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Abstract. We define a class of discrete Abelian group extensions of rank-one trans-
formations and establish necessary and sufficient conditions for these extensions to be
power weakly mixing. We show that all members of this class are multiply recurrent. We
then study conditions sufficient for showing that Cartesian products of transformations
are conservative for a class of invertible infinite measure-preserving transformations and
provide examples of these transformations.

1. Introduction. Group extensions of measure-preserving dynamical
systems have received much attention in the literature. In most of the works
the group has been assumed to be compact, and if the base transformation
is finite measure-preserving then the extension is finite measure-preserving.
A question that has been studied in this context is under which conditions
dynamical properties of the base transformation (such as weak mixing or
mixing) lift to the group extension; the reader may refer to e.g. [12], [I1]
and the references in these works.

In this article we consider extensions of a class of rank-one transforma-
tions by countable discrete Abelian groups. While the base transformation is
restricted to be a rank-one transformation we allow the group to possibly be
infinite. We establish a simple condition that is equivalent to the ergodicity
of the extensions, and another condition that is equivalent to power weak
mixing of the extensions. Power weak mixing is equivalent to weak mixing
for finite measure-preserving transformations, but it is a stronger property
in the case of infinite measure-preserving transformations. We show that
the extension is power weakly mixing if it is totally ergodic. We also show
that our group extensions are multiply recurrent, and give several applica-
tions showing ergodicity or (power) weak mixing for certain extensions in
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both the finite and infinite measure-preserving cases. In the later sections
we consider the question of the conservativity of products of powers of infi-
nite measure-preserving transformations, and apply our results to staircase
transformations.

Let (X, B, 1) be a measure space isomorphic to a finite or infinite inter-
val in R with Lebesgue measure p (when the interval is finite, we assume
p has been normalized to be a probability measure). Let T : X — X be
an invertible measure-preserving transformation. The transformation 7T is
conservative if for any set A of positive measure, there exists an integer
i > 0 such that u(T—°A N A) > 0, and ergodic if for any pair of sets
set A and B of positive measure, there exists an integer ¢ > 0 such that
w(T7*AN B) > 0. (As our transformations are invertible and defined on
nonatomic spaces, ergodicity implies conservativity.) Let T%¢ denote the
Cartesian product of d > 0 copies of T. We define the ergodic (resp. conser-
vative) index of a transformation T to be the largest integer d such that 7%¢
is ergodic (resp. conservative) (see [I]), and say that 7" has infinite ergodic
(resp. conservative) indez if this holds for all integers d. A transformation

T is power product conservative if for all sequences of integers ki, ..., kq,
Tkt ..o x Tha . X®d _, X®d ig conservative; T is said to be power weakly
mazing if for all nonzero ki, ..., kg, TF' x --- x T*a is ergodic.

Power weak mixing is clearly equivalent to weak mixing for finite meas-
ure-preserving transformations, but it is a stronger property in the case
of infinite measure-preserving transformations [3]. In fact, there exists a
transformation 77 such that 77 has infinite ergodic index but 717 X Tf is not
conservative, hence not ergodic [3]. These examples were extended in [4].

In Section [2] we define, for each countable discrete Abelian group G, a
class of measure-preserving transformations. When G is an infinite group the
transformation is infinite measure-preserving. As the last example in Sec-
tion [6] shows, these contain group extensions of rank-one transformations. In
Theorem we give necessary and sufficient conditions for our construction
to be power weakly mixing.

We also show that our group extensions are multiply recurrent. A trans-
formation T is said to be d-recurrent if for all sets A of positive measure
there exists an integer n > 0 such that u(ANT"(A)N---NT"(A)) > 0; and
T is said to be multiply recurrent if it is d-recurrent for all integers d > 0.
As is well-known, Furstenberg showed that every finite measure-preserving
transformation is multiply recurrent [7], but it is now known that infinite
measure-preserving transformations need not be multiply recurrent [6], [1],
even when they are power weakly mixing [§]. However, it was shown recently
that compact group [9] and o-finite [10] extensions of multiply recurrent in-
finite measure-preserving transformation are multiply recurrent. This need
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not be the case for extensions by noncompact groups as already observed
in [9], but we obtain multiple recurrence for our class of (non-o-finite) ex-
tensions. In particular, it follows that for each countable discrete Abelian
group there is a multiply recurrent ergodic extension.

In Section [@ we introduce a condition for rank-one transformations that
implies power conservativity, and use it show show that some infinite meas-
ure-preserving staircases are power product conservative.

2. Construction of the transformations. Fix a countable discrete
Abelian group G. We will construct transformations that are G-extensions
of rank-one transformations produced by a standard cutting and stacking
procedure. Let I'" be the set of all elements that are of the form

(7& Se,05+ -+ Se,ye—15Ye,05 - - - 796,’75*1)

where 7, > 1 is a natural number and the remaining entries are elements of
NJ x G7=. For clarity, we sometimes write the subscript s.o as s(e,0), etc.
We think of I" as the set of possible operations to go from one generation to
the next. v is the number of pieces that we cut each level into, s.; describes
the numbers of spacers added (i.e., new levels), and g., describes how the
G-component of the column changes. Let

F:Ng—T

be a function. We think of F' as the map from generation numbers to what
operation is performed in that generation. We require that F' have the prop-
erty that for any natural numbers n and d, there are infinitely many natural
numbers m so that F(n + i) = F(m + 1) for all 0 < ¢ < d. In other words,
any sequence that appears in F' does so infinitely often. Let

F(n) = (Y, s(n,0),...,8(n,v, —1),9(n,0),...,9(n,v, — 1)).
Given F, we define an (at most rank-|G|) transformation 7" as follows:

A column consists of a finite (ordered) sequence of intervals of the same
length, called the levels of the column; the number of levels is the height
of the column. We begin with generation-0 columns Cp, for g € G, each
consisting of an interval of mass 1. To obtain the generation-(/N +1) columns

from the generation-NN columns, first write each generation-/N column Cy 4
(9 € G) as

