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ON FAITHFUL PROJECTIVE REPRESENTATIONS OF FINITEABELIAN p-GROUPS OVER A FIELD OF CHARACTERISTIC pBYLEONID F. BARANNYK (Sªupsk)Abstra
t. Let G be a non
y
li
 abelian p-group and K be an in�nite �eld of �nite
hara
teristi
 p. For every 2-
o
y
le λ ∈ Z2(G, K∗) su
h that the twisted group algebra
KλG is of in�nite representation type, we �nd natural numbers d for whi
h G has in�nitelymany faithful absolutely inde
omposable λ-representations over K of dimension d.0. Introdu
tion. Throughout this paper, we use the following nota-tions: p ≥ 2 is a prime; K is an in�nite �eld of 
hara
teristi
 p; K∗ is themultipli
ative group of K; Kp = {αp : α ∈ K}; G is a �nite p-group of order
|G|; e is the identity element of G; |g| is the order of g ∈ G; soc B is theso
le of an abelian p-group B and expB is the exponent of B. Moreover, wedenote by Z2(G, K∗) the group of all K∗-valued normalized 2-
o
y
les of thegroup G, where we assume that G a
ts trivially on K∗ (see [15, Chapter 1℄).Given a 
o
y
le λ: G × G → K∗ in Z2(G, K∗), we denote by KλG thetwisted group algebra of the group G over the �eld K with the 
o
y
le λand by radKλG the radi
al of KλG. We set KλG = KλG/rad KλG. A
K-basis {ug : g ∈ G} of KλG satisfying uaub = λa,buab for all a, b ∈ G is
alled natural. All KλG-modules are assumed to be �nitely generated leftmodules. If H is a subgroup of G, we often use the same symbol for anelement λ: G × G → K∗ of Z2(G, K∗) and its restri
tion to H × H. In this
ase, KλH is a subalgebra of KλG.If M is a KλG-module, then we denote by MH the KλH-module ob-tained by restri
tion of the algebra. If N is a KλH-module then NG =
KλG ⊗KλH N is the indu
ed KλG-module.Let Z2(G, K∗)∞ be the set of all 
o
y
les λ ∈ Z2(G, K∗) su
h thatthe algebra KλG is of in�nite representation type, that is, the number ofisomorphism 
lasses of �nite-dimensional inde
omposable KλG-modules isin�nite (see [1, p. 25℄). Finally, given λ ∈ Z2(G, K∗), we denote by Ker(λ)the union of all 
y
li
 subgroups 〈g〉 of G su
h that the restri
tion of λ to2000 Mathemati
s Subje
t Classi�
ation: 16S35, 20C20, 20C25.Key words and phrases: faithful proje
tive representations, faithful representations,modular proje
tive representations, modular representations, proje
tive representations,twisted group algebras. [135℄ 
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〈g〉 × 〈g〉 is a 
oboundary. We re
all from Lemma 1 of [2℄ that G′ ⊂ Ker(λ),
Ker(λ) is a normal subgroup of G and the restri
tion of λ to Ker(λ)×Ker(λ)is a 
oboundary. The set Ker(λ) is 
alled the kernel of λ.Let V be a �nite-dimensional ve
tor spa
e over K and Γ : G → GL(V )a proje
tive representation of G with a 
o
y
le λ ∈ Z2(G, K∗). We referto Γ as a λ-representation of G over the �eld K (see [15, p. 106℄). If weview V as a module over KλG, we say that V is the underlying module ofthe λ-representation Γ . Let PGL(V ) = GL(V )/K∗ · 1V and π : GL(V ) →
PGL(V ) be the 
anoni
al group homomorphism. If π ◦ Γ : G → PGL(V ) isa monomorphism, the representation Γ is 
alled faithful .We re
all from [10, p. 437℄ that a KλG-module V is de�ned to be ab-solutely inde
omposable if for every �eld extension L of K, L ⊗K V is aninde
omposable module over L ⊗K KλG.In this paper we 
ontinue the study of faithful proje
tive representationsof �nite p-groups over �elds of 
hara
teristi
 p as begun in [3℄. Our investiga-tions are also motivated by the results of P. M. Gudivok [11℄ and G. J. Janusz[12, 13℄. In parti
ular, they show that a non
y
li
 abelian p-group A of order
|A| 6= 4 has in�nitely many absolutely inde
omposable linear representa-tions in ea
h dimension d ≥ 2 if the ground �eld is in�nite. This result,together with the result by V. A. Bashev [5℄, gives a solution of the se
ondBrauer�Thrall 
onje
ture for group algebras of �nite groups (see [1, p. 138℄for a formulation of the 
onje
ture). Moreover, G. J. Janusz [13℄ has provedthat if p(d−1) ≥ expA, then there exist in�nitely many isomorphism 
lassesof absolutely inde
omposable faithful linear representations of A of dimen-sion d.Now we brie�y present the main results of the paper. In Se
tion 1 weprove that if G is a non
y
li
 abelian p-group, then for any natural n ≥ 2 andfor any 
o
y
le λ ∈ Z2(G, K∗)∞ the group G has in�nitely many nonequiv-alent faithful absolutely inde
omposable λ-representations over K of dimen-sion nt|G|, where t = 1/p2 if p 6= 2, and t = 1/2 if p = 2 (Corollary 1.11).In Se
tion 2 we study the inde
omposable proje
tive representations ofa non
y
li
 abelian p-group G over a nonperfe
t �eld K of 
hara
teristi
 psu
h that the K-algebra

