non-negative integer. An Mfm-natural operator A : T̃  TLris said to be of order ≤ k if for any nowhere vanishing ve
tor �elds X1and X2 on M and x ∈ M the equality of k-jets jk

x(X1) = jk
x(X2) implies

AM (X1) = AM (X2) on the �ber (LrM)x of LrM over x.An example of an Mfm-natural operator A : T̃  TLr of order ≤ ris the �ow operator Lr sending a (nowhere vanishing) ve
tor �eld X on an
m-manifold M into the 
omplete lift LrX of X to LrM . We re
all that LrXis the ve
tor �eld on LrM su
h that if {ϕt} is the �ow of X then {Lrϕt} isthe �ow of LrX.Be
ause of the Mfm-invarian
e of Mfm-operators with respe
t to (in-verse) manifold 
harts, any Mfm-natural operator A : T̃  TLr is fullydetermined by its �restri
tion� ARm : Γ T̃R

m
 ΓT (Lr

R
m). Conversely,by a 
hart argument, any Mfm-invariant regular operator (fun
tion) A :

Γ T̃R
m → ΓT (Lr

R
m) 
an be extended uniquely to an Mfm-natural opera-tor A : T̃  TLr with ARm = A. That is why all Mfm-natural operators

A : T̃  TLr form a set.In this note we 
lassify allMfm-natural operators A : T̃  TLr. Next we
lassify all Mfm-natural operators A : T  TLr. In both 
ases we dedu
e(see Theorems 1 and 2 for detailed formulation)
Theorem A. The set of all Mfm-natural operators A : T̃  TLr(resp. A : T  TLr) is a free (m(Cm+r

r − 1) + 1)-dimensional module overthe algebra of smooth maps Jr−1
0 T̃R

m → R (resp. Jr−1
0 TR

m → R), where
Cn

k = n!/k!(n− k)!. In parti
ular , the ve
tor spa
e over R of all linear Mfm-natural operators T  TLr is (m2Cm+r−1
r−1 (Cm+r

r − 1) + 1)-dimensional.
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In this paper we introdu
e the module stru
tures and 
onstru
t expli
itlythe bases of the modules.We shall use the following notations: Gr
m = inv Jr

0 (Rm,Rm)0 is thedi�erential group of order r, T : Mfm → FM is the tangent bundle,
T̃ : Mfm → FM is the natural bundle over m-manifolds of non-zero tan-gent ve
tors, Lr : Mfm → FM is the natural bundle of frames of order r,
Jr is the fun
tor of r-jet prolongation of �bered manifolds.It is well-known (see [4℄) that Gr

m is a Lie group, and the Lie algebra
Lie(Gr

m) of Gr
m is the Lie algebra (Jr

0TR
m)0 of r-jets at 0 ∈ R

m of ve
tor�elds on R
m vanishing at 0 ∈ R

m.Some natural operators transforming ve
tor �elds to natural bundles wereused in many papers where the problem of prolongation of geometri
 stru
-tures was studied (see e.g. [6℄, [8℄). That is why natural operators A : T  
TF transforming ve
tor �elds to some natural bundles F : Mfm → FMwhere studied by many authors ([1℄�[5℄, [7℄). For example, I. Kolá° [3℄ 
lassi-�ed all Mfm-natural operators A : T  TTA, where TA is the Weil fun
tor
orresponding to a Weil algebra A. In [2℄, J. Gan
arzewi
z studied naturallinear operators A : T  TF for many natural bundles F : Mfm → FM.In what follows, all manifolds and maps are assumed to be smooth (of
lass C∞).1. The Mfm-natural operators B : T̃  T (0,0)Lr. If (in the de�nitionof natural operators A : T̃  TLr) we repla
e T : Mfdim(LrRm) → FM bythe natural bundle T (0,0) : Mfdim(LrRm) → FM of tensor �elds of type (0, 0)we obtain the 
on
ept of Mfm-natural operators B : T̃  T (0,0)Lr liftingnowhere vanishing ve
tor �elds on M into maps LrM → R.We have the following general example of Mfm-natural operators T̃  
T (0,0)Lr. Suppose we have a map λ : Jr−1