0 1 hny—1
Cng = (I}V’)g, I}VL L ,I}V’g ),

where we think of hy as the height of the column. Next, cut each level or

)

g into yn equal mass subintervals

(@) ()
I]\’;7gzo, T IZ\;gv’yN*l,

. (i
interval I N
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and set
_ (70 (hn—1) (0) (s(IN,0)-1)
CN-‘FLQ - (INQ+9(N70),0""’IN,g-i-g(]\ﬂO),O’SN,g,O"' SNgO s
(0) (hn-—1) (0) (s(N,1)-1)
IN,ngg(Nl) ""IN,ZJrg(N,l),l’SNg 1 SNg, [
(0) (hy—1)
N,g+g(Nyn—=1),yn=1""" "7 "N,g+g(N;yn—1),yn =1’
(0) (s(Nyyn=1)-1)
SN,gmv—l’ T SN,gnNN—l );

where each S () ; is a spacer level, i.e., a new subinterval of the same length
as any of the sublntervals in its column The resulting transformation is
defined on the intervals of each column by sending that interval by transla-
tion to the interval above it if there is one. In the limit, the lengths of the
intervals in each column converge to zero, so the transformation is defined
in the union of all the levels. We thus obtain a transformation T that is
measure-preserving. Furthermore, one can arrange the subintervals in each
column so that T is defined on a finite or infinite subinterval of R.

We will assume without loss of generality that g(/N,0)=0 for all N €Nj.
We may do this as addition of a constant to all of gy ; for fixed N is equiva-
lent to relabeling the generation-(/N 4 1) columns, and does not change the
transformation T'.

We prove the following theorems:
THEOREM 2.1. For all such F, T is multiply recurrent.

THEOREM 2.2. T is power weakly mizring if and only if the following
conditions are both satisfied:

(1) {g(N,i) —g(N,0): N € Ng, 0<i <~y —1} generate G.
(2) For all N, (1,0) is in the integer span of
{(s(N,9) + by, g(N,i+1) = g(N,7)) : 0 < i <y — 2}
U {(5(M+ 177’) + S(Ma’YM - 1) - S(M’O)a
g(M+ 17i+1)_g(M+17i)+2g(M7O)_Q(MfYM_l)_g(M’ 1))
M e Ny, 0<i <y —2}
inZ xG.

The first condition essentially states that it is possible to get from any
column to any other column. The Z x G that appears in the second condition
should be thought of as a group acting on our space with G acting by
changing column index, and 1 € Z acting as T'. Let us call the terms in the
second condition

tni = (s(N,i) + hn,g(N,i+1) — g(N,i))
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and
CM,i = (8(M+ 172) +S(M7’YM - 1) - S(M7 0)7

They each represent distances in this action between copies of columns, as
will be discussed later. The condition that (1,0) be in their span essentially
says that we have the control to shift things by T

Note that if we assume that G = {1}, we get the following result:

COROLLARY 2.3. If G = {1}, then T is power weakly mizing if and only
if
ged({s(N,i) + hxy U {(s(M +1,4) + s(M, vy — 1) — s(M,0))}) = 1.

3. Some machinery involving copies of columns. If [ is a level of
a generation-n column, n > 1, we say that a level K in a generation-(n+m)
column is a copy of I if K corresponds to a subset of level I. We define
a copy of a column C, in some column of later generation, to be a union
of consecutive levels that are, in order, copies of the levels of C'. We would
like to be able to index the copies of generation-N columns in a particular
generation-(IN 4+ M) column. If C' is a copy of Cn41,4, then we let P;(C) be
the copy of Cy g4 4(n,i) contained in C produced by the (i + 1)st part of C
from the cutting and stacking procedure. In particular, for 0 <1¢ < vy — 1,
P;(C) is the (i + 1)st copy of a generation-N column contained in C 4. Let

PN7g[a0, ai, ... ,an] = Pao(Pal(- .. Pan(CN,g) . )),

where Cy 4 is thought of as a copy of itself.

Notice that the Py glao, ..., an—1] index all of the copies of generation-
(N 4+ n) columns in Cp 4. Their relative positions are given by the radix
ordering on the a; with ag being the most significant.

LEMMA 3.1. Pnynglao,a1,...,an—1] is a copy of CN79+Z?;01 o(N+ia:)"

Proof. We proceed by induction on n. The n = 0 case is trivial. Assuming
that our statement holds for n — 1, we find, letting C, , denote a copy of
Ch,p, for any M € Ng and h € G, that
!

N79+Z;L;ol g(N+Z=al) ’

This completes our inductive step and proves our lemma. m

o !
Prbmgla0: 1,001 = P 1yt )

LEMMA 3.2. Tk(PNJrn’g[ao, o oyn-1]) = Pngnglbo, . .., bu_1] where

n—1 bi_l CLi—l

k=" (hvailb = a) + Y s(N i) = D s(N+i,5)).

i=0 j=0 Jj=0
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Proof. We proceed by induction on Z?:_ol |a; — b;|. The statement is
clearly true when this is 0. Otherwise, assume our hypothesis for smaller
values of Z?;ol |a; — b;|. Without loss of generality we may assume that
b; > a;. Then

PN—}—n,g[bOa ... ,bn_l] :ThN+i+5bi—1(PN+n7g[b0, cey b1, — 1, bi+1, L. ,bn_ﬂ)
:Tk(PN-‘rn,g[aOa s aanfl])-
This completes our inductive step and proves the lemma. u

LEMMA 3.3.

