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MAXIMAL OPERATORS OF FEJER MEANS OF
DOUBLE VILENKIN-FOURIER SERIES

BY
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USHANGI GOGINAVA (Thilisi)

Abstract. The main aim of this paper is to prove that the maximal operator o :=
sup,, |on,n| of the Fejér means of the double Vilenkin—Fourier series is not bounded from
the Hardy space H; /> to the space weak-L, /5.

Let N4 denote the set of positive integers, N := N4 U {0}. Let m :=
(mg, my,...) be a sequence of positive integers not less than 2. Denote by
Zm, ==1{0,1,...,my — 1} the additive group of integers modulo my. Define
the group Gy, as the complete direct product of the groups Z,;, with the
product of the discrete topologies of Zy,;’s. The direct product p of the
measures 1

k

pe({d}) = — (1 € Zmy)

m
is the Haar measure on G, with pu(Gy,) = 1.

If the sequence m is bounded, then G, is called a bounded Vilenkin
group, otherwise it is an unbounded Vilenkin group. The elements of G,,, can
be represented by sequences x := (zg,1,...,%j,...) (z; € Zm].). It is easy
to give a base of neighborhoods of = € G,,:

Ip(z) =G, In(x)={y€Gnl|yo=20,-,Yn-1=2Tn_1}
for n € N. Define I,, :== I,,(0) for n € N,.

The generalized number system based on m is defined in the following
way: My := 1, Myy1 := mp My (k € N). Then every n € N can be uniquely
expressed as n = > "% n;M;, where nj € Zn; (j € Ny) and only a finite
number of n;’s are not zero. We use the following notations. For n > 0 let
In| := max{k € N : ny # 0} (that is, M},) <n < M, 11), n(k) = > i M
and neg) ==n — nk).
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Denote by LP(G,,) the usual (one-dimensional) Lebesgue spaces, with
norms | - [, (1< p < oo).

Next, we introduce on G,, an orthonormal system which is called the
Vilenkin system. First define the complex-valued functions r; : G,, — C,
called the generalized Rademacher functions, in this way:

2
Tk (2= 1,2 € G, keN).

ri(x) = exp o~

Now define the Vilenkin system 1) := (1, : n € N) on G,, as follows:
p(x) = H ref(z)  (neN).
k=0

If m = 2, we call this system the Walsh—Paley system. The Vilenkin system
is orthonormal and complete in L'(G,,) [8].

Now, we introduce analogues of the usual definitions of Fourier analysis.
If f € LY(G,,) we can make the following definitions:

e Fourier coefficients:

fk) =\ fopdp (keN),

Gm

e partial sums:

n—1
Snf = Z
k=0

e Fejér means:

)

~

(B)Yr (n €Ny, Sof :=0),

n—1
1
onf = n Z Spf  (n€Ny),
k=0
e Dirichlet kernels:

n—1
Dy, := Zwk (n € N;).
k=0
Recall that
M, ifzel,,
]. _D €Tr) =
W) M, (@) {0 if 2 € G\ Iy
For f € Li(Gy x Gp,), the rectangular partial sums of the double
Vilenkin—Fourier series of f are defined as follows:
M-1N-1
SM,N(f;xlaJ:Q) = f(17])¢2($1)¢]($2)’
=0

i=0 j
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where the number
f(Za]) = S f(xl’xQ)Ei(xl)Ej(l‘Q) [J(l‘l,ﬂj‘Q).
GmXGm
is said to be the (i, 7)th Vilenkin—Fourier coefficient of f (w is the product

measure [ X [t).
The norm (or quasinorm) of the space L,(Gp, X Gy,) is defined by

= | 1 aPaea)” 0 <p<o).

GmXGm
The space weak-L, (G, x Gy,) consists of all measurable functions f for
which
||f||weak—Lp(Gm><Gm) = ?\ug)\”(]f’ > )\)1/1’ < 00.
>

Let
L(xh,2?) = L(x') x I(2?).
The o-algebra generated by the rectangles {I,i(z',z?) : (2,2?) €
Gm % Gp} will be denoted by F, 1, (n,k € N).
Denote by f = (f™*) : n,k € N) a martingale with respect to (F, :
n,k € N) (for details see, e.g., [9, 13]). The maximal function and the diag-
onal maximal function of a martingale f are defined by

f*=sup [fP) O =sup|fmn),
n,keN neN

respectively. In case f € Li(G,, X Gp,), the maximal functions are also
given by

1

(@l a?) = sup — s ) et a2,
A | "’kg\l (I (2, %)) I k(§1 x2)f( )1l )
1
O/.1 .2 L, o
oot SUD (T (L. 22)) ul,u ul,u?)|.
I ) nEII\)I (L (2t 22)) S f( ) a( )

Inn(zt,2?)

for (21, 22) € Gy x G,
The Hardy martingale spaces Hp(Gy, x Gp,) and HE(Gm X Gp)
(0 < p < 00) consist of all martingales for which

g
1 lla, = 1Ml < oo and |[[fllgg = [/ [lp < oo,

respectively.