0 T̃R
m → R, where Jr−1

0 T̃R
m isthe manifold of all (r− 1)-jets at 0 of nowhere vanishing ve
tor �elds on R

m(the �ber at 0 ∈ R
m of the (r − 1)-jets prolongation of T̃R

m). Then given anowhere vanishing ve
tor �eld X on M we have B〈λ〉(X) : LrM → R givenby
B〈λ〉(X)(jr

0ϕ) = λ(jr−1
0 (ϕ−1

∗ X))for all jr
0ϕ ∈ (LrM)x, x ∈ M , where ϕ : R

m → M is an Mfm-map with
ϕ(0) = x. The 
orresponden
e B〈λ〉 : T̃  T (0,0)Lr is an Mfm-naturaloperator of order ≤ r−1 transforming nowhere vanishing ve
tor �elds onMinto maps LrM → R.The set of all Mfm-natural operators B : T̃  T (0,0)Lr is (in an obvi-ous way) an algebra. A
tually, given Mfm-natural operators B1,B2 : T̃  
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T (0,0)Lr we have the Mfm-natural operator B1B2 : T̃  T (0,0)Lr given by

(B1B2)M (X) = (B1)M (X)(B2)M (X)for any nowhere vanishing ve
tor �eld X on an m-manifoldM , where on theright of the above formula we have the multipli
ation of real-valued fun
tions.(If Γ T̃M = ∅ then of 
ourse (B1)M = ∅, (B2)M = ∅ and (B1B2)M = ∅.)Similarly we de�ne the sum B1 + B2 : T̃  T (0,0)Lr.
Proposition 1. The map λ 7→ B〈λ〉 is an algebra isomorphism from thealgebra of smooth maps Jr−1

0 T̃ → R onto the algebra of all Mfm-naturaloperators T̃  T (0,0)Lr.Proof. Clearly, the map λ 7→ B〈λ〉 is an algebra monomorphism.Any B : T̃  T (0,0)Lr of order ≤ r − 1 de�nes λ : Jr−1
0 T̃R

m → R by
λ(jr−1

0 X) = B(X)jr
0
(idRm ).By an order argument λ is well-de�ned. It is smooth be
ause of the regularityof B (a standard argument using the Boman theorem, [4℄).Then by the invarian
e with respe
t to (inverse) manifold 
harts one 
aneasily see that B = B〈λ〉.By the same method as in [4℄ one 
an show that any B in question is oforder ≤ r − 1.Thus the map λ 7→ B〈λ〉 is epimorphi
.2. The Mfm-natural operators A : T̃  TLr of verti
al type. Letus denote by

Ei
α = jr

0

(
xα ∂

∂xi

)
,where i = 1, . . . ,m and α ∈ (N ∪ {0})m with 1 ≤ |α| ≤ r, the usual basis in

(Jr
0TR

m)0 = Lie(Gr
m).We denote by E∗ the fundamental ve
tor �eld 
orresponding to E ∈

Lie(Gr
m) on any prin
ipal Gr

m-bundle LrM . Then all (Ei
α)∗ for i and α asabove form a basis over C∞(LrM) of the verti
al ve
tor �elds on LrM forany M . Thus we have the 
orresponding (
onstant) Mfm-natural operators

(Ei
α)∗ : T̃  TLr de�ned by (Ei

α)∗M (X) = (Ei
α)∗ for any nowhere vanishingve
tor �eld X on an m-manifold M . Clearly, all Mfm-natural operators Ei

αare of verti
al type.The spa
e of all Mfm-natural operators T̃  TLr transforming nowherevanishing ve
tor �elds on m-manifolds M into ve
tor �elds on LrM is(in an obvious way) a module over the algebra of Mfm-natural operators
T̃  T (0,0)Lr. (A
tually, given Mfm-natural operators A : T̃  TLr and
B : T̃ T (0,0)Lr we have the Mfm-natural operator BA : T̃ TLr given by