K[x]/(xp − α) ⊗K K[x]/(xp − β)is not a �eld for any α, β ∈ K∗. Let λ ∈ Z2(G, K∗)∞, d = dimK KλG and
l =

{
1 if 4d < |G|,
2 if 4d = |G|.We show that in this 
ase the group G has in�nitely many nonequivalentabsolutely inde
omposable λ-representations over K of dimension nld forany n ≥ 2 (Theorem 2.3). If Ker(λ) = {e}, then d = expG and all λ-
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representations of G are faithful. Suppose that G = A×B, λ ∈ Z2(G, K∗)∞,
H = Ker(λ), H = B∩H, |A| > 1, |B| > 1, expB 6= 2 and soc B = soc H. Weprove that if expA = pm, expB = ps and pm ≥ exp(B/H), then the group
G has in�nitely many nonequivalent faithful absolutely inde
omposable λ-representations over K of dimension npm for any n ≥ ps−1+1 (Theorem 2.5).The reader is referred to [8℄, [14℄ and [15℄ for basi
 fa
ts and notationfrom group representation theory and to [1℄ and [7℄ for terminology, notationand introdu
tion to the representation theory of �nite-dimensional algebrasover a �eld.

1. Faithful inde
omposable proje
tive representations of abelian
p-groups over an arbitrary �eld. In this se
tion, K denotes an in�nite�eld of 
hara
teristi
 p.Lemma 1.1 ([13, p. 138℄). Let G be an abelian p-group whi
h is neither
y
li
 nor of order four. If G has exponent ps and n is any natural num-ber with n ≥ ps−1 + 1, then G has in�nitely many nonequivalent faithfulabsolutely inde
omposable linear K-representations of dimension n.Note that it is not shown in [13℄ that the representations 
onstru
ted in[13, pp. 139�144℄ are absolutely inde
omposable. However, this follows by ananalysis of the 
onstru
tion given in [13℄. To 
onvin
e the reader, we presentan outline of the proof.The general idea of the proof in [13℄ is to 
onstru
t a K-algebra A andimbed the group G into the group A∗ of all invertible elements of A.Assume that p 6= 2 and G = 〈g1〉 × · · · × 〈gr〉, where |gi| = pci and
c1 ≥ · · · ≥ cr. Let n be a natural number with pc1−1 + 1 ≤ n ≤ pc1 . We set
A = K[X], where Xn = 0 and Xn−1 6= 0. Let α1, α2, . . . be a basis for Kover the �eld of p elements. By [12, Theorem 3.1℄, A∗ = K∗ ×U , where U isa p-primary group. The group U is the dire
t produ
t of the 
y
li
 groups
〈wj(αi)〉, where wj(αi) = 1 + αiX