Tk(PN-i-n,g[’yN - 177N+1 —-1,... y YN+m — 17am+17 s 7an71])
= PN—i—n,g[O; - ,0, Am+1 + 1, Q42,5 -+ - s an_l],

where am4+1 < YN+m+1 — 2 and

m
k= hN—i—Zs(N—i—i,'yNﬂ- — 1D+ s(N+m+1,ams1).
i=0
Proof. By Lemma [3.2| we have

m YN+i—2
k= Z<—(7N+1—1)hz\/+z‘ - Z S(N—i-z',j))—|—hN+m+1+s(N+m+1, Umi1)-
=0 j=0

Using the fact that h,11 = ynhy, + Z;@El s(n, j), we obtain

m
k=hNyme1+ S(N +m+1,ame1 + Z hN—H)
=0

+ 8(N + i, YN+i — 1) = hntita

m
=hn+ ZS(N + i, YN+ — 1)+ s(N +m+ 1, am41),
i=0
thus proving our lemma. =
Here ty; represents the change in location of the copy when the index
corresponding to generation IV is changed from ¢ to 7 + 1, while cjs; repre-
sents the change in location of the copy corresponding to the pair of indices
corresponding to generations M and M + 1 changing from (v — 1,4) to

(0,i+1).

4. Necessity of the conditions
LEMMA 4.1. T is ergodic only if condition (1) is satisfied.

Proof. Suppose that {g(N,i) : N € Ny, 0 <i < yny—1} generate H C G.
Let g1,92 € G be in different cosets of H. Consider A = Cop4,, B = Cp,g,-
Assume for the sake of contradiction that for some n, u(7"(A) N B) > 0.
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This would imply that there is some column that contains both a copy of
Co,q, and a copy of Cjp g4,. Suppose these copies are Py g,[ao, ..., a,—1] and
n—1 .

Pn g,[bo, - .., bp—1]. Then by Lemmawe have g1 = g3+ 9(i,a;) and
92 = g3+ Y1y g(i,bi). Hence

n—1

92— g1 =Y (g(i,b;) — g(i,a;)) € H,

=0

but this is not the case. So T' is not ergodic. =
REMARK 4.2. Condition (1) is actually sufficient for T being ergodic.

This fact will follow from Lemma 5.2

LEMMA 4.3. T is totally ergodic only if condition (2) is satisfied.

Proof. Pick an N for which the condition does not hold. Let ty; = t;.
Let
H =span({t; : 0 <i <~y —2} U{eni : M € Ng, 0 <@ <ypq1 —2})
Let
Hn(Z % {0}) c Z(D,0) for D> 1.

We will prove that there is no integer n so that M(T”D(I](\?)O) N I](\})O) > 0.

Suppose for the sake of contradiction that this is not the case. Then there
must exist copies C1,C2 of Cn o that are in the same column, and with
T"P=1(Cy) = Cy. Suppose that these copies are Pnyiglao, ..., a1—1] and
Pnyiglbo, - .., bi—1]. For two copies «, 8 of generation-N columns in Cn4 4,
define A(B,a) = (k,h) where T%(a) = 3, and o and 3 are copies of Cy 4
and C 445 respectively. Notice that A(vy, 8) + A(B,«) = A(y, «). Notice
also that A(Cq,C1) = (nD — 1,0). Lastly, notice that C; and Cy are con-
nected by some chain of copies where each pair of consecutive copies are of
the form given in Lemma We deduce by Lemmas [3.1] and [3.3] that

A(PN+l,g[07 s 707 m41 + 17 Am42, -+ - al*l]a
Pniiglyy = Laver = Lo Nem — Lamgr, - a-1))
m
= (A + 5N +m 4 1, amen) + 3 sV + i, v = 1),
i=0 .
g(N+m+1,ami1+1)—g(N +m+ 17am+1)_zg(N + 4, YN+ — 1))
i=0
m—1 ’
=19+ Z CN+i,0 T CN+m,ams1 € H.
i=0

Combining these facts with the fact that H is additively closed, we find that
A(Cy,Ch) € H. But by assumption, (nD—1,0) ¢ H. This is a contradiction.
Hence TP is not ergodic, proving our lemma. m
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5. Sufficiency of conditions

LEMMA 5.1. If condition (2) is satisfied, then for any N € Ny there
exists some D # 0 so that (D,0,0) is in the integer span of

U{(earis0) : M € No, 0 <@ < yppq1 — 2}
nZx G x7Z.

Proof. Let H the intersection of the integer span of this with Z x {0} X Z.
Consider the homomorphism ¢ : ZXGXZ — Zx G defined by ¢pr(a, b, c) =
(a + hpre,b). Notice that ¢ sends Z x {0} x Z to Z x {0}. Hence for all M
with F(M) = F(N), we have (1,0) € ¢p(H). Suppose for the sake of
contradiction that H N (Z x {0} x {0}) = {(0,0,0)}. Then H must have
infinite index in Z x {0} x Z. So H = Z(a,0,b) for some a and b. But then
om(H) = Z(a + bhps,0). This implies that a + bhyy = +1 for infinitely
many values of hjys, which in turn implies that b = 0 and a = 1. But then
(1,0,0) € HN (Z x {0} x {0}). This is a contradiction. m

The remainder of this section is devoted to proving that T*t x ... x Tkm
is ergodic. We will let A and B be arbitrary sets of positive measure in the
m-fold product of the space on which T is defined.

Given a measurable set of positive measure A and € > 0, we say that an
interval I is more than (1 — €)-full of A if u(ANI) > (1 —e)u(I); a similar
notion is defined for product sets.

