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ON THE BLOW-UP PHENOMENON FOR THE MASS-CRITICAL
FOCUSING HARTREE EQUATION IN R*

BY
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Abstract. We characterize the dynamics of the finite time blow-up solutions with
minimal mass for the focusing mass-critical Hartree equation with H'(R*) data and L?(R*)
data, where we make use of the refined Gagliardo—Nirenberg inequality of convolution type
and the profile decomposition. Moreover, we analyze the mass concentration phenomenon
of such blow-up solutions.

1. Introduction. In this paper, we consider the Cauchy problem for
the Hartree equation

(L.1) {z’ut—l—Au:f(u) in R? x R,

u(0) = up(x) in RY,

Here f(u) = AV x [u/*)u, V(z) = |2|77,0 < v < d, and * denotes the
convolution in R%. If A > 0, we call the equation defocusing; if A < 0,
we call it focusing. This equation describes the mean-field limit of many-
body quantum systems; see, e.g., [6], [7] and [36]. An essential feature of
the Hartree equation is that the convolution kernel V(z) still retains the
fine structure of micro two-body interactions of the quantum system. By
contrast, NLS arises in further limiting regimes where two-body interactions
are modeled by a single real parameter in terms of the scattering length. In
particular, NLS cannot provide effective models for quantum systems with
long-range interactions such as the physically important case of the Coulomb
potential V(z) ~ |z|~(@=2) in d > 3, whose scattering length is infinite.
There are many works on the global well-posedness and scattering of
equation . For the defocusing case with 2 < 7 < min(4,d), J. Ginibre
and G. Velo [8] proved the global well-posedness and scattering results in
the energy space. Later, K. Nakanishi [32] made use of a new Morawetz
estimate to obtain similar results for more general functions V(x). Recently,
the present authors have proved the global well-posedness and scattering for
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the defocusing, energy-critical Hartree equation (see [28] and [29]). For the
global well-posedness and scattering of the focusing, energy-critical Hartree
equation we refer to [I7] and [30].

In this paper, we mainly aim to characterize the dynamics of the finite
time blow-up solutions with minimal mass for the focusing mass-critical
Hartree equation with H!(R*) data and L?(R*) data.

Now we recall the related results about the focusing mass-critical Schro-
dinger equation

(1.2) iug + Au = —|u|Y%u,  w(0) = uo,

where d is the spatial dimension. Equation is called mass-critical due
to scaling invariance. If uy € H' has radial symmetry, the mass concentra-
tion phenomenon for the blow-up solution was observed near the blow-up
time in [22]. Later on, the radial symmetry assumption was removed by
M. Weinstein [35] and Nawa [33]. For a more detailed analysis of the blow-
up dynamics of (1.2)), see [20], [21], [24], [25], [26] and the references therein.
If ug only lies in L?, the situation seems quite different because we cannot
use the energy conservation law. The pioneering work in this direction is
due to J. Bourgain [3] for d = 2, who proved that there exists a blow-up
time T,

1/2
lim sup (S lu(t, z)|? dx) > c(|Juol|r2) > 0,
0T cubes ICR2, *
side(1)<(T*—t)1/2
where c¢(||ugl|z2) is a constant depending on the mass of the initial data.
A new proof can be found in S. Keraani [I12] by means of the profile de-
composition in [23]. Bourgain’s result was extended to dimension d = 1 by
R. Carles and S. Keraani [4] and to dimension d > 3 by P. Bégout and
A. Vargas [2]. Recently, R. Killip, T. Tao and M. Visan [I3] established
global well-posedness and scattering for with radial data in dimension
two and mass strictly smaller than that of the ground state. Later R. Killip,
M. Visan and X. Zhang [14] extended those results to d > 3. We dealt with
the corresponding problem for the Hartree equation in [31].
This paper is devoted to the study of the blow-up behavior of the mass-
critical Hartree equation in dimension four:

iug + Au = —(|z| 72 % [u/>)u  in R* x R,
{ u(0) = up(x) in R%.
The corresponding free equation is

iug + Au=0 in R* x R,
{ u(0) = ug(r) in R%.

Note that v = 2 is the unique exponent which is mass-critical in the sense

(1.3)

(1.4)
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that the natural scaling
ux(t, z) = N2u(\’t, \x)

leaves mass invariant. At the same time, |2|~2 is just the physically im-
portant case of Coulomb potential for dimension d = 4. Moreover, equa-
tion (1.3]) also has pseudo-conformal symmetry: If u(¢, z) solves (1.3]), then
so does
(1.5) v(t,x) = ! u ! T )eilel?/40-T)

' ’ T2 \t—Tt-T '

First we deal with equation (1.3) with data in H'(R*). For the solution

u(t) € H' of ((1.3)), the following quantities are conserved:

M (u(t)) = [lu(®)llzz = [u(0)] L2,

ulxr 2 u 2
B(u(t)) = % [ IVul? o —i 0| de dy = E(u(0)).
R4 R4R4

According to the local well-posedness theory [5], [27], the solution u(t) €
H'(R*) of (1.3) blows up at finite time 7" if and only if

lim [ Vu(t)]|2 = oo.

The blow-up theory is mainly connected with the notion of ground state,
the unique radial positive solution of the elliptic equation

(1.6) —AQ+Q = (V+|Q*Q.

The existence of the positive solution is proved by the concentration com-
pactness principle at the beginning of Section 3, which is closely related to
a refined Gagliardo—Nirenberg inequality of convolution type,

2
(1.7) ul|7v < o [ull72 | VulF2,
L2

where the definition of the LY norm is given in below. The radial sym-
metry of the positive solution can be obtained from [19]. By adapting Lieb’s
uniqueness proof in [I8] for the ground states ¢ € H' of the Choquard—
Pekar equation (V(z) = |z|7! in dimension d = 3), the analogous result
for can be obtained. See details in [I5]. However, the uniqueness proof
strongly depends on the specific features of equation . It is different
from the corresponding results for semilinear elliptic equations in [16]. As
our result (Theorem depends on the uniqueness of the ground state of
equation , it is the reason why we consider the case d = 4.