j for j ∈ {1, . . . , n}, j is not divisible by pand i = 1, 2, . . . . It follows that there exist in�nitely many ways of imbedding
G into A∗, so that g1 is mapped to 1 + X in ea
h imbedding. Every su
himbedding T gives rise to a faithful inde
omposable representation of G ofdimension n a
ting on A. Let K̃ be a �eld extension of K and Ã = K̃ ⊗K A.Then T is also a monomorphism of G into Ã∗ and T (G) generates Ã as a K̃-algebra. Hen
e T gives rise to an absolutely inde
omposable representationof G. Distin
t imbeddings of G into A∗ give rise to mutually nonequivalentrepresentations of G.Now suppose that

pc1−1 + pcr−1 ≤ n ≤ pc1+cr − 2.
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Sele
t natural numbers e and f su
h that

pc1−1 + 1 ≤ e ≤ pc1 , pcr−1 + 1 ≤ f ≤ pcrand
e + f − 2 ≤ n ≤ ef − 2.Let A = Ae,f = K[X, Y ] be the K-algebra on two 
ommuting generators Xand Y that satisfy
Xe = 0, Xe−1 6= 0,

Y f = 0, Y f−1 6= 0.
(1.1)Denote by Iγ the ideal of Ae,f generated by the elements

Xa1−1Y f−1 + γXe−1Y bt−1, XaiY bi ,where γ is any nonzero element in K, ai, bi are natural numbers for i =
1, . . . , t and

1 ≤ a1 < a2 < · · · < at ≤ e − 1,

1 ≤ bt < bt−1 < · · · < b1 ≤ f − 1.
(1.2)Sin
e Ae,f is a lo
al algebra, Ae,f/Iγ is an inde
omposable Ae,f -module.There exists at least one pair of sequen
es (1.2) su
h that dimK(Ae,f/Iγ)
= n. The modules Ae,f/Iγ and Ae,f/Iδ (both 
onstru
ted from the samesequen
es (1.2)) are isomorphi
 if and only if γ = δ.Let T : G → A∗

e,f be a monomorphism su
h that T (g1) = 1+X, T (gi) is in
K[X] for i < r and T (gr) = 1+Y . Sin
e T (g) generates Ae,f as a K-algebra,nonisomorphi
 Ae,f -modules give rise to nonequivalent representations of G.Moreover, Ae,f/Iγ is the underlying module of a faithful inde
omposablerepresentation of G over K of dimension n.Let V (m) be a ve
tor spa
e over K with basis v1, . . . , vm, u0, u1, . . . , um.De�ne

Xvi = ui−1, Y vi = ui for i ∈ {1, . . . , m},and
Xuj = Y uj for all j ∈ {0, 1, . . . , m}.Then V (m) be
omes an Ae,f -module. Let e ≥ 3 and f ≥ 3. We 
an sele
tsequen
es (1.2) with t ≥ 2 su
h that dimK(Ae,f/Iγ) = d0, where d0 is anynumber with e + f − 1 ≤ d0 ≤ ef − 3. Let γ be any nonzero element of Kand Mγ = Uγ/Wγ , where

Uγ = V (m) ⊕ Ae,f/Iγ , Wγ = K(um, Xa1Y f−1 + Iγ).The Ae,f -module Mγ is inde
omposable and dimK Mγ = 2m + d0. One 
an
hoose m and d0 in su
h a way that 2m + d0 = n for any given n > ef − 2.
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We assume again that G a
ts upon Mγ via T (G) from the previous
ase. Then Mγ is the underlying KG-module of a faithful inde
omposablerepresentation of G.Let K̃ be a �eld extension of K, Ãe,f = K̃[X, Y ] the K̃-algebra on two
ommuting generators X and Y that satisfy relations (1.1), and Ãe,f/Ĩγ ,
M̃γ be inde
omposable Ãe,f -modules 
onstru
ted by the same rules as the
Ae,f -modules Ae,f/Iγ , Mγ . Then we 
an identify Ãe,f , Ĩγ , Ãe,f/Ĩγ , M̃γ with