We use a standard technique from measure theory, sometimes called
double approximation. We describe it first in the case of subsets of R. Sup-
pose we are given a refining family of measurable sets that approximate the
measurable sets, for example the family of dyadic intervals [k, 2" k4 1/2™)
(k € Z,n € N), or the intervals obtained in a rank-one cutting and stack-
ing construction (or more generally a sufficient semiring, see e.g. [13]). It is
useful to specify an order or stage for sets in the family; for example, the
intervals [k,2", k + 1/2™), or all levels in a column C,, are considered of
order n. Then given any set of positive measure A and any interval I in
the family that is more than (1/2)-full of A, for any € > 0, there exists an
integer N so that for each n > N, more than half of the subintervals of I of
order n are more than (1 — ¢)-full of A. We will use this in the case when I
and J are products of levels, more than (1/2)-full of measurable sets A and
B, respectively. Then if we have generations of partitions of I and J into
equal numbers of subsets of equal measure, each generation a refinement of
the previous one, with bijections between the Nth generation subsets of I
and the Nth generation subsets of J, then for any € > 0, there exist corre-
sponding subsets of I and J of some generation that are (1 — €)-full of A
and B, respectively (see e.g. [13], 6.5.4]).
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LEMMA 5.2. If condition (1) holds, then there exist an integer N and
levels I1,..., 1, Ji,...,Jm from generation-IN columns so that I; and J;
are in the same column and so that Iy X --- x I, and J1 X - -- X J,,, are more

than (1/2)-full of A and B respectively.
Proof. We may find an integer N; and generation-N; columns
o T T T

so that I] x -+ x I}, and J{ X --- x J}, are more than (1/2)-full of A and B
respectively. Let Ij be in Cy, 4, , and let J; be in Ci, p, . By condition (1),
we may write

71,4 T2
hii+ Y glerig i) =hai+ Y gleaij,laij)
=1 =1

for some values of r € Ny, e € S and [ € Ny (since along with the assumption
that g(N,0) = 0, condition (1) states that the g(N,7) generate G). Since
F' attains all values in I infinitely often, we may find some sequence of
consecutive integers, a,a+1,...,a+b, so that for each t € {1,2}, 1 <i < m,
and 1 < j <y, there is a distinct 0 < ay; ; < bso that F(a+oy;) = e .
Using double approximation, we may find an integer Ny so that F/(No+1i) =
F(a+1) for all 0 < i < b and generation-Ny levels I7, ..., I/ J/ ... J/ so
that I x -+ x I} and J{ x -+ x J}}, are more than (1 — 1/(2]7=) y™))-full
of A and B respectively. Furthermore, we can ensure that for I and J/ in
columns CNz,hll,i and CN%h’z,i respectively, by ; — hy; = hi; — ha;. Then we
let N = Ny +b+1 and let I; be the copy of I/ in

P ; do,...,d
Nﬁi,rzgi’i9(62,1,]‘»12,@3‘)[ 0:-- ]

where ]
Q= {l2,i,j if p=a;,
Pol0 ifp#an; Vi
and J; the copy of J! in

P -y N d)
N7h/2,i_2j1:,ig(elai,]'vll,iyj)[ 0 ]
where )

J - hij ifp=ayy,

| =

0 ifp 75 1,i,5 V]

These are copies of the correct columns by Lemma [3.1] They are clearly in
the same column. Further, Iy x --- x I, and J; X --- X J,, are more than
(1/2)-full of A and B respectively, proving our lemma. m

LEMMA 5.3. If conditions (1) and (2) hold, then there exist levels I, . . .,
L, J1, ..., Jm that satisfy the conditions from Lemmal5.2| with the additional
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property that some power of TP (dependent on i) sends I; to J;, where D is
as in the statement of Lemmal[5.1] for some Ny.

Proof. The proof follows the same lines as that of Lemma We start
with the levels given to us by Lemmal5.2]and then use double approximation
to get the levels that we need. Suppose that I; and J; are separated by 17¢.
Using double approximation we know that for any € > 0 and all sufficiently
large generation numbers N, we can find generation-N copies I] and J! of
I; and J; respectively so that T"i(I/) = J! and so that I x --- x I}, and
Ji X ... x J] are at least (1 — €™/2)-full of A and B respectively. What
we wish to show is that for some ¢ > 0, and for arbitrarily large generation
numbers N, given any such intervals I and J/, we can find copies I}' and J’
of these in generation N +n that are of size at least ¢ of that of the original,
and so that I!" and J! are in the same column, separated by a power of 7.
The result would then follow since I{ X --- x I' and J{ x -+ x J/! would
be at least (1/2)-full of A and B respectively.

For the above to work, we need only show, for any separation r = r;, for
some sufficiently small € > 0 and sufficiently large generation M, that we can
find two copies of C)y 4 that are of size at least € times that of the original,
are in the same column, and are separated by a power of T' congruent to r
modulo D. This allows us to produce the necessary copies of I and J/ for
each 1.

For each congruence class ¢ modulo D such that for infinitely many N,
hy is in ¢ and F(N) = F(Np), we can, by condition (2), find some integer
combination of ¢y ; and cps; that add up to (r,0) in (Z/DZ) x G. Suppose
that the sum of the absolute values of the multiples of terms of the form ¢y ;
needed is at most X. For a,b € I" suppose that the sum of the absolute values
of multiples of terms of the form cys; where F(M) =a and F(M +1) =b
needed is at most Y, ;. Find a string I of consecutive integers such that on
this string the following hold:

e There are at least X D values n € I such that F'(n) =e.

e There are a number of nonoverlapping pairs of consecutive integers in
I which do not intersect any of the n used in the previous condition,
so that for at least 2DY,,; of these pairs, F' evaluated at these values
yields a and b in that order.

Then for any interval I’ of sufficiently large numbers on which F agrees with
the values it takes on I, we can find one of these congruence classes ¢ for
which there are at least X values n € I’ for which F(n) = e and h, = ¢
(mod D).

For each a and b we can find at least 2Y,; pairs of consecutive integers
n,n+1 € I' so that F(n) = a, F(n + 1) = b and h,, has the same value
modulo D for all of these pairs.
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Now if M’ is the smallest value in I’, we can construct two copies of
Chr g whose size is at least [];c,(1/7;) of the original. Suppose that

n—2
> ai(s(Nyi) + ¢, g(N,i+1) = g(N,i)) + > Buicai = (r,0)
i=0 M

in (Z/DZ) x G. Then we consider copies of the form

PM’+k+l,g[d07 s )dk]7 PM’+k+1,g[d6a s 7d;<;]
where M’ + k is the largest value in I’. We define the d; and d; as follows:

e There are «; values n € I’ for which F(n) = e and h,, = ¢ (mod D)
where d],_,,, =i+ 1 and d,,_pp =i (if o; is negative, we reverse the
values and do it |oy;| times).

e There are 3y, values n € I’ where F((n)=F (M), F(n+1)=F(M+1),

;1—M’ =0,dp_nr =7 — 1, dyp_prr11 = 1, d;’L—M/-‘r]. =14 1, and the

same number of such values of n so that h,, has the same congruence

class modulo D where d,,_pp = 1 and d],_,,, = 0 (again, if Gar; is
negative, we reverse the values of d and d’ and use the absolute value).