If f€ L1(GmxGp) then it is easy to show that the sequence (Sar, ar, (f) :
n, k € N) is a martingale. If f is a martingale, that is, f = (f™* : n,k € N),
then the Vilenkin—Fourier coefficients must be defined in a slightly different
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way:

f, )= tim | & 2, (2", (o) p(at, o?).

The Vilenkin—Fourier coefficients of f € Li(Gy, x G,,) are the same as
those of the martingale (Sas, ar,, (f) : n, k € N) obtained from f.

For n,k € Ny and a martingale f the Fejér mean of order (n, k) of the
double Vilenkin—Fourier series of f is given by

n—1k—1

on(fiat,a? ZZS,] fiat 2?

i=0 j=0
For a martingale f the restricted and unrestricted maximal operators of
the Fejér means are defined by

oNf(zha?) = sup  onr(fiat 27,
1/Mx<n/k<My

o f(a',2%) = sup |onp(f;z!,2?)|.
n,keN

In the one-dimensional case the weak type inequality
. c
pletf >N < SI (>0)

can be found in Zygmund [15] for the trigonometric series, in Schipp [5] for
Walsh series and in P4l and Simon [4] for bounded Vilenkin series. Again
in one dimension, Fujii [2] and Simon [7] verified that ¢* is bounded from
H, to L. Weisz [10, 12] generalized this by proving the boundedness of o*
from the martingale Hardy space H, to L, for p > 1/2. Simon [6] gave a
counterexample to show that this does not hold for 0 < p < 1/2. In the
endpoint case p = 1/2 Weisz [14] proved that ¢* is bounded from H; /5 to
weak-Ly /5. By interpolation it follows that o* is not bounded from H), to
weak-L,, for any 0 < p < 1/2. It is an open question whether ¢* is bounded
from H,/y to Ly /o or not. (We think the answer is no.)

For the two-dimensional Vilenkin-Fourier series Weisz [11] proved the
following results:

THEOREM A (Weisz [11]). Let p > 1/2. Then the mazimal operator o
is bounded from H]DD to Ly.

THEOREM B (Weisz [11]). Let p > 1/2. Then the mazimal operator o*
is bounded from Hy, to L.

The main aim of this paper is to prove that for any bounded Vilenkin
system the maximal operator o* (resp. 03) is not bounded from Hj /5 (resp.

H; /2) to weak-L, /5. Moreover, we prove that the following is true.
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THEOREM 1. For any bounded Vilenkin system the mazimal operator o
is not bounded from Hy/y to weak-Ly .

Thus, as regards boundedness of 0* and o3, the case of double Vilenkin—
Fourier series differs from that of one-dimensional Vilenkin—Fourier series.

By Theorem 1 and interpolation it follows that o is not bounded from
H, to weak-L,, for any 0 < p < 1/2. In particular, in Theorems A and B the
assumption p > 1/2 is essential. On the other hand, it would be interesting
to find a decent space to replace weak-L; /5 in order to have the relevant
boundedness. However, this question does not seem to be easy.

The Fejér kernel of order n of the Vilenkin—Fourier series is defined by

1 n—1
K, (z) = - Z Dy(x).
k=0

Set
s+1—1

Koi(x):= Y Dl).
Jj=s

In order to prove the theorem we need the following lemmas.

LEMMA 1 ([3]). Suppose that s,t,n € N and x € [I\I;41. If t < s < |n|,
then
1
MM, o1 (x) ————
Kns+17M5 ({L’) _ t 51/1” +1( ) 1— rt(x)
0, otherwise.
LEMMA 2. Let2 < Ae Ny, k<s<Aandn’ :=Moa+Mog_o+---+
My + My. Then

if ©t —xpey € I,

na_1|Kns | (2)| = Moy Mas/4

for x € IyA(0,...,0,29r # 0,0,...,0,22s # 0,Zos541,...,Z24-1), k =
0,1,....,A—3, s=k+2k+3,....,A—1.