K̃ ⊗K Ae,f , K̃ ⊗K Iγ , K̃ ⊗K Ae,f/Iγ , K̃ ⊗K Mγ ,respe
tively. It follows that the Ae,f -modules Ae,f/Iγ and Mγ are absolutelyinde
omposable.Lemma 1.2 ([5℄). Let G be an abelian group of type (2, 2) and K anin�nite �eld of 
hara
teristi
 2. Then G has in�nitely many nonequivalentfaithful absolutely inde
omposable linear K-representations of dimension 2nfor any natural number n.Lemma 1.3 ([11℄, [13℄). Let G be an abelian p-group whi
h is neither
y
li
 nor of order four. Then G has in�nitely many nonequivalent absolutelyinde
omposable linear K-representations of any dimension n ≥ 2.By Theorem 1.1 in [4℄, an algebra KλG is of �nite representation type ifand only if KλG is a uniserial algebra. It is well known (see [15, p. 74℄) thatfor any λ ∈ Z2(G, K∗), KλG is a �nite purely inseparable �eld extensionof K. Hen
e, dimK KλG divides |G|. If G is an abelian group, then KλG isa 
ommutative algebra for any λ.Set iK = sup{0, m}, where m is a natural number su
h that the K-algebra
K[x]/(xp − γ1) ⊗K · · · ⊗K K[x]/(xp − γm)is a �eld for some γ1, . . . , γm ∈ K∗. By Proposition 1.1 of [4℄, for any natu-ral t, there exists a �eld K su
h that iK = t.Let G = 〈a1〉 × · · · × 〈as〉 be an abelian p-group. We re
all that fromProposition 1.3 in [4℄, the following statements hold:(i) If s ≥ iK + 2, then KλG is of in�nite representation type for every

λ ∈ Z2(G, K∗).(ii) If 2 ≤ s ≤ iK + 1, then the group algebra KG is of in�nite rep-resentation type and there exists an algebra KλG that is of �niterepresentation type.(iii) If s = 1, then KλG is of �nite representation type for any λ ∈
Z2(G, K∗).
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Lemma 1.4. Let G be an abelian p-group and λ ∈ Z2(G, K∗). Thegroup G has a faithful irredu
ible λ-representation over K if and only if

Ker(λ) = {e}.Proof. Apply [3, Proposition 9℄.Note that if K is not a perfe
t �eld, then the fa
tor group K∗/(Kp)∗ isin�nite [6℄. In this 
ase there exist in�nitely many pairwise non
ohomologous
o
y
les λ ∈ Z2(G, K∗) su
h that Ker(λ) = {e}.Lemma 1.5 ([9, p. 119℄). Let G be an abelian p-group, and T a subgroupof soc G. Then there exists a de
omposition G = A×B su
h that socB = T .Proposition 1.6. Let G be an abelian p-group, KλG a uniserial algebra,
pr the nilpoten
y index of rad KλG and H = Ker(λ).(i) Every inde
omposable KλG-module is isomorphi
 to one of Vj =

KλG/(radKλG)j , where j ∈ {1, . . . , pr}. If d = dimK V1, then K-dimension of Vj is equal to dj.(ii) If H = {e}, then every Vj is the underlying KλG-module of a faith-ful inde
omposable λ-representation of the group G over K.(iii) If H 6= {e}, then Vj is the underlying KλG-module of a faithfulinde
omposable λ-representation of G over K if and only if j ≥
pr−1 + 1.Proof. By Proposition 1.3 in [4℄, there exists a de
omposition of G intoa dire
t produ
t G = A × B su
h that KλA is a �eld and B = 〈b〉. Let