By Lemmas and [3.2] these copies have the properties that we want. m

LEMMA 5.4. Given a,b € I', with some n where F(n) = a, F(n+1) = b,
and given k € N, there exists an interval I of natural numbers, and functions
fo, fi,---, f : I — Ng, such that:

(1) 0 < fi(l) < vpqy- This allows us to think of the f; as indexing copies
of a generation-min(I) column.

(2) When such copies are considered, they are in the same column with
consecutive copies separated by the same power of T.

(3) Forany1 <i <k, 0<x<v—-1and 0 <y < v, — 2, there
exists n' € I such that F(n') = a,F(n’ +1) = b and the values on
(n',n" + 1) of fo and f; are (z,y) and (z + 1,y) (or (0,y + 1) if
x =, — 1) respectively.

The significance of Lemma [5.4] is that it allows us to produce several
equally spaced copies of a given interval. In particular, the ability to do this
is absolutely necessary to prove Theorem Additionally, the last of the
desired properties will be necessary to make slight modifications to these
copies in order to prove Theorem [2.2]

Proof of Lemma[5.4] Our basic construction will involve several coun-
ters that are incremented for each f;. If all we want is the spacing between
the corresponding columns to form an arithmetic progression (ignoring the
group action for the moment) we can do so as follows. Suppose for concrete-
ness that we have five n; such that the s(n;, j) are the same, and ~,, = 5. We
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construct our sequence of columns as copies corresponding to the following
sequences (which are in turn represented as f; : I — Np):

00...01...02...03...04
01...02...03...04...10
02...03...04...10...11
03...04...10...11...12
04...10...11...12...13
10...11...12...13...14

where the pairs of listed entries correspond to f(n;) and f(n;+1), and where
the implied entries are all 0 (or at least the same for each sequence).

Note that incrementing f(n;) increases the spacing by hq, + s(ng, f(N +
n;)). Also, since hp, 11 = bhy, +5(n;i, 0)+s(ng, 1)+s(ni, 2)+s(n;, 3)+s(ni, 4),
changing f(n;+1), f(n;) from 04 to 10 increases the spacing by hy,, +s(n;, 4).
Since the s(n;, j) are the same, call them s(j). Then the distance between
adjacent pairs of the copies specified above is hy, + hy, 4+ hpy + by + by +
s(0) + s(1) + s(2) + s(3) + s(4).

Unfortunately, this does not account for the group action. If, on the
other hand, we were lucky enough to have pairs of F'(n;) = F(Niy1) = e
with v, = 5, we could then let our f; be the functions

13...22...31...40
23...32...41...01
33...42...02...11
43...03...12...21
04...13...22...31

where again the pairs shown correspond to f(n;), f(n;+1), and f is 0 else-
where. Notice that in each transition exactly one 0 is changed to a 1, one 1
to a 2,..., and one 4 changed to a 0. This implies that all of these copies
are in the same column. Furthermore, the spacing between adjacent copies
is easily seen to be hy, + hny + hpg + Iy +5(0) +5(1) + 5(2) + s(3) + s(4).

Our final construction will be a generalization of the one above.

Find a sequence of consecutive values of I’ of the form eq,...,ey,a,b
with [[:”; ve, > k. Extend this to a sequence of the form

€1y .y, a,b,dy,....dye1,...,ey.
Find an interval I such that F applied to I yields (][}, %i)%ﬁb(nézl Vd;)
— 1 nonintersecting copies of the above sequence. We will make our f; all be
0 off these subsequences.

We define fy on these subintervals so that it takes every possible set of
values on the first w + z + 2 entries (as limited by property (1)) except for
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all 0’s. On each such block we let fj take values on the two instances of e;
that add up to v, — 1.

We think of the values of an f; on such a block as an appropriate radix
representation (leftmost digit least significant) of a natural number. We
inductively define f;11 to represent the number one larger. In particular, if

on some such block f; takes the values v — 1,...,vs — 1, V541, .., V2ptz+2
where v; is the appropriate 7 for the jth term and vs41 < 7541 — 1, then on
this block f;y1 takes values 0,...,0,vs41 + 1, V542, ., V2wtzt2-

We note that condition (1) is clearly satisfied. Condition (3) is satisfied
because if we consider the blocks on which fy has values v¢, —1,...,7, — 1,

x,y, then fp and f; have the appropriate values on the a,b terms. (We use
the fact that []" , ve, > i.)

We further note that by Lemma the difference in heights of the
consecutive copies indexed by the f; is a fixed sum of hy corresponding
to the beginnings of blocks, plus a correction term based on changes in
the number of N for which f;(N) and F(N) have particular given values.
Combining this with Lemma|3.1| we need only show that the number of such
N remains constant.

With each f; and each block we associate the three numbers corre-
sponding to the natural numbers given by the appropriate radix represen-
tations fij(no+1),..., fi(no +w) and fi(no+w+1),..., fo(w+ 2z + 2) and
filno+w+2+3),..., fo(2w + 2+ 3), where ng + 1 is the beginning of the
subinterval. It suffices to show that the multiplicities with which numbers
show up in either of the first and third places remain constant, and that
the multiplicities with which numbers show up in the second place remain
constant.

In f; the first and second places take all possible values except for 4, 0.
Now if My, My are one more than the maximum possible values in the first
and second places, then f; and fy agree in the third place except when the
values of fy in the first two are My — 1 — [, My — 1 with 0 <[ < 4. In that
case we have to carry over to the third place and there f; has the value of
[ + 1 instead of . So in the third place, f; has an extra ¢ and one fewer 0.
This completes our proof. =

We can now prove our main results.