Together with the notion of the ground state @, the invariance (|1.5]
yields an explicit blow-up solution such that [|u||;2 = ||@]|z2. One can ask
if there are other finite time blow-up solutions of with minimal mass
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Q|2 and how to characterize the dynamics of such blow-up solutions near
the blow-up time.

Now, we can characterize the finite time blow-up solutions with minimal
mass in H!(R*).

THEOREM 1.1. Let ug € H*(R*) be such that ||ug||z2 = ||Q|lz2 and u be
a blow-up solution of at finite time T. Then there exists xo € R* such
that eilz—=20/4Ty, A, where

A={pe"Q(pr+y):y eR*, pe RS, 0 €[0,2m)}.

THEOREM 1.2. Let u be a solution of which blows up at finite time
T > 0 with initial data ug € H*(R*), and \(t) > 0 such that \(t)||Vul 2
— 00 ast 1 T. Then there exists x(t) € R* such that

li%%nf S lu(t, z)|* dz > S |Q|? da.
lz—z(t)[<A() R4

The counterpart of Theorem for the Schrédinger equation has been
established by F. Merle in [21]. The counterpart of Theorem was proved
by M. Weinstein in [35]. T. Hmidi and S. Keraani gave a direct and sim-
plified proof of the above results in [9]. The new ingredient for the Hartree
equation is the refined Gagliardo—Nirenberg inequality of convolution
type, whose proof is based on the well-known concentration compactness
method and thus one has to deal with the intertwining of convolution and
orthogonality.

Next we consider the blow-up behavior of with L? data. In [27], we
showed that for any ug € L?(R?*), there exists a unique maximal solution u

to , with
u € C((=T., T*), L*(R")) N Lijo (1%, TY), L*(RY)),

loc

and we have the following alternative: either T, = T = oo or
min{7,,T*} < oo and ||lul|p3(—1, 1+),28) = o©

Moreover, there exists § > 0 such that if

(1.8) Juolly> < 6,

then the initial value problem has a unique global solution w(t,x)
€ L}, (R x R*). We define §y as the supremum of ¢ in such that
the global existence for the Cauchy problem holds, with u €
(CNL>®) (R, L2(R*))NL3(RxR?*). Then in the ball Bs, := {uo : ||uo||z2 < do},
admits a complete scattering theory with respect to the associated lin-
ear problem. Similar to the focusing mass-critical Schrodinger equation, we
also conjecture that dp should be ||Q||;2 for the Hartree equation. We have
verified the conjecture for radial data in [31]. For general data, it remains
open.
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DEFINITION 1.1. Let up € L%(R*). A solution of (1.3)) is said to be a
blow-up solution for ¢t > 0 if either T™ < oo, or

T* =00 and |ulz3((0,00),L3) =
and similarly for ¢ < 0.

Now we are in a position to state the existence of blow-up solutions in
both time directions with minimal mass in L?(R*).

THEOREM 1.3. There exists an initial data ug € L?(R*) with ||ugl| 2 = do
for which the solution of (1.3|) blows up for both t >0 and t < 0.

As a direct consequence of the above theorem and the pseudo-conformal
transform ([1.5]), we obtain the existence of finite time blow-up solutions with
minimal mass in L?(R?).

COROLLARY 1.1. There exists an initial data ug € L*(R*) with |lug||p2
= 0o, for which the solution of (1.3|) blows up at finite time T* > 0.

THEOREM 1.4. Let u be a blow-up solution of at finite time T* > 0
such that |lug||2 < V/280. Let t,, T T* as n — oo, and let \(t) > 0 be such
that

T —t

A(t)
Then there exist a subsequence of {tn}o, (still denoted by {t,}) and
x(t) € R* with the following properties.

(i) There exists 1 € L*(R*) with ||1||z2 > do such that the solution U
of (1.3) with initial data v blows up for both t > 0 and t < 0.
(ii) There exists a sequence {pn,&n, T }oo; C RY X R x R* such that

—0 ast1T".

PRty prt + 2n) — U weakly in L?.
Furthermore,
. pn 1
lim <
where T** denotes the lifespan of U.
(iii) We have

lim i 2de > 6.
1g1ﬁ1f S |u(z, t)|” dx > &5
|lz—=z(t)|<A()

COROLLARY 1.2. Let u be a blow-up solution with minimal mass of (1.3))
at finite time T™ > 0. Let t,, T T™ as n — o0o. Then there exists a subsequence
of {t,}2 (still denoted by {t,}°%;) and z(t) € R* with the following
properties:

(i) There exists ¢ € L2(R*) with ||¢)||2 > do such that the solution U
of (1.3) with initial data v blows up for both t >0 and t < 0.
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(i) There exists a sequence {pn,&n,Tn}pe, C R X R* x R* such that

PRy by, ppt + 2n) — O strongly in L2

Furthermore,
lim Pn < !
n—oo m - T
where T** denotes the lifespan of U.
(iii) We have

lim inf S lu(z,t)|> dz > 62.
T maiae

Similar results for the nonlinear Schrédinger equation have appeared in
F. Merle and L. Vega [23] and S. Keraani [12]. Since the nonlinearity is non-
local for the Hartree equation, we have to introduce a suitable decomposition
in physical space to exploit the orthogonality.

We will often use the notations a < b and @ = O(b) to mean that
there exists some constant C' such that a < Cb. The derivative operator
V refers to the derivatives with respect to space variables only. We also
occasionally use subscripts to denote the spatial derivatives and use the
summation convention over repeated indices.

For 1 < p < oo, we define the dual exponent p’ by 1/p+ 1/p’ = 1. For
any time interval I, we use L{ L (I x R*) to denote the spacetime Lebesgue
norm

1/q
il gy = (§ Nl ) )
1

with the usual modifications when ¢ = co. When ¢ = r, we abbreviate L{L"
by L{,.