L = KλA and |B| = pn. Then
KλG = LµB =

pn−1⊕

i=0

Lui
b, upn

b = γpr

,where r ≤ n and γ ∈ L∗. Moreover γ 6∈ Lp if r < n. Let m = n − r. Now wehave radLµB = (upm

b − γ)LµB. Up to a KλG-isomorphism, the inde
om-posable KλG-modules are exhausted by the modules Vj = LµB/(radLµB)j,where j = 1, . . . , pr. If H = {e}, then, by Lemma 1.4, every Vj is the un-derlying KλG-module of a faithful inde
omposable λ-representation of thegroup G.Assume that H 6= {e}. Sin
e KH is of �nite representation type, H is a
y
li
 group. In view of Lemma 1.5, we may assume that soc H = soc B. Let
c = bpn−1 and uc = upn−1

b .Then c ∈ H and |c| = p. The KλG-module Vj is not the underlying moduleof a faithful λ-representation of G if and only if (uc−̺ue)L
µB ⊂ (radLµB)jfor some ̺ ∈ K∗. Then up

c − ̺pue = 0, whi
h yields ̺ue = γpr−1 . Sin
e
uc − ̺ue = (upm

b − γ)pr−1

,
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it follows that Vj is not the underlying module of a faithful λ-representationof G over K if and only if j ≤ pr−1.Lemma 1.7. Let H be a subgroup of a p-group G and λ ∈ Z2(G, K∗).If V is an absolutely inde
omposable KλH-module, then the indu
ed module
V G is also absolutely inde
omposable.Proof. Let K̃ be the algebrai
 
losure of K, K̃λH = K̃⊗K KλH, K̃λG =
K̃ ⊗K KλG and Ṽ = K̃ ⊗K V . We may 
onsider K̃λH to be a subalgebraof K̃λG. Every 
o
y
le from Z2(G, K̃) is a 
oboundary (see [15, p. 43℄).Hen
e K̃λG is the group algebra of G over K̃. By Green's theorem (see[10, p. 438℄), the indu
ed module

Ṽ G = K̃λG ⊗
K̃λH

Ṽis inde
omposable. Sin
e
K̃ ⊗K (KλG ⊗KλH V ) ∼= K̃λG ⊗

K̃λH
(K̃ ⊗K V )as K̃λG-modules (see [14, p. 209℄), the K̃λG-module K̃ ⊗K V G is inde
om-posable. Consequently, the KλG-module V G is absolutely inde
omposable.Denote by [M ] the isomorphism 
lass of KλG-modules that 
ontains M .Let AInd(KλG, s) be the set of all [V ] where V is an absolutely inde
ompos-able KλG-module of K-dimension s. We denote by FAInd(KλG, s) the setof all [W ] where W is the underlying KλG-module of a faithful absolutelyinde
omposable λ-representation of G over K of dimension s.Lemma 1.8. Let G be an abelian p-group, λ, µ ∈ Z2(G, K∗), KλG =

KµG, {ug : g ∈ G} a natural K-basis of KλG 
orresponding to λ and
{vg : g ∈ G} a natural K-basis of KλG 
orresponding to µ. Assume that Cis the so
le of Ker(λ) and ux = αxvx for every x ∈ C, where αx ∈ K∗. Let Dbe a subgroup of G, C ⊂ D, V an absolutely inde
omposable KµD-moduleand let VC be the underlying KλC-module of a faithful λ-representationof C. Then the indu
ed module V G = KµG ⊗KµD V is the underlying
KλG-module of a faithful absolutely inde
omposable λ-representation of G.Moreover , if [V G

1 ] = [V G
2 ] then [V1] = [V2].Proof. In view of Lemma 1.7, V G is an absolutely inde
omposable KλG-module. Suppose that (ug − αue)V

G = 0 for some g ∈ socG and some
α ∈ K∗. Sin
e (ug − αue)

pV G = 0, we have up
g = αpue, whi
h yields

g ∈ C. Therefore, (ug − αue)V = 0. It follows that g = e. Consequently,
V G is the underlying KλG-module of a faithful absolutely inde
ompos-able λ-representation of G. If V G

1
∼= V G

2 then (V G
1 )D

∼= (V G
2 )D. Sin
e

(V G
j )D

∼= Vj ⊕ · · · ⊕ Vj for j = 1, 2, we have V1
∼= V2.
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Proposition 1.9. Let G be an abelian p-group, λ ∈ Z2(G, K∗), H =