Proof of Theorem [2.1] Let A be a set of positive measure. Let k be an
integer. From Lemma [5.4] we can see that there is an € > 0 and columns of
arbitrarily high generation so that these columns have k£ 4+ 1 copies whose
size is more than e of that of the original, so that these copies are in the
same column and consecutive copies are separated by the same amount.
Take a level of such a generation that is more than (1 —e¢/(k + 1))-full of A.
Then the copies of this level in those copies of its column are each more
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than (k/(k + 1))-full of A and have the property that for some n, T%" of the
bottom level is another one of the levels for 1 < i < k. Hence, for this n,

WANT(A)N---NTF(A) > 0. =

Proof of Theorem [2.9. We begin with the levels given to us by Lemma
We wish to show that there is an € > 0 so that for m pairs of levels of
arbitrarily high generation with the same separation between corresponding
levels as we have between I; and J;, we can find copies of these levels of size
more than e times that of the original so that corresponding copies are in
the same column, and so that the difference in heights between the ith pair
of copies is proportional to k;. This would prove our theorem with a simple
application of double approximation.

Notice that the intersection of the span of the set in Lemma with
Z x G x {0} is the span of (cpr,;,0), since ty; —tn; = cN—1; — CN—15-
Therefore, (D, 0) is in the span of the cys;. Hence if TP%(I;) = J; then we
can write

Ddzao ZQM],ZCM]

Using the fy, fi, from Lemmamto index copies of columns, we can find
an € > 0 so that for arbitrarily large generations of columns, we can find m
pairs of copies satisfying:

Each pair of copies is in the same column.

Each pair of copies are separated by a power of T" proportional to k;.
Each copy is at least ¢ times the size of the original.

For any M, j there are at least |aps ;| integers n so that Fi(n) = F (M),
F(n+1) = F(M+1) and so that in the indexing of the first and second
copy in the ¢th pair, the indices of the copy at the digits corresponding
ton and n+1 are either 0, j and 1, j or v, —1, 5 and 0,5+1 respectively.

If we change |ayz ;| of one of these types described in the last point to the
other, then we keep these pairs of copies in the same column, but alter their
relative height difference by Dd;. This provides what we need for the double
approximation. m

REMARK 5.5. Note that the proof of Theorem implies that T is
power weakly mixing if and only if it is totally ergodic. Note also that to
check condition (2), it is sufficient to first check if a D from Lemma
exists, and if it does, to check condition (2) modulo D for a particular N so
that infinitely often F(M) = F(N) and hy = hps (mod D). This reduces
checking condition (2) to a finite computation.

Notice also that if Im(F") = {(n, s0,..,50-1,0,91,...,9n-1)}, then con-
dition (2) can be written in the simple form that (1,0) is in the span of
{(si + Ny git1 — 9i)s (Sn—1, —gn-1)} for all N.
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6. Examples. The first few will be where I" has a single element as in
the last remark.

Consider for example the Chacén-m transformation for m > 2. Fol-
lowing N. Friedman, a Chacén-m transformation is a rank-one transfor-
mation where column C,1; is obtained from column C),, by cutting each
level of C, into m sublevels, stacking from left to right and placing a
spacer on top of the last level; see Section [J] for more details on rank-
one constructions. We can define a Chacon-m transformation by letting
G={0},n=mands; =0for0 <i<n-2 s,1 =1 and g; =0
for 0 < i < n — 1. Clearly, {g;} generates G, so condition (1) of The-
orem is satisfied. Since (1,0) = (Sp—1,—¢gn—1), it is in the span of
{(si + hn, git1 — 9i)s (Sn—1, —gn—1)}. Therefore, it is power weakly mixing.

Consider the transformation defined by G = {0}, n = 3 and the sequence
(1,1,0,0,0,0). Condition (2) of Theorem [2.2]states that (1,0) is in the span
of {(1+ hn,0),(1+4 hn,0),(0,0)} = (1 + hn)Z x {0}, which does not hold
for any hy. Therefore this transformation is not power weakly mixing (in
fact, it is not T2 ergodic).

Consider the transformation T' defined by the group G = Z, n = 5 and
the set (0,0,0,1,0,0,1,0,0,0). It satisfies condition (1) since g; = 1 gen-
erates G. Condition (2) states that (1,0) € span{(hn, 1), (hn,—1), (hn,0),
(1 + hn,0),(0,0)}. This clearly holds since (1,0) = (1 + hn,0) — (hy,0).
Therefore, T is a power weakly mixing, infinite measure-preserving trans-
formation.

Lastly, consider the group G to be any countably generated Abelian
group with generators e; for i € Ny. If n € N, let e(n) = k where k is
the largest power of 2 such that 2¥ divides n. Let F(n) = (4,0,0,0,1,0,0,
€e(n+1),0). Then F' clearly satisfies the necessary condition. Notice that T
is a G-extension of a Chacén-4 transformation. Condition (1) is clearly sat-
isfied. Condition (2) is satisfied since

(170) = (5(1’0) + 3(073) - S(0,0),g(l, 1) - 9(170) - g(o’ 3) - 9(07 1))

Therefore, T' is power weakly mixing.

7. Non-totally ergodic 2-point extension. As an example of the
above we analyze what happens in the particular case where G = 7 /27 and
F(n) = (2,0,1,0,1).

Consider the two-point extension T of the Chacén-2 transformation
formed as follows. Begin with two intervals of equal size—call them columns
Co,o and Cp 1. These will be known as the generation-zero columns. To de-
fine the generation-(n+ 1) columns, cut each of the generation-n columns in
half, stacking the right half of C), 1 over the left half of C}, o and vice versa.
Then add a spacer to the top of the two columns thus formed to yield the
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generation-(n + 1) columns. The transformation 7" is defined to map each
point to the point directly above it. To see that T is indeed a two-point
extension of Chacén-2, associate each point in (), o with the corresponding
point in C, 1 for all n. The resulting space and transformation are exactly
Chacén-2. It is well-known that Chacén-2 is a weakly mixing transforma-
tion, therefore totally ergodic, but we will show that the two-point extension
T is not even T2 ergodic.