We say that a pair (g, r) is admissible if

1 1
S(3-0) asges
2 r

For a spacetime slab I x R*, we define the Strichartz norms

(
2
q

||U||50(1) = sup HUHL;’LQ(IXR‘l)a ”UH51(1) = ||VU||50([)~
(¢g,r) admissible
We also define N to be the Banach dual space of S0,
Throughout this paper, we write

(19) fullyr = ({§lu@)PV (@~ )P dedy) "

The rest of this paper is organized as follows: In Section 2, we recall the
preliminary estimates such as Strichartz estimates and the virial identity. In
Section 3, we prove Theorems and Section 4 is devoted to the proof
of Theorems [L.3] and [L4l
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2. Preliminaries. We now recall some useful estimates. First, we have
the following Strichartz inequalities:

LemMA 2.1 ([5], [10]). Let u be an S°(I) solution to the Schridinger
equation in (1.1). Then

lellgo  latto)ll gy + £y v

for any to € I and any admissible pair (q,r). The implicit constant is inde-
pendent of the choice of the interval I.

By definition, it immediately follows that for any function u on I x R%,
lull oz + llullpz < llullgo,
where all spacetime norms are taken on I x R%.

LEMMA 2.2. Let f(u)(t,z) = +u(V * [u*)(t,z), where V(z) = |z|~2.
For any time interval I and tg € I, we have
t

H S ei(t*S)Af(u)(s,a:)ds‘
to

< 3.
soqny S el

Proof. By the Strichartz estimate, the Hardy—Littlewood—Sobolev in-
equality and the Holder inequality, we have

$0(1) SIf@)E o)z SV * ]u‘QHL?/QLgHuHL%@

t
H S =33 £(u) (s, x) ds’

0
< llully

In addition, we can obtain the virial identity appearing in the proof of
the localized Morawetz estimates [28]. Indeed, let Vi (t) = §a(z)|u(t, z)|* dz,
where a(x) is real-valued and wu is the solution of with f(u) =
—(|=|=7 * |u|?*)u. Then we get

Mg(t) =: 9, Vg'(t) = 23\ ajumda
and
(21)  ME(t) = — 28\ ajyutde — 45\ ajuu da
= — SAALLMZ dx + 4%8 ajrujuy dx
—\}(Va(z) - Va(y))VV (@ - y)|u(y) *|u(z)|* dz dy.
LEMMA 2.3. If we choose a(x) = |x|?, then

(22)  0ME(t) = 8 |Vultdz — 29 [V (@ — y)[uly) Zlu() 2 d dy.
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LEMMA 2.4. If a(x) = |z|> and v = 2, we have
(2.3) OV (t) = 16 E(u(0)).
If E(u(0)) < 0, then the nonnegative function Vi'(t) is concave, so the

mazimal interval of existence is finite. This implies that the solution of (1.3))
has to blow up in both directions.

3. The blow-up dynamics of the focusing mass-critical Hartree
equation with H'! data. Let V(x) = |z|72. We study the minimizing
functional

2 2
U Vu
J:=min{J(u): u € HY(RY)}, where J(u):= H|ﬁ2||‘|4HL2
ullv

First, we have

LEMMA 3.1. If W is a minimizer of J(u), then
(3.1) AW + of|z| 2« [W|P)W = W,
where o = 2J/HT/VH2L2 and B = HVI/VH%Q/HT/VHQL2

REMARK 3.1. If W is a minimizer of J(u), then |W] is also a minimizer.
Hence, we can assume that W is positive. In fact, we have

—|VW| < VIW| < |[VW]
in the sense of distributions. In particular, [W| € H' and J(|W|) < J(W).

Proof of Lemma . The minimizing function W is in H'(R?*) and
satisfies the Euler-Lagrange equation
d

—J(W +¢ev)

de =0

e=0

Equivalently, we have
IVW 721 W ([ §2ROVD) da + [W([72 W7 | 2R(VIW VD) da
— VW W2 (§(V 5 2R(W0) W2 do + [ (V « [W[2)2R(W5) dr) = 0.

Since
(Vs 2R(W0)) W[ da = | (V % [W]*)2R(WD) da,
we have )
2J VW7,
AW + ——— (Vx [WHW = — LW
W13 W13

PROPOSITION 3.1. J is attained at a function u with the following prop-
erties:

u(z) = aQ(\z +b)  for some a € C*, X >0, and any b € R?,
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where Q satisfies (1.6). Moreover,
2
J=Qllz72/2.
We prove this proposition by the following profile decomposition.

LEMMA 3.2 (Profile decomposition [9]). For a bounded sequence {un}22
C HY(R?Y), there is a subsequence of {u,}°° (still denoted by {un}) and a
sequence {UW} ;51 in HY(R?Y) and for any j > 1, a family {x}} such that:

(i) If j # k, then |2}, — 2¥| — 0o as n — oo.
(ii) For every 1 > 1,
(32) un(z) = UV (@ —2)) + 1y (@),
j=1
where, for any p € (2,4),

(3.3) lim sup ||ril||Lp(R4) —0 asl— oo.
n—oo

(iii) We have

l
(3.4) lunlFz =Y IUD )72 + [rhlI72 + on(1),
j=1
l .
(3.5) IVunllze = D> IVUD |72 + IV 1172 + on(1).
j=1

Proof of Proposition . Choose a sequence {u,}°°; C H(R*) such
that J(u,) — J. Suppose ||uy|/z2 =1 and ||uy| v = 1. Then

I (un) =\ |Vun|? do — J.