Ker(λ) and ps = expH. Assume that H is non
y
li
. Let
l =

{
1 if |H| > 4,
2 if |H| = 4.Then the set FAInd(KλG, nl|G : H|) is in�nite for any n ≥ ps−1 + 1.Proof. In view of Lemmas 1.1 and 1.2, FAInd(KλH, nl) is in�nite for

n ≥ ps−1 + 1. By Lemma 1.8, the formula f([V ]) = [V G] de�nes an inje
tivemap f : FAInd(KλH, nl) → FAInd(KλG, nl|G : H|).Theorem 1.10. Let G be a non
y
li
 abelian p-group, G0 = socG, λ ∈
Z2(G, K∗)∞, d = dimK KλG0 and

l =

{
1 if 4d < |G0|,
2 if 4d = |G0|.Then the set FAInd(KλG, nld|G : G0|) is in�nite for all n ≥ 2.Proof. Let H = G0 ∩ Ker(λ) and B be a maximal subgroup of G0 with

KλB a �eld. Then G0 = B × C × H and KλG0 = KµG0, where
µbch,b′c′h′ = λb,b′for all b, b′ ∈ B, c, c′ ∈ C and h, h′ ∈ H. Obviously, d = dimK KλB =

|B|. Let D = C × H. Sin
e λ ∈ Z2(G, K∗)∞, the group D is non
y
li
[4, p. 176℄. By Lemmas 1.1 and 1.2, FAInd(KD, nl) is in�nite for every n ≥ 2.Hen
e, by Lemma 1.8, FAInd(KλG0, nld) is in�nite. Applying again Lemma1.8, we 
on
lude that FAInd(KλG, nld|G : G0|) is in�nite for any n ≥ 2.Corollary 1.11. Let G be a non
y
li
 abelian p-group and
t =

{
1/p2 if p 6= 2,
1/2 if p = 2.Then FAInd(KλG, nt|G|) is in�nite for any n ≥ 2 and any 
o
y
le λ ∈

Z2(G, K∗)∞.Let G be a non
y
li
 abelian p-group with at most iK invariants.By Proposition 1 of [2℄, there exists a 
o
y
le λ ∈ Z2(G, K∗)∞ su
h that
dimK KλG = |G|·p−2. Hen
e, in this 
ase, Corollary 1.11 gives all dimensionsfor whi
h the group G has in�nitely many faithful absolutely inde
omposable
λ-representations.2. Faithful inde
omposable proje
tive representations of abelian
p-groups over a �eld K with iK = 1. In this se
tion we assume that
K is a �eld of 
hara
teristi
 p with iK = 1. That is, there exists α ∈
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K∗ su
h that the K-algebra K[x]/(xp − α) is a �eld, and the K-algebra
K[x]/(xp − β) ⊗K K[x]/(xp − γ) is not a �eld for any β, γ ∈ K∗. Sin
e Kis not perfe
t, K is an in�nite �eld. For example, if F is a perfe
t �eld of
hara
teristi
 p and L = F (x) is the quotient �eld of the polynomial ring
F [x], then iL = 1 (see [4, p. 174℄).Lemma 2.1. Let θ be a root of an irredu
ible polynomial xpm

−α ∈ K[x]in some extension of K. Then for every β ∈ K∗ there exists γ ∈ K(θ)∗ su
hthat β = γpm
.Proof. Be
ause iK = 1, we have

β =
( p−1∑

r=0

µrθ
rpm−1

)p(2.1)for some µr ∈ K. Let m ≥ 2. We have
µr =

( p−1∑

s=0

νrsθ
spm−1

)p

,(2.2)where νrs ∈ K. It follows from (2.1) and (2.2) that
β =

( p2−1∑

i=0

̺iθ
ipm−2

)p2

, ̺i ∈ K.If m > 2, we indu
tively 
ontinue the above 
onstru
tion.Lemma 2.2. Let G = 〈a〉, |a| = pn and
KλG =

pn−1⊕

i=0

Kui
a, upn

a = γpm

ue,where γ ∈ K∗, γ 6∈ Kp and m < n. Then for every β ∈ K∗ there exists aninvertible element z in KλG su
h that
zpn

= βpm

ue.Proof. Let θ be a root of the polynomial xpr
− γ, where r = n − m. ByLemma 2.1,

β =
( pr−1∑

j=0

δjθ
j
)pr

, δj ∈ K.