Let I and J be the top and middle levels, respectively, in C} . Suppose
for some m we have u(T™(I)NJ) > 0. Then there must be some generation
in which there is a copy J’ of J above a copy I’ of I at a distance of m
levels. That is, T(I") = J', and we will write d(I’,J’) = m. We will show
that this cannot be the case if m is even.

We prove by induction on n that for all n, any two copies of I in one of
the generation-n columns must be an even distance apart. This is vacuously
true for n = 1,2. Assume it is true for generation n. Label the left halves
of the top copies of I in C, o and Cy,1 as Iy and Iy, respectively. Label the
right halves of the bottom copies of I as I and I3, respectively. To prove the
claim we must show that the distances from Iy to Is and from I to Iy are
both even. For convenience label the right halves of the bottom levels of C, o
and Cp, 1 by Ko and K;-respectively. Then d(Ky, I2) = 2 and d(K,I3) =5
since this is true for n = 2 and since the bottoms of columns are preserved
through later generations. The distance from Iy to K is given by

d(lo, K1) = {

n—+3 if nis even,
n if n is odd.
Similarly, we have

a1 K)_{n if n is even,
bR n+3 if nis odd.

These are true because they hold for n = 2 and by induction on n. The
fundamental idea is that the top of Cj, 1 looks like the top of C),—1, with an
extra spacer added on top. From this the above statements are easily shown
by induction.

Both d([o, Ig) = d([o, Kl)er(Kl, Ig) and d(Il, _[2) = d([l, K0)+d(K0, I2)
must then be even, independent of n. By induction, (7™ (1)N1) > 0 implies
m is even. Since each copy of J lies directly below a copy of I, this means
that pu(T™(I) N J) > 0 implies m is odd. Therefore u(T?™(I)N J) = 0 for
all m, so T? is not ergodic.

8. Comnservativity and recurrence on a sufficient class. In this
section all transformations are assumed to be infinite measure-preserving,
and not necessarily invertible. If for any measurable set A we have pu(A \
U2, T7"A) = 0 then T is said to be recurrent. For sets of finite measure this
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condition is equivalent to (AN 2, T7*A) = u(A). A class C of subsets of
X is called a sufficient class if it has the following approximation property
for all measurable A C X:

w(A) = inf{z p(l;) - {I;} cover A and I; € C}.
j=1

A transformation is said to be conservative on C or recurrent on C if the
condition for conservativity or recurrence holds for all I € C of positive
measure, but not necessarily for all measurable sets. While conservativity
and recurrence are known to be equivalent, we show in this section that
conservativity and recurrence on a sufficient class C are not equivalent. In
particular, recurrence on a sufficient class implies recurrence, but the same
is not true for conservativity.

Consider the following infinite measure-preserving transformation T :
R — R which is conservative on the sufficient class C = {I : I is a finite open
interval}. It is well-known that there exist sets K C [0,1) and K¢ =[0,1)\ K
of positive measure such that p(I N K) > 0 if and only if (I N K€) > 0 for
all I € C. Define T by

T(x)—{x if zrmod 1€ K,

z+1 ifxzmodle K°.

Then T is conservative on C, but pu(7"(K¢) N K*¢) = 0 for all nonzero n so
T is not conservative. Note however that 7" is not recurrent on C.

PROPOSITION 8.1. Let (X,B,u) be a o-finite measure space, and let T
be an infinite measure-preserving transformation. If T is recurrent on a
sufficient class, then T is recurrent.

Proof. Let C be a sufficient class, and suppose that T is not recurrent.
Then T is not conservative, so there exists a set A of positive measure such
that u(AN7T7"(A)) = 0 for all n > 0. Perhaps taking a subset, we may
assume that A has finite measure. We can then find a set I € C such that
(AN I) > 2u(I). Note that if a subset of I\ A with positive measure is
mapped into A by T* for some i, it will never be mapped into A for any
j > i (by hypothesis, any subset of A of positive measure is never mapped
into A under iteration by 77!), so we have

M(I aly T—i(f)) - u(([ ORIy T—i(f)) + u(([ nA)N T\ A))
i=1 i=1 i=1
<IN\ A)+ I\ A) < (D) + (1) = p(])
Thus T is not recurrent on C. =

To see that a regularity condition on the space (X, B, u) is necessary,
let X = R and B = 2%. Define y(A) to be zero if A is finite or countable,
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and infinity otherwise. The collection C of all singletons in R along with
the set R itself is a sufficient class for this space. Any bijective map on
X is measure-preserving and recurrent on C, but in general it need not be
recurrent.

9. Power product conservativeness. In this section we obtain a con-
dition for rank-one transformations that implies power product conservativ-
ity. A notion that has been used to study conservativity of products is that of
positive type. A transformation T is of positive type if limsup,, ., n(7T"(A)
N A) > 0 for all sets A of positive measure. Clearly, if T" is of positive type,
then it is conservative. It was shown in [I] that if T is of positive type,
then for each positive integer d, the Cartesian product of d copies of T is
of positive type, so positive type implies infinite conservative index. On the
other hand, it is easily verified that the transformation 7 of [3] is of pos-
itive type but as already mentioned Ty x T? is not conservative, so T} is
not power product conservative, showing that positive type does not imply
power product conservativeness. Our condition can be used to show that
some infinite measure-preserving staircases are power product conservative.