Note that {u,}52 ; is bounded in H', so by Lemma 3.2 we have (3.2)—(3.5).
From (3.4) and (3.5]), we have

l l
(3.6) MG <1, S OIVUDE, <.
j=1

j=1
Moreover, by the Holder and Young inequalities, we have
b 17y < Ikl gsss:

l—o0

From 1) limsup,,_, o |75 || 1s/3 —— 0. It follows that

lim sup ||r% || v =,
n—oo



32 C. X. MIAO ET AL.

Moreover,

“\Z LU (@ —ad) P32, UY (y — )

|z —yl?

dx dy

UG (@ — ) [T (y — 2h)
37 <> || P dz dy

D (g—ad, (k) (1 — 2k g (g — 21 )])2
ERES S | ket <‘x_nzlgzz_1|v =)’ 4, 4,

3 (y— o ! i) (g — gt
59 +3 S PO T WOt

=1 k#j [z =yl
(J _ (k) kY2
(3.10) +ZZ§S|U v — )l |U2 W=l 1y,
=1 kg [z =yl

Without loss of generality we can assume that all U@)’s are continuous and
compactly supported. Then

U9 (z)2|U9 (y
I ZSS' ‘x|_|y2<>| Lo dy

and by orthogonahty, we have

I S S S 0O — a9 — )T — )y — 0

i=1 j=1 k#j
as n — 00. (3.9) can be similarly estimated. Finally,

(J (5) ()12
BI0) = ZZSSU ) 2|UM (y)] dx dy

T Ty — 2l + ak|?
—ZZ VDRI ®E: — 0, 0 oo
Jj= 1k753 nl

Therefore, we conclude

H zl:U(j)(x — )
j=1

Thus, we have

l
4 .
L= TPy asn — oo,
j=1

l
Jim 30PNy =1.
j=1
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By the definition of J, we have
TN\ v < IUD |72 VU7
So we get
l l
Iy NNy < D 10972 VUV 2.

j=1 J=1
On the other hand,

[ l l
SN IVUD T, <Y U913 IVUD |, <

j=1 j=1 j=1
Thus we conclude that only one term UU0) is nonzero, i.e.
(3.11) [0 =1, U =1, VU@, =
This shows that U7°) is a minimizer of J(u). From (3.11]), we have
AUU0) 4 2J(]ac]_2 * ‘U(jo)yz)U(jo) — Jylio).

By Remark we can assume that U7 is positive. Let U0) = aQ(Ax +b),
where @ is the positive solution of . An easy computation gives that
A2 =2a% = J.

Next we compute the best constant J in terms of ). Multiplying
by @ and integrating both sides of the resulting equation, we have

(3.12) —\IVQP de + [ (v +1Q)IQP da = | |Q[ da.
Since

J(z- VQ)Qdz = —2{|Q* dx,
S:c VQAQdx = — ZS (0:;0,Q0;Q + 1;0,0;Q0;Q) = ||IVQ||32,

1,]

and

-V + [QP)Qdz = § [o - VQ(V + Q) da

lgx-(vv*y)@?dx

1
=5V V((V 1QP")Q?) dx - 5

=2 (V10 o+ ]| ) Qe QU? dedy = 5 Qv

we have

3
IVQIZ: — 5 Qv = —21QlZ.
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Together with , this yields [VQ||%. = [|Q]2.. So,
J = [VUW7, = Q17 /2-

So far, we have obtained the existence of a positive solution of .
In addition, Theorem 3 of [I5] together with Theorem 1.2 of [I9] implies
that this positive solution is also radially symmetric and unique in H'(R%).
Note that the uniqueness proof strongly depends on the specific features of
equation . In fact, the uniqueness of the ground state @) of has
not be resolved completely for the general potential V' (z), and is stated as
an open problem in [6].

We first make use of the ground state () to give a sufficient condition for
the global existence of , which together with implies that ||Q||z2

is the minimal mass of blow-up solutions.

THEOREM 3.1. If uy € HYR*) and ||uollz2 < @12, then the solu-
tion u(t) of (1.3) is global in time.
Proof. By the local well-posedness theory, it suffices to prove that for

every t € R, we have
|Vu(t)]| 2 < oo.

Now from Proposition [3.1] and the conservation of mass, we have

(313)  Bu) = [ V(b de ~ L[V« u(®)])u(t)? dr
1 1 2
2 5 IVuOEs - § i MOIEIvuO1:
Lo (o ol
= 3 Vel (1 Q2. )

Since [lug|| 12 < ||Q|| 2, we have the uniform bound of [[Vu(t)||7,. This proves
the global existence.

Before we prove Theorem we state a proposition in two equivalent
forms.

PROPOSITION 3.2 (Static version). If u € H*(R*) is such that ||ul|p2 =
QL2 and E(u) =0, then
u(z) = e N2Q(\x +b)  for some § € R, A\ >0, b € R,
Proof. Since E(u) =0, we have ||[Vu[|2, = §[|ul|},. So we get

IQIZ:NIVulz. 1
By Proposition [3.1]and the uniqueness of the ground state @, w is of the form
u(z) = aQ(Ax +b). The condition ||ul|;2 = ||Q||z2 ensures that |a] = A%, So
u(z) = eX2Q(\x 4 b).
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PRrROPOSITION 3.3 (Dynamic version). Let {un};>, be a sequence in
HY(R*) such that ||up |2 = ||Q|l 12, E(un) < M and ||Vuy||z2 — oo. Define

Ve
IvQlz

Then there exists a subsequence (still denoted by {u,}), a sequence {y,} C
R* and a real number 0 such that

(3.14) 0N 2w, (N e+ yn) — Q) strongly in HY.

Proof. Let
- 1 x
Un(x) = 2 Uy, N )

n

Then ||ty |72 = [|@Q]| 2 and ||V, 2 = ||VQ|| 2. Moreover,
E(in) = E(uy) /A2 — 0 asn — oo.

So we have

) V|
J(in) = Q|22 Syl

1217,

IVin |12 Q|7
2|| V|7, — 4E (i) 2
as n — oo. Therefore, by Lemma we can choose a subsequence {,}
and {z,} C R* such that @, (x + x,) — aQ(Az + b) in H'. The conditions
|‘71nHL2 = [|Q||z2 and ||Viy,|lz2 = [|[VQ||r2 imply |a] = A = 1, so we have
13.14)) for yn, = A\t (zn — b).