It follows that
( pr−1∑

j=0

δju
j
a

)pn

= βpm

ue.
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Theorem 2.3. Let G be a non
y
li
 abelian p-group, λ ∈ Z2(G, K∗)∞,

d = dimK KλG and
l =

{
1 if 4d < |G|,
2 if 4d = |G|.Then the set AInd(KλG, nld) is in�nite for any n ≥ 2.Proof. By Lemmas 1.2 and 1.3, it is su�
ient to 
onsider the 
ase d 6= 1.Let {ug : g ∈ G} be a natural K-basis of KλG. There exists a de
omposition

G = 〈a〉 × B su
h that if |a| = pr and H is the kernel of the restri
tionof λ to B × B, then upr

a = γps
ue, where s < r, γ ∈ K∗, γ 6∈ Kp, and

pr−s ≥ exp(B/H). Let C = 〈c〉 be a group of order pr−s and D = C × B.There exists an algebra homomorphism of KλG onto KµD = KνC⊗K KλB,where
KνC =

⊕

i

Kvi
c, vpr−s

c = γve.By Lemma 2.1, KµD ∼= KνC ⊗K KB. Evidently d = pr−s. If B is not 
y
li
and |B| > 4 then, in view of Lemmas 1.3 and 1.7, the set AInd(KµD, n|C|)is in�nite for every n ≥ 2.Now let B be non
y
li
 and |B| = 4. If s = 0 then d = 2r and |G| = 4d.By Lemmas 1.2 and 1.7, AInd(KλG, 2nd) is in�nite for any n. Assume that
s 6= 0. We have

KλG =
⊕

i,j1,j2

Kui
au

j1
b1

uj2
b2

, u2r

a = γ2s

ue, u2
b1

= δ1ue, u2
b2

= δ2ue,

where δ1, δ2 ∈ K∗. Let δ1 6∈ K2. Then we may suppose that δ2 = 1. Let
̺ ∈ K[ub1 ] and ̺2 = γ−1ue. Then

(̺u2r−s−1

a )2
s+1

= ue.The order of the subgroup of G generated by a2r−s−1 and b2 is equal to
2s+2 ≥ 8. It follows from this and Lemmas 1.3 and 1.7 that AInd(KλG, nd)is in�nite for every n ≥ 2.Assume that B = 〈b〉 and |B| = pt. Sin
e KλG is not a uniserial algebra,we have

KλG =
⊕

i,j

Kui
au

j
b, upr

a = γps

ue, upt

b = δpm

ue,where s > 0, m ≤ t, moreover, if m < t then δ 6∈ Kp and if m = t then
δ = 1. Let δ 6∈ Kp. There exists an algebra homomorphism of KλG onto

KµG =
⊕

i,j

Kvi
av

j

b
, vpr−s+1

a = γpve, vpt−m+1

b
= δpve.
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By Lemma 2.2, we have
KµG =

⊕

i,j

Kvi
aw

j

b
, wpt−m+1

b
= ve.Be
ause pt−m+1 > 2, AInd(KµG, nd) is in�nite for any n ≥ 2 by Lemmas 1.3and 1.7. Let δ = 1. If pt > 2 or ps > 2 then AInd(KλG, nd) is in�nite forany n ≥ 2. If p = 2, s = 1, t = 1, then 4d = |G|. In view of Lemmas 1.2and 1.7, AInd(KλG, 2nd) is in�nite for all n.Corollary 2.4. Let G be a non
y
li
 abelian p-group of exponent pm,

λ ∈ Z2(G, K∗)∞, Ker(λ) = {e}, d = dimK KλG and
l =

{
1 if 4d < |G|,
2 if 4d = |G|.Then d = pm and FAInd(KλG, nld) is in�nite for any n ≥ 2.Proof. Apply Lemma 1.4.Let us remark that K. Sobolewska in [16℄ has found some in�nite subsetsof the set of all natural numbers m for whi
h an abelian p-group G hasin�nitely many inde
omposable λ-representations over K of dimension m,where K is an arbitrary �eld and λ ∈ Z2(G, K∗)∞.Theorem 2.5. Let G = A×B be an abelian p-group, λ ∈ Z2(G, K∗)∞,