(BA)M (X) = BM (X)AM (X)
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for any nowhere vanishing ve
tor �eld X on an m-manifold M , where onthe right of the above formula we have the multipli
ation of ve
tor �elds byreal-valued fun
tions.) Then by Proposition 1 it is a module over the algebraof all maps Jr−1
0 T̃R

m → R.
Proposition 2. The (sub)module of all verti
al type Mfm-natural op-erators A : T̃  TLr is free. The 
orresponding Mfm-natural operators

(Ei
α)∗ form a basis over C∞(Jr−1

0 T̃R
m) of this module.Proof. Sin
e the fundamental ve
tor �elds (Ei

α)∗ on LrM form a basis ofthe module of verti
al ve
tor �elds on LrM , we see that any Mfm-naturaloperator A (of verti
al type) in question is of the form
A(X) =

∑
λα

i (X)(Ei
α)∗for some uniquely determined maps λα

i (X) : LrM → R, where X is anowhere vanishing ve
tor �eld on an m-manifold M . Be
ause of the invari-an
e of A with respe
t to Mfm-maps, λα
i : T̃  T (0,0)Lr are Mfm-naturaloperators.3. The de
omposition

Proposition 3. Let A : T̃  TLr be an Mfm-natural operator of order
≤ r. There is a unique smooth map λ : Jr−1

0 T̃R
m → R su
h that A−B〈λ〉Lris of verti
al type, where Lr : T̃  TLr is the �ow operator.Proof. Suppose that A(X)jr

0
(idRm ) = LrX̃jr

0
(idRm ) and X(0) 6= µX̃(0) forall µ ∈ R. Then there is an Mfm-map ϕ : R

m → R
m preserving jr

0(idRm)su
h that JrTϕ(jr
0X) = jr

0X and JrTϕ(jr
0X̃) 6= jr

0X̃. Then
A(X)jr

0
(idRm ) = Lr(ϕ∗X̃)jr

0
(idRm) 6= Lr(X̃)jr

0
(idRm) = A(X)jr

0
(idRm ).This is a 
ontradi
tion.Then

Tπr ◦ A(X)jr
0
(idRm ) = λ(jr−1

0 X)X0for some uniquely determined smooth map λ : Jr−1
0 T̃R

m → R and allnowhere vanishing ve
tor �elds on R
m with 
oe�
ients being polynomials ofdegree ≤ r − 1, where πr : Lr

R
m → R

m is the usual proje
tion.Then (A(X) − B〈λ〉(X)LrX)jr
0
(idRm) is verti
al for all nowhere vanish-ing ve
tor �elds on R

m with 
oe�
ients being polynomials of degree ≤
r − 1. Sin
e the orbit with respe
t to the Mfm-maps preserving jr

0(idRm)of the spa
e of all jr
0X for nowhere vanishing X with 
oe�
ients beingpolynomials of degree ≤ r − 1 is dense in Jr

0 T̃R
m (see [4, Lemma 42.4℄),

(A(X) − B〈λ〉(X)LrX)jr
0
(idRm) is verti
al for all nowhere vanishing ve
tor�elds X on R

m with 
oe�
ients being polynomials of degree ≤ r. Then
(A(X) − B〈λ〉(X)Lr(X))jr

0
(idRm ) is verti
al for all nowhere vanishing ve
tor
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�elds on R

m by an order argument. So A−B〈λ〉Lr is of verti
al type be
auseof the Mfm-invarian
e and the fa
t that Lr is a transitive natural bundle(i.e. LrM is the Mfm-orbit of jr
0(idRm)).4. The 
lassi�
ation theorem. From [4℄ it follows that any Mfm-natural operator A : T̃  TLr is of order ≤ r. Then summing up Proposi-tions 2 and 3 we get

Theorem 1. The spa
e of all Mfm-natural operators T̃  TLr is a free
(m(Cm+r

r − 1) + 1)-dimensional module over the algebra C∞(Jr−1
0 T̃R

m) ofmaps Jr−1
0 T̃R

m → R. The operators Lr and (Ei
α)∗ for i = 1, . . . ,m and all

α ∈ (N ∪ {0})m with 1 ≤ |α| ≤ r form a basis of this module, where given
E ∈ Lie(Gr

m) = (Jr
0TR

m)0 we denote by E∗ the fundamental ve
tor �eld
orresponding to E on any prin
ipal Gr
m-bundle LrM .We have the following 
orollary of Theorem 1.