= [QlI72 =J

In order to prove Theorem we also need the following lemma. The
proof relies heavily on the techniques of V. Banica [1].

LEMMA 3.3. Suppose u € HY(R?*) and |lu||;2 = ||Q||z2. Then for all real
functions w € C' with bounded Vw, we have

1/2
( | Vu(@)S@vu)(z) dx’ < \/§E(u)1/2(§ \u|2\Vw|2dx)
]R4
Proof. Since '
lue™ @[ 2 = |lullr2 = Q|2

for any s € R, by (3.13) we know that E(ueis“’(z)) > 0. So, for any s,

1 ) 1
3 S |V + isuVw|* dr — i S (V x [u|?)|uf? dz > 0.
R4 R4

Hence 9

E(u)+s S VwS(uVu) dz + = S lu?|Vw|? dz > 0.

R4 2 R4

As this holds for any s, the discriminant is nonpositive. Hence we get the
result.
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Now we turn to the proof of Theorems (1.1} and which is borrowed
from [9].

Proof of Theorem . Suppose u(t,x) is the solution of ([1.3)) which
blows up at 7" and let ¢, T T. Let u, = u(t,). By Proposition

eON2un (N te + yn) — Q(z)  strongly in H?.
From this we get
(3.15) [u(tn, @) do — ||Q|7200=y, — 0

where y, — 0 (up to translation) or y,, — cc.
Now let ¢ € C5°(R*) be a nonnegative radial function such that

p(z) =|z]*> if|z] <1 and |Ve|* < Co(x).
For every p € N* we define
dp(x) = Pd(a/p) and  gy(t) = | dp(a)lu(t,x)? dz.
By Lemma for every t € [0,T), we have

3p(1)] = 2| § V(@) S (uVu)(@) da| < 2v2B(u0) 2 (| [ul? |V (2) dz) 12
R4

1/2
< CB(ug)? ([ luPoy(x) da) < Cluo) /gy (D).

Integrating with respect to ¢, we get
1V 9p(t) = Vgp(tn)| < Cluo)[ts —t.

If y, — 0, then gy(tn) — [QI320,(0) = 0 by (3.15); if |yn| — o0, also
gp(tn) — 0 since ¢, is compactly supported. So, if we let n — oo, we have

gp(t) < Cluo)(T - t)*.
Now fix t € [0,7T) and let p — oco. Then by (2.3) we get
(3.16) 8t2 B (1" ¥ug) = | [o2[u(t, )[? dz < Cug)(T — t)*.

Hence |yn|?[|Ql|7: < C(ug)T?. Thus y, cannot go to infinity. This implies
that {y,} converges to 0. Letting ¢ go to T', from (3.16|) we get E ei‘x|2/4Tu0)
= 0. Note also that [|efl**/4Tyq||;2 = [|Q||z2. By Proposition

clude that ei‘x|2/4Tu0 e A

Proof of Theorem[1.4. We define
o) = IVQl2/|Vull e and v(t,) = pPult, pr).

Let t, 1 T, and set v,(x) = v(ty,x). Then by mass conservation and the

we con-
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definition of p(t), we have
[onllr2 = lluollL2  and  [[Von[lL2 = [[V@Q[ 2.
Since u blows up at time 7', we have p(t,) — 0 as t, — T. Hence
E(vn) = p2E(ug) — 0 as n — oo.

In particular,
onll3v — 2|VQ|2,  asn — cc.

According to Lemma the sequence {v,}7° ; can be written, up to a
subsequence, as

!
Z U (z —2l) +rl ()
7j=1

so that .f. hold. This implies, in particular, that

4
2|VQ|3. < hmsup vnll7y = hmsup H ZUJ —a2)) i
As in the proof of Proposmon the pairwise orthogonahty of the family
{z7 };’;’1, together with and 1.’ gives
2| Vel < Z 107113 < Z HW Ilegl Al A el 72
<o SupHU]HLQ Z VU172 < s [V onll7e SHPHUJHLZ
HQHLz = — HQII J>
2
= IVQll 28up||U”|| 2.
lQI2. k k

Therefore, ‘
sup |72 = 1|Q]7.-
Jj=1

Since Y [|[U7]|3, converges, the supremum above is attained. In particular,
there exists jg such that

07172 = QI
On the other hand, a change of variables gives

O + 20) = U (x Z Ud(x + a0 — al) + 7 (2),
1<5<
J#jo
where 7 (x) = r (x4 2°). The pairwise orthogonality of the family {z7 1324
implies U7 (- + 20 :U%) — 0 weakly for every j # jo. Hence we get

o (- + xi{’) — o 4
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where 7 denotes the weak limit of {7, }2° ;. However,

17 v < limsup |7 ]| v = limsup || | v =2 0.
n—00 n—00
By uniqueness of the weak limit, we get 7 = 0 for every | # jjo so that

(- + ) = U0 in HY, that is,
P2u(tn, pp - +al0) = U € H'  weakly.
Thus for every A > 0,
lim inf S P utn, puz + ) do > S U702 da.

n—00
|lz|<A |z|<A

In view of the assumption A(t,)/pn, — 00, this gives immediately
liminf sup | Ju(ty,2)Pde > | U] dz
n—00 R4
|lz—y[<A(tn) |lz[<A

for every A > 0, which means that

lim inf sup S [u(tn, z)|? dx ZS|Uj0|2dx ZS|Q!2daz.
n—oo y€R4 |:E7y‘§)\(tn)

Since the sequence {t,},> is arbitrary, we infer

liminf sup S u(t, z)|? dz > S Q|2 dzx.
=T cRr4
VSR Jz—yl<A()

But for every t € [0,7T), the function y — S‘w_y‘@\(t) lu(t,z)|? dz is continu-
ous and goes to 0 at infinity. As a result, we get

sup | futo)Pde= | fu(to)Pde
YERY |o_yl<a@) lz—a(£)| <A(t)

for some z(t) € R*, and Theorem [1.2is proved.
4. The blow-up dynamics of the focusing mass-critical Hartree
equation with L? data. In this section we prove Theorems and

DEFINITION 4.1. For every sequence I'y, = {pn,tn,&n, Tnloe; C RY x
R x R* x R*, we define the isometric operator T'y, on L} (R x R*) by

C.(f)(t,z) = pieix.fne_iﬂfnpf(f)it + b, pu(z — t§) + 20).