H = Ker(λ), H = B ∩ H, pm = expA and pr = exp(B/H). Assume that
|A| > 1, |B| > 1 and socB = soc H.(i) Let m ≥ r and

l =

{
1 if exp B 6= 2 or if expB = 2 and |socG| > 8,
2 if exp B = 2 and |socG| = 8.Then pm = dimK KλG. If ps = expB then FAInd(KλG, nlpm)is in�nite for all n ≥ ps−1 + 1. Moreover , the smallest dimensionof a faithful inde
omposable λ-representation of G over K equals

pm(ps−1 + 1).(ii) Let m < r. Denote by D a maximal subgroup of B with H ⊂ Dand exp(D/H) = pm. If ps = expD then FAInd(KλG, npm|B : D|)is in�nite for all n ≥ ps−1 + 1.Proof. Let A = A1 × A2, where A1 is a 
y
li
 group and |A1| = expA.Sin
e A∩H = {e} and λ ∈ Z2(G, K∗)∞, it follows that KλA1 is a �eld and
A2 × B is not a 
y
li
 group.(i) Assume that m ≥ r. Denote by {ug : g ∈ G} a natural K-basis of
KλG 
orresponding to λ. Let C = A2 × B. Up to 
ohomology u

|h|
h = ue forevery h ∈ soc B, and if g = a1c, where a1 ∈ A1, c ∈ C, then ug = ua1

uc. We
an view KλG as the twisted group algebra LλC of the group C over the
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�eld L = KλA1 with the 
o
y
le λ. By Lemma 2.1, the algebra LλC has agroup L-basis {vc : c ∈ C}, that is, vcvc′ = vcc′ for all c, c′ ∈ C. We 
hoosethis basis in su
h a way that vh = uh for every h ∈ socB. We set vg = ua1

vcfor every g = a1c, where a1 ∈ A1, c ∈ C. If g′ = a′1c
′, where a′1 ∈ A1, c′ ∈ C,then vgvg′ = λa1,a′

1
ua1a′

1
vcc′ = λa1,a′

1
vgg′ . Let µg,g′ = λa1,a′

1
for any g, g′ ∈ G.Then µ ∈ Z2(G, K∗), KλG = KµG and {vg : g ∈ G} is a natural K-basis of

KλG 
orresponding to µ.Let Ã2 be an elementary abelian p-group of order |socA2| and C̃ =

Ã2 × B. In view of Lemmas 1.1 and 1.2, FAInd(KC̃, nl) is in�nite for all
n ≥ ps−1 +1. It follows that AInd(KC, nl) has in�nitely many elements [W ]su
h that WB is the underlying KB-module of a faithful linear representationof B. Hen
e, by Lemma 1.8, FAInd(KλG, nlpm) is in�nite for all n ≥ ps−1+1.Let G1 = A1 ×B1, where B1 is a 
y
li
 subgroup of B and |B1| = ps. By[7, p. 170℄, the algebra KλG1 is uniserial. The nilpoten
y index of rad KλG1is equal to ps. Sin
e soc B1 ⊂ H, by Proposition 1.6, the smallest dimensionof a faithful λ-representation of G1 over K equals pm(ps−1 + 1). It followsthat the smallest dimension of a faithful inde
omposable λ-representation of
G over K also equals pm(ps−1 + 1).(ii) Let m < r and T = A × D. Sin
e expD > 2, by 
ase (i),
FAInd(KλT, npm) is in�nite for all n ≥ ps−1 + 1, where ps = exp D. Hen
e,in view of Lemma 1.8, FAInd(KλG, npm · |G : T |) is also in�nite. Sin
e
|G : T | = |B : D|, the theorem is proved.Corollary 2.6. Let G be an elementary abelian p-group of order pm,where m ≥ 3, λ ∈ Z2(G, K∗), Ker(λ) 6= G and

l =

{
1 if p 6= 2 or if p = 2 and m ≥ 4,
2 if p = 2 and m = 3.Then dimK KλG = p and FAInd(KλG, nlp) is in�nite for all n ≥ 2.A
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