Corollary 1. The fundamental ve
tor �elds E∗ for E ∈ Lie(Gr
m) arethe only Mfm-
anoni
al ve
tor �elds on LrM .5. The 
omplete des
ription of all Mfm-natural operators T  

TLr. If we repla
e T̃ by T in Se
tion 1 we obtain
Proposition 4. There exists an algebra isomorphism between the al-gebra C∞(Jr−1

0 TR
m) of all maps Jr−1

0 TR
m → R and the algebra of all Mfm-natural operators T  T (0,0)Lr. This isomorphism λ 7→ B〈λ〉 is de�ned as inSe
tion 1 with T playing the role of T̃ .The spa
e of all Mfm-natural operators T  TLr is (in an obvious way)a module over the algebra of all Mfm-natural operators T  T (0,0)Lr. Thenby Proposition 4 it is a C∞(Jr−1

0 TR
m)-module.Similarly to Se
tion 2 we get

Proposition 5. The (sub)module of all verti
al type Mfm-natural op-erators A : T  TLr is free. The 
orresponding operators (Ei
α)∗ form a basisof this module.The next question is whether Proposition 3 with T instead of T̃ is true.The problem 
onsists in proving that λ : Jr−1

0 TR
m → T0R

m given by
(∗) Tπr ◦ A(X)jr

0
(idRm ) = λ(jr−1

0 X)X0for all ve
tor �elds X on R
m with 
oe�
ients being polynomials of degree

≤ r − 1 
an be 
hosen smoothly near points jr−1
0 X with X0 = 0.Of 
ourse (sin
e the left side of (∗) depends smoothly on jr

0X), the map
Φ : Jr−1

0 TR
m → R given by

Φ(jr−1
0 X) = λ(jr−1

0 X)X1(0)
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is smooth and Φ(jr−1
0 X) = 0 if X1(0) = 0, where

X0 =
m∑

i=1

X i(0)
∂

∂xi 0
.Then (this is a well-known fa
t frommathemati
al analysis) there is a smoothmap Ψ : Jr−1

0 TR
m → R su
h that Φ(jr−1

0 X) = Ψ(jr−1
0 X)X1(0). Then we
an put λ = Ψ . Thus we have

Proposition 6. Let A : T  TLr be an Mfm-natural operator. Thereis a uniquely determined smooth map λ : Jr−1
0 TR

m → R su
h that A−B〈λ〉Lris of verti
al type, where Lr is the �ow operator.Then similarly to Theorem 1 we have
Theorem 2. The spa
e of all Mfm-natural operators T  TLr is a free

(m(Cm+r
r − 1) + 1))-dimensional module over the algebra C∞(Jr−1

0 TR
m) ofsmooth maps Jr−1

0 TR
m → R. The operators Lr and (Ei

α)∗ for i = 1, . . . ,mand α ∈ (N ∪ {0})m with 1 ≤ |α| ≤ r form a basis in this module, wheregiven E ∈ Lie(Gr
m) = (Jr

0TR
m)0 we denote by E∗ the fundamental ve
tor�eld 
orresponding to E on any prin
ipal Gr

m-bundle LrM .By the homogeneous fun
tion theorem we have the following 
orollary ofTheorem 2:
Corollary 2. The ve
tor spa
e over R of all linear Mfm-natural oper-ators T  TLr is (m2Cm+r−1

r−1 (Cm+r
r −1)+1)-dimensional. The operators Lrand B〈F β

j 〉(Ei
α)∗ for i, j = 1, . . . ,m and α, β ∈ (N ∪ {0})m with 1 ≤ |α| ≤ rand 0 ≤ |β| ≤ r − 1 form a basis over R in this ve
tor spa
e, where (F β

j ) isthe usual basis in the dual spa
e (Jr−1
0 TR

m)∗.A
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