Two sequences T, = {ph,t}, &}, 25}°°  and Tk = {ph tk ¢k zkyoo  are
said to be orthogonal if

j k
%+@ 00
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or
| — &kl

pn

LEMMA 4.1 (Linear profile decomposition [2]). Let {¢n }nen be a bound-
ed sequence in L*(R*). Then there exists a subsequence of {@n}% (still
denoted by {on}re ) with the following properties: there exists a family
{VJ . of solutions of and a family of pairwise orthogonal sequences
I = {le,t%@n,a;n}oo 1 such that for every (t,x) € R x R4,

l

: j
ol =pF and + [t — k| + n f”tj—kxj —ak

— OQ.

n

(4.1) = TUVI(t,x) + wh (¢, x)
7j=1

with

(4.2) lim sup ||wfl||L3(RxR4) —0 asl— oo

Moreover, for every | > 1,

l
(4.3) lonllZe = > IV I72 + llwpl72 + on(1).
j=1

DEFINITION 4.2. Let 'y, = {pn,tn,&n, Tn}ye; be a sequence in RY x R
x R* x R* such that {t,}°°; has a limit in [— oo,oo] as n — oo. Let V
be a solution of the linear Schrédinger equation . We say that U is
the nonlmear proﬁle associated to {V,T',}>  if U is the unique maximal
solution of (1.3 satisfying

(U =V)(tn, NL2mey = 0 asn — oo.
In order to prove Theorems and we first state a key theorem,
which is similar to that in [I1] and [12].

THEOREM 4.1 (Nonlinear profile decomposition). Let {¢n}>2, be a
bounded family in L2(R*) and {un}%":1 the correspondmg family of solu-
tions to with initial data {pn}o . Let {VI ,TI}12 | be the family of
linear pmﬁles associated to {on}72, via Lemma and {UJ}OO1 the fam-

ily of nonlinear profiles associated to {V7, T 2, via Definition 4.2\ Let
{1}, be a family of intervals containing the orzgm 0. Then the ollowmg
statements are equivalent:

(i) For every j > 1,
n—oo tywlin

(ii) We have ‘
71113010 ||UnHL§x[1,L] < oo.
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Moreover, if (i) or (ii) holds, then

l
(4.4) up =Y TIU7 4w, +
j=1

l

where wy,

is as i (4.2) and
(4.5) lim (||7 || s 1, T sup il 2) =0 asl— oo.
n—00 el e,
Proof. Step 1. We prove (4.4) and (4.5 provided that (i) or (ii) holds.
Let

rézun—ZUg—wé, where UJ :=TYU7,

and let V;J := I/ V7. Then r!, satisfies the equation
( ) {laﬂ"fl—f—AT’é: TZL,
4.6 . ,

r(0) = Xjm (Vi = UR)(0, ),

where

f=pWh +wl, +rh) = > p(Ud),
j=1

l
p(2) = (e[ 2 2z W= UL
=1

It suffices to prove that

l—o0

(4.7) lim (||l 17, + sup Iyl z2) —= 0.
n—oo t,:c[ n] tel,

By the Strichartz estimates and the Young inequality, we have

l
Il 1+ 5P Wrhllce OVl et =3 p 0|, G0, )
’ €l j= "
7!
4.8 < —H Wiy — Uil
(4.8) S p(Va) ;p( M ops
(4.9) + [lp(Wy + wh) = p(W)ll 221,
(4.10) + (W) + wh + ) = pOVE + wh) 2,

+ 7 (0,) 2.
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We will estimate the three terms. First, we estimate (4.8]) from above by
l

(4.11) D2 D el % O3 YU sz

Ji1= 1]275]1

(4.12) + Z > Z (e[~ % (U U2 ) U 1 211,

J1=1jo#j1 ja=1

Without loss of generality we can assume that both U7! and U72 have com-
pact support in t and x. Let V(z) = |z|~2. Then

W IV« o ®ue P2 da dt
= §§ [0 (ot 4+ 882, 81 e =y — 1600 + ) PV (3) dy
X (pI2)2UP2((pf2)2t + 12, pl2 (@ — t&02) + 2J?)

- ("’%2)335 SR >ngf2(<pf)Qf— (")t i,

3/2
dx dt

Pn Pn pn
j j 3/2
g RGN\
TIEJr e " = — x at.
Pn (pm) (Pn )? P“ZL
If p); / ﬁl/p%2 — 00 or \t,jll — t%2| — 00, by the compact support

assumption on t, we conclude that the quantity (4.11) converges to 0 as
n — o0o. Otherwise, by orthogonality we have

g gk |4
pri pri
Without loss of generality, we may assume that p / — 1. Then the
complicated expression of the function U72 of t and & can be simplified to
U2 <£_ tﬁ + tjz 5]1 6]2 L7 x%l + ng _ gh €J2 t]l)
o o

J1 _ ¢J2
4 gl — g2

(4.13)

— OQ.

Meanwhile, we have
[l @3- PV g < | U7z - 5PV (5)dg
1g1<1
o

+> UG E—-g)PV() di.