First, we introduce some notation for constructing measure-preserving
rank-one transformations. We start with a column Cy, which is a unit inter-
val. Let r,, be a sequence of integers with r, > 2. At each stage n, we have a
column C), that consists of h,, intervals (h,, denotes the height of column C,,
which is defined to be the number of intervals in the column). We denote the
intervals in Cy, by I, 0, In1,- .., Iy n,—1, Where I,, g is the interval at the low-
est level. A column determines a map on all of its levels but the top, where
each interval is mapped to the interval above it by the canonical translation.
Column C), 41 is obtained from column C), by cutting and stacking according
to the following procedure. Cut all intervals of column C,, into r;,, subinter-

vals of the same measure to form subcolumns, C,[lo}, CE], cee Cg”_l]. Then
we may put spacers on top of the subcolumns. Let {sn,i}fgo_l be a doubly in-
dexed sequence of nonnegative integers. The sequence s, 0, 5n,1, - Snr,—1

specifies the number of spacers on each respective subcolumn. Then stack
subcolumns on top of one another, with each subcolumn going underneath
its adjacent subcolumn to the right, so that the rightmost subcolumn goes
on the very top. This cutting and stacking procedure leads to column Ci,4 1.
This defines a sequence of columns C,, and as the width of the column ap-
proaches 0, it defines a measure-preserving transformation on a finite or an
infinite interval.
We prove the following theorem:

THEOREM 9.1. Let T be a rank-one transformation with sequence of
cuts {rn}. If for all d > 0,
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d—1
liminf —2—— =0,
n—00 n—1 ’I“d
i=0 "4

then T s power product conservative.
We do this by proving the following more precise theorem.

THEOREM 9.2. Let T be a rank-one transformation with sequence of
cuts {rn}. Let {k;}¢_, be integers. If

d—1
liminf —2—— =0,
n—00 n—1 rd
=0 "1

then TF1 x - .. x Tk js conservative.

Fix the k;. Let S = T% x ... x Tk For a column C,, define an equivalence
relation ~,, on d-fold products of levels so that I ~, J if and only if for
some integer N, SN (I) = J.

LEMMA 9.3. Suppose that A C X% is a set where u(S™(A) N A) =0 for
all m # 0. Let L be the ~,, equivalence class of products of levels equivalent

to I. Then
u(Aﬁ U J) < u(l).
JeL

Proof. First modify A by a set of measure 0 so that S"(A)N A = () for
all n # 0. Note that | J is a subset of (Jyez S™(I). In fact, for some
subset P C Z, we can write

U7=1] 5.
JeL NeP
We therefore think of this set as P x I. Let x4 be the characteristic function

of Aon P x I. Since S"(A)N A = () for n # 0, we note that ya(a,z) and
xa(b, ) cannot both be 1 for a # b. Hence

S xa(n,z)dn = Z xa(n,x) < 1.
P nepP
So by changing the order of integration we get
,u(Aﬁ U J) = S xa(n,x)dp = S S xA(n,z)dndx < S dr = p(l). =
Jer PxI IP I
LEMMA 9.4. The number of equivalence classes of ~y is at most

d
N\ nd-1

Proof. To each product of levels, we can associate a d-tuple of integers
in the range [1, h,| representing the heights of the levels. It is clear that
the product associated with {a;} and the product associated with {a; + k;}



20 C. DODD ET AL.

are equivalent. Each equivalence class has at least one element with Zle a;
minimal. We will bound the number of such sequences.

Clearly, for Z?Zl a; to be a minimal representative of an equivalence
class, {a; — k;} cannot be a valid sequence. Therefore a; < k; for some i.
The number of such sequences with a; < k; for a given ¢ is at most kihgfl.
Summing over ¢ gives our result. m

Proof of Theorem[9.3 Suppose that

d—1
liminf —2—— =0,
n—00 n—1 ’I“d
=0 "1

and that A C X% satisfies p(S"(A)NA) = 0 for all n # 0. We wish to bound
(AN CY). Lemma says that the intersection of A with any equivalence
class of levels is at most the size of a level, or

(="

Lemma [9.4] says that there are at most Kh?~! equivalence classes where
K =7, ki. Therefore,

d—1
n
n—1 _d°
i=0 Ty

pANCy) <

Hence
liminf u(A N C%) = 0.

n—oo

Since C¢ exhausts X, this implies that pu(A4) = 0. =

A rank-one transformation such that s,; = ¢ for 0 < ¢ < r, — 1 is
called a staircase transformation (i.e., the spacers are added in a staircase
fashion). It may be finite or infinite measure-preserving depending on the
growth of r,. In the case that it is finite measure-preserving, Adams showed
in [2] that T is mixing provided that r2/h,, — 0 as n — oo.

COROLLARY 9.5. There exists an infinite measure-preserving staircase
transformation T such that T is power product conservative.

Proof. Let T be the classical staircase transformation with 7, = 22".
Direct computation shows that h,, < (m + 1)r,,/2 holds for m = 0, and we
will prove that it holds for all m by induction. If this holds for m we can
apply the definition of h,, 1 for a staircase transformation to yield

m+1 5 1 5 m+2 , m+2
9 Tm—f—*'rm = Trm = T Tm+1-

1
hm+1 = hmrm+§ rm(rm_l) <
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Then we can bound

gt R 1 2k (m4 )T (mt 1)
(H"i_ol Ti)d - (rm/2) B \ T N hm, B Tm

which approaches 0 as m — oo for all d > 1. Hence, this transformation T’
satisfies the condition of Theorem [0.1] =

COROLLARY 9.6. Let T be a rank-one transformation with r, = 22" and

such that
{ 2 if 2|1,
Sni = .
0 otherwise.

Then T is an infinite measure-preserving transformation that is power prod-
uct conservative but T? is not ergodic.

Proof. An argument similar to that in Corollary shows that T is
power product conservative. Let I; and Is be two levels in some column C,
such that a(I;) — a(l2) is a positive odd number. Now consider sublevels of
I and I, denoted by I and I} respectively, in some column C,, for n > m.
From the construction, a(I7])—a(I4) will always be an odd number. It follows
that there does not exist an integer ¢ such that T2 (I]) = I}. Hence, T? is
not ergodic. m
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