Proof. Let n € Ny. It is known [1] that

[e'e) mj;—1
Du(@) = Yu(@) (3 Dag(e) Y. i),
j=0 U="M;j—n;

thus -
[ Du(2)] < niDag ().
=0

Since for z € I} \ 141,
1

oo
anDMj (l‘) == anMj < mlMl == Ml+1,
j=0 j=0
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if s <1 we obtain
nStly M —1
K@l =| > Dul@)| < My M.,

u:n5+1
From Lemma 1 we see that

K21+17M21(x):0 forl=s+1,s+2,...,A—1.

n

Ifl <s<|n|,z € I;\ ;41 and = — x;¢; € I, then also from Lemma 1 we get

| < ’KTLS+1,MS($)| _ 1 ﬂ
- M, M, 2sin(mxy/my)| — w
Using these facts, the equality from [3, p. 16]
In| np—1
Ky =33 Koorojunan
h=0 j=0

and
{1 if 2| h,h < 24,
0 otherwise
we estimate

nia Ky, (0)] = | Koy et i, (7))
h=0 7=0
2A—-2 s
—( > K )h“,Mh(w)(:‘ZK(n* >2l+1M21($)‘
h=0,2|h 1=0

1=0
s—1
> ‘K(n* Y2542 Mo, (x)\ - ‘ZK(”* 1)2l+27M2l($)‘
1=0
s—1 s—1
> Mas Moy, — Z K (s, )2i+2 aay ()| = Mas Moy — Z Moy 1 Moy
1=0 1=0
It is easy to see that
s—1 s—2
Z M1 = Z Moj4q + Mas—1 < Moo + Mog_q
1=0 1=0

M2s + M2s S 3M2$'
Mos—1M2s—2  M2s—1 4
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Summarizing,

Mos Moy,
w K ()] > TR

Proof of Theorem 1. Let A € N, and

fA(xlvxz) = (DM2A+1(x1) — Dy (xl))(DM2A+1 (xZ) - DMQA($2))‘

It is evident that

~ 1 ifi, k= Msa,..., M -1
fA(’L,k) :{ I 7, 2A, ) 2A4+1 )

0 otherwise.

Then we can write

(Di(2") = Dary o (21))(Dj(2?) — Dagy (%)),
@) Sii(fazat,a?) = i.f z'.,j. =Moa+1,...,Manp1 — 1,

falat,a?) ifi,j > Myay,

0 otherwise.

Since

fa(t,2?) = SEPN\SMn,Mk(fA;x17w2)| = |fa(at, 2?)],
n,ke

from (1) we get

(3) I falle, = Ifallp = 1Dayary — Danyally
1/p\ 2
= (( S ML, + S [Maat1 —M2A|p) )
Ioa\I2a+41 Ioaq1
((mm — L,y mea = U7 )1/10)2
Maapr Ms a1 24

< 22/ngAM2222/P < CM;XQ/p.
Since
Dysrigy — Drtyy = YUris Dy, k=1,..., Moy,

from (2) we obtain

(4)  opfa(at,2®) = sug!an,n(fA;wl,xz)! > |ops nr (fas ', 2%)]
ne

* *
ny—1nj—1

B <nf14>2 DD Sufaiata?)

i=0 j=0
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-1

2 DD ST Y)(D;(?) ~ Dasya ()|

i=Mpa+1j=Mza+1

nAllnAll

\z Z Dyt (@) = Daty (21)) (D a1 (0%) = D (32)

_ (n*A—1)2 . ,
(n2)2 ‘an—l(x )‘ ’Kn*A_l(.iU )’

Let ¢ := sup{m; : i € N}. For every | = 1,...,[} log, VA] — 1 (A is
supposed to be large enough) let kll and /-le be the smallest natural numbers
for which

MQA\/— <M21<M2A\/— 4l 4

MQA\/—q4l < M? 2k? < Moz \/—q4l+4.
Define

Igj(l') = IQA(07 EER) 07 L2k 7é O) 07 SRR 07 T2s # 07 L2541y - - a$2A—1)
and let
1 2 1.2
(2!, 22) € IE R gy xRN (g2,

Then from Lemma 2 and (4) we obtain

M2 1M22 1 M- / 41
USfA(:CI,:CQ)ZC¥> cMysV A quch_
M. M
2A 2A

On the other hand,

p{(zt, 2?) € G X Gy = |og fa(z!, 2?)| > cA}
[ log, V/A] L,
ze ) 2l (L @) < B a2)

1 -1 mMe,.2 -1
Makt+3 moa—1—1 "2k;+3 moa—1—1

(X=X - ¥ ¥ %

=0 wh, =0z =0 2, =0

2k1 +3 2k2+5

[4 log, VA
S 42‘1: Mokl M2A-1Mog2 43 M2A-1
C

2
M2A

=1
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(4 log, VA] (4 log, VA]
1 1
AP IR s rrori D DR ot vt
=) Mle1+2M2k12+2 ) MQk;ll MQk?
1
y [410g2q\/z} 1 y 1quA
c c .
= at (M2A\/Zq_4l+1)1/2(M2A\/Zq4l+4)1/2 T MouVA

Combining this with (3) we obtain

cA(p{(xt,2%) € G X Gy ¢ |0 fa(zt, 22)| > cA})?

1 fall e
cAlogZA

_WMgA:CIOggA—)OO as A — oo.

The Theorem is proved. =
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