=0 21 <||<2i+1
Note that U7! is compactly supported in z, so for any fixed j,
| - 9)Pv@) dg

27 <|jj|<2i+1
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is also compactly supported. Thus (4.13)) implies that for any j; # jo,

| G- DRV AU (f iy,
2i <|j|<2i+1
g1 _ cd2 ' . J1_ ¢de
b —&n +:i—xz;+xg3—€fth>
pn ,On

Therefore, the quantity (4.11)) converges to 0 as n — oc.
On the other hand,

I(l2] =2 * (U U DU 212, < CNUR U 3/2HU£‘°’IIL3 :

Jim |

32
dxdt = 0.

By orthogonality, HU‘“U”H 32 = 0 as n — oo. Because HU]BHL?, is

bounded, we see that the quantlty also converges to 0 as n — oo.
Next, we prove that

hm(hm WL —|—wnHL3 ) S C

l—o0

From (4.3), we have
l l
[wnllzs i) < Cllwn(0)llze < Clienllze-
It suffices to verify

(4.14) hm( hm | WL ||L3 ) < C

From the orthogonality of T/, as in [I1], we can see that for every [ > 1,

l
WISy 0 = || 22U
=1

Meanwhile by (4.3), the series > ||[V7[|3, converges. Thus for every e > 0,
there exists [(€) such that

V72 < Wi> (o).

The theory of small data asserts that, for e sufficiently small, U7 is global
and HUjHng < ||V 2, which yields

Y s < oo

J>U(e)

l
(13
y gy~ 2Oy gy as oo
n J:l ?

So we have to deal only with a finite number of nonlinear profiles {U7 hi<j<i(e)-
But in view of the pairwise orthogonahty of {T), 521, one has

lim H ZU
n—oo =

and thus (4.14) follows.

3 1] < Z hm U3, HL3 L] < 09
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Now, we estimate (4.9):
! ! !
lp(Wy, + wy) — W)l Lr 2z,
— l — b, l
Sl % W+ wn P)wn gz, + (el % (Wiwp)Jwn |2,
- ! !
+ 12l fon )Wl L 2,
SIWallZs llonlize g + lwnlZs g UIWallzs g + lwnllos r)
~ n Lf,x[ln] n Lt,ac[[’ﬂ] n Lg,x[-[n] n Lt,x[I”] n Lt,m[ln}
= o,(1).
. . l
The last equality is due to 1' and the fact that [jwy[|gs 7, — 0 as

Il — o0.
(4.10)) can be estimated similarly:

! ! ! ! ! 12
ET0) < W +wh 2 llrblo ) + I + bl g IS
13
+ Hrn”Lf,z[In]'
Now we can prove (4.7)). Collecting all the previous facts, we have

l l
(415)  sup [l 12 + Ikl p oo
teln ’
< OUIWs+wills rllralles g +1rnlZe g+ lralzs g+ 1m0, )lle)
= n Ly [In] V" n L3 [1n] n L?,I[In] n Liz[]n} n\Y "JIIL

+ op(1).

As in [12], for every € > 0 we can divide I} = I, "R, into finitely many
n-dependent intervals, namely,

It = [0,@711] U [a1 a2] U---u [ap_l,afl),

n? - 'n n
with each interval denoted by I’ (i =1,...,p), so that for every 1 <i < p
and every [ > 1,
lim sup ||W}, + wizHL;{z(ngw) < e

n—oo

The I,; = I, NR_ can be similarly dealt with. Applying (4.15) on I}, it
follows that

sup |7 ]| 2 + |’T£1HL§’Z[I}L}
tel}l ’

! 1 1 1
< el gy + IS oy Irh2s g + 10,2 + on (1),
By choosing ¢ sufficiently small, we obtain

3
! ! l !
sup [|ry |22 + [l g < 170,122 + Y lrally (g + 0(1)-

tel} a—2
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Observe that, by the definition of the nonlinear profile Ug, we have
lim_ [, (0,)[1z2 = 0
n—oo

for every [ > 1. This fact and a standard bootstrap argument show easily
that

. !
Jim (sup (| [z + [l 2 ) — 0.
ter} ’
This gives in particular
lim_ (|7} (ak, )|z 0
n—oo

and allows us to repeat the same argument for I2. We iterate the same
process for every 1 < i < p. Since I = I} UI? U --- U I} and p is finite
independently of n and [, we get

. l l
Tim ([l g ) + sup Iyl z2) — 0

as | — oo, which is (4.7)).
Step 2. Now we prove the equivalence of (i) and (ii).
(i)=(ii). Suppose that for all j, lim, HI‘{LUjHLg 1) < 0o. Then

I
j I I
HunHng[In] < Z HU%HLQI[LL} + ”TnHng[ln] + ”wnHng[ln}-
i=1

From (4.2)), we have
l—o0 l—o0

limsup o) [l13 1,y —=0 and lim |rh]z 1) —= 0.
0o n n—oo t,xlim

It immediately follows that
71113010 ”UnHLgx[In] < 0.

(ii)=(i). If (i) does not hold, there exists a family of I, C I,, with 0
included such that

oo

Z im U211, ) > M

for arbitrarily large M and
”UnHLg’z[in] < 0.

By orthogonality, we have

oo

> Z J N i

e el i = 2 2 VR g0y > M
J:
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This leads to
. 3 . 3
i Nunllzg g,y = Jim lunllzg (7, > M,
which implies that

lim ||un|p3 17, = oo
n—oo )
This contradicts (ii) and completes the proof of Theorem

Proof of Theorem|1.5. We choose {ugy} such that ||ug|z2 | do, and let
uy, be the solution of (1.3) with data ug,. By the definition of dy, we can
assume that the interval of existence for u,, is finite. By the time translation
symmetry and scaling, we may assume that {u,}>2 is well defined on [0, 1],
and

Jim fun g go,1),22) = o°-

Let {U7, V7, p%, sh, 5%, :z%} be the family of linear and nonlinear profiles as-
sociated to {un}o2; via Lemma[4.1] and Theorem [4.1] Then the equivalence
in Theorem implies that there exists a jo such that U7 blows up. On
one hand, by the definition of Bs,,

VP2 > do.
On the other hand, we have
jo 12 : 2 2
STV < Tim o3 = 6.
Jj=>0
Thus by mass conservation and the definition of nonlinear profile, we have
1072 = [Vl 2 < o
Therefore,
1U7 |22 = do,
because U’0 is the solution of (1.3)) satisfying U(s%,z) = V(s/°,x), where
$90 = limy,_o 520. If s7° is finite, then U7 is the blow-up solution with
minimal mass. If s79 = oo, we can use the pseudo-conformal transformation
to get a blow-up solution with minimal mass. This shows the existence of
initial data such that the solution of ((1.3) blows up in finite time for ¢ > 0.
In the proof of Theorem [I.4] we will show that there exists an initial data

ug € L*(R*) with |lug| z2 = do such that the solution u of (1.3)) blows up for
both ¢ > 0 and t < 0.

Proof of Theorem (i) Suppose u is a solution of (|1.3)) which blows
up at finite time 7" > 0 and ¢, T T™ as n — oco. Let

un(t,x) = u(ty, +t,x).
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Then {u,}>2, is a family of solutions on I,, = [—t,, T* —t,). Moreover,
nh_{glo HunHLize[O,T*—tn) = nh_{go HUnHLQIe[—tn,O} = 0.

Since ||uy||z2 is bounded due to L? conservation, we can apply Lemma
and then Theorem on I, = [0, 7" —t,) to deduce that there exists some

jo such that the nonlinear profile {U7 L plo, gl g0 ) satisfies
(4.16) hm |To || o] = 90

where ‘ ' ‘ ‘

po — [530 (PZmO)Q( T — )+st)
In fact, let 90 = lim, .o sn. Then s/ # oo, since otherwise IJO — 0
and (4.16) is impossible. This implies either s° = —oo or s = 0 (up to
translation). If s%0 = 0, let U7 be the solution of ([1.4)) with initial data V7o,
Then 1) implies that U7 blows up at time T} € (0,00) and

(4.17) Tim (pI0)*(T™ — ta) > T,

If we also assume that ||ug||;2 < V2o, then there is at most one linear
profile with L? norm greater than &y thanks to . That means that the
profile U7 found above is the only blow-up nonlinear profile (since all the
other profiles have L? norm less than &y and so they are global). By repeating
the same argument in I,, = [—t,, 0], we get

T Uy g =00, T = [ ()t + 58]

This implies that 530 ;é —o0. Hence s/ = 0 and the solution U7 of (1.3])
with initial data V7°(0, -) blows up also for ¢ < 0. Thus the nonlinear profile
U7 is the solution of (1.3]) which blows up for both ¢t < 0 and ¢ > 0.
(ii) The linear decomposition yields
(T90) M (e (ultn, ) = VP + > (@) 'TIVI + (1) .
1<5<1, j#50
The family {F%}j‘;l is pairwise orthogonal, so for every j # jo,
. 1 . . M—00 9
()" IV’ —— 0  weakly in L~
Then
joy—1(,itA SN =1
(T (" (u(ty, ) —— VO + @' weakly,
where @' denotes the weak limit of (T/°)~1w! . However,

Jt s, < Tim k]l == 0.

By uniqueness of the weak limit, we get @' = 0 for every [ > jo. Hence,

(T90) "1 ("2 (ulty, -))) —— Vo
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We need the following lemma:

LEMMA 4.2 ([23]). Let {pn}n>1 and ¢ be in L*(R*). The following state-
ments are equivalent:

(1) on — ¢ weakly in L?(R*).

(2) eitA(pn N eitAcp in L§’7$(R4+1).

Applying this lemma to (T7°)~1 (¢4 (u(ty,-))), we get

e nA(pEeibnetny(t, pox + x,)) = VI(0,-)
with
1 x%o %0 _:1:%0 &7'10

— oJo — — — _
Sn = Sy, Pn = IR 971 - o Tn = o gn — g0
Pn Pn Pn Pn

Up to a subsequence, we can assume that e — ¢, Since s,, — 0, we get
(4.18) PR Eny(ty, ppt 4 xp) — e PVI0(0, ).
The associated solution is e~U7. (4.17)) gives

lim Pn < 1 .
VT, © VT,
This completes the proof of Theorem [L.4ii).

(iii) Let u be a solution of with |Jug||z2 < v/2 8o which blows up at
finite time 7% > 0. Let t,, T T* as n — 00. So there exists V € L*(R*) with
|V||z2 > 8o and a sequence {pn,&n, 2n} C RE x R* x R* such that up to a

subsequence,
2 izén n—eo
(pn) € u(tm onT + xn) Vv

and
. Pn
lim

———<A
oo /T% — by

for some A > 0. Thus we have

lim py | [u(tn, pnx +20)Pdz > | |V|2da

n—oo

lo|<R le|<R

for every R > 0. This implies that

lim sup S lu(ty,z)* dz > S V|2 d.

00 R4

|z —y|<Rpn lz|<R

Since VT —t/A(t) — 0 as t T T*, it follows that p,/A(t,) — 0 and then

lim sup S lu(ty, z)|* de > S V|2 dx > 62.
n—00 , cp4
lz—y|<A(tn)
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Since {t,}5; is an arbitrary sequence, we infer

lim inf sup S lu(t, z)|? de > 63.
=T cRr4
VS5 eyl <)

However, for every t € [0,7), the function y — S‘x_y|<)\(t) lu(t, z)|? dz is
continuous and goes to 0 at infinity. As a consequence,

sup S lu(t, z)|? do = S lu(t, z)|? dz
YERY o yl<a) lz—z(t)|<A(t)

for some x(t) € R*, and this completes the proof of Theorem

Proof of Corollary [1.2 In the context of the proof of Theorem [I.4] we
also assume that

[unllL2 = [[uoll L2 = do-

(4.3) gives [[V7°]| 2 < do. It follows that ||[V7°|[ 2 = Jp. This implies that
there exists a unique profile V7° and the weak limit in (4.18) is strong.
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