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INFINITE MEASURE PRESERVING FLOWS
WITH INFINITE ERGODIC INDEX

BY

ALEXANDRE I. DANILENKO and ANTON V. SOLOMKO (Kharkov)

Abstract. We construct a rank-one infinite measure preserving flow (Tr)r∈R such
that for each p > 0, the “diagonal” flow (Tr × · · · × Tr)r∈R (p times) on the product space
is ergodic.

0. Introduction. In [KP], Kakutani and Parry constructed an infinite
measure preserving transformation T such that T×T is ergodic but T×T×T
is not. This is in stark contrast with the “classical” weak mixing property
for finite measure preserving systems. Since then there has been interest in
understanding dynamical properties of infinite measure preserving systems
that are analogous to the classical weak mixing: trivial L∞-spectrum [ALW],
infinite ergodic index [KP], power weak mixing [AFS], [Da2], double ergodic-
ity [B–S], etc. A number of examples of ergodic infinite measure preserving
transformations with unusual weak mixing were constructed in those pa-
pers. In [Da1] and [DS1] these examples have been extended to the case of
infinite measure preserving (and non-singular) actions of countable discrete
Abelian groups. In a recent work [I–W], Iams, Kats, Silva, Street and Wick-
elgren start to investigate the weak mixing properties for infinite measure
preserving actions of continuous Abelian groups as R and Rp. They

(i) show by example that the trivial L∞-spectrum does not imply double
ergodicity,

(ii) construct an infinite measure preserving flow with ergodic Cartesian
square.

The following has remained open so far: is there an infinite measure pre-
serving flow whose Cartesian powers are all ergodic? In the present work we
answer this question in the affirmative:

Theorem 0.1. There exists a rank-one infinite σ-finite measure pre-
serving flow T = (Tr)r∈R on a standard measure space such that for each
q ∈ Q \ {0} and p > 0, the transformation Tq× · · ·×Tq (p times) is ergodic.
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It follows that every Cartesian power of T is ergodic. Given m > 0, we
denote by T ⊗ · · · ⊗ T (m times) the action (r1, . . . , rm) 7→ Tr1 × · · · × Trm
of Rm. Then T ⊗ · · · ⊗ T is a rank-one infinite measure preserving action
of Rm whose Cartesian powers are all ergodic. This refines the example of
doubly ergodic Rm-action from [I–W, Section 6].

We now recall the definition of rank one in the σ-finite measure pre-
serving case. Let S = (Sg)g∈Rm be a measure preserving action of Rm on a
standard σ-finite measure space (Y,C, ν).

(i) A Rokhlin tower or column for S is a triple (A, f, F ), where A ∈ C,
F is a cube in Rm and f : A→ F is a measurable mapping such that
for any Borel subset H ⊂ F and an element g ∈ Rm with g+H ⊂ F ,
one has f−1(g +H) = Sgf

−1(H).
(ii) S is said to be of rank one (by cubes) if there exists a sequence of

Rokhlin towers (An, fn, Fn) such that the volume of Fn goes to in-
finity and for any subset C ∈ C of finite measure, there is a sequence
of Borel subsets Hn ⊂ Fn such that

lim
n→∞

ν(C 4 f−1
n (Hn)) = 0.

We note that our example is quite different from the one that appeared in
[I–W]. Iams, Kats, Silva, Street and Wickelgren use the geometrical cutting-
and-stacking techniques with four cuts at every step while we use a more
abstract (C,F )-construction with an “unbounded” sequence of cuts [Da1],
[Da3]. This permits us to reduce the calculations.

However, we are unable to verify whether for the flow T constructed in
this paper, the transformation Tr × · · · × Tr (p times) is ergodic for every
0 6= r ∈ R and p > 0. Thus the problem of existence of such flows is open.

1. (C,F )-actions of Rp. The (C,F )-construction of measure preserving
actions for discrete countable groups was introduced in [dJ] and [Da1]. It was
extended to the case of locally compact second countable Abelian groups in
[DS2]. (See also a recent survey [Da3].) Here we outline it briefly for Rp,
p ∈ N.

Given two subsets E,F ⊂ Rp, we denote by E + F their algebraic sum,
i.e. E + F = {e + f | e ∈ E, f ∈ F}. The algebraic difference E − F is
defined in a similar way. If F is a singleton, say F = {f}, then we will
write E + f for E + F . Two subsets E and F of Rp are called independent
if (E − E) ∩ (F − F ) = {0}, i.e. if e + f = e′ + f ′ for some e, e′ ∈ E and
f, f ′ ∈ F then e = e′ and f = f ′.

Fix p ∈ N and consider two sequences (Fn)∞n=0 and (Cn)∞n=1 of subsets
in Rp such that Fn is a cube [−an, an)× · · · × [−an, an) (p times) for some
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an ∈ Q and Cn ⊂ Qp is a finite set with #Cn > 1; moreover,

Fn and Cn+1 are independent;(1-1)
Fn + Cn+1 ⊂ Fn+1.(1-2)

This means that Fn + Cn+1 consists of #Cn+1 mutually disjoint “copies”
Fn+ c, c ∈ Cn+1, of Fn and all these copies are contained in Fn+1. We equip
Fn with the measure (#C1 · · ·#Cn)−1(λ�Fn), where λ denotes Lebesgue
measure on Rp. Endow Cn with the equidistributed probability measure.
Let Xn := Fn ×

∏
k>nCk stand for the product of measure spaces. Define

an embedding Xn → Xn+1 by setting

(fn, cn+1, cn+2, . . .) 7→ (fn + cn+1, cn+2, . . .).

It is easy to see that it is measure preserving. Then X0 ⊂ X1 ⊂ · · · . Let
X :=

⋃∞
n=0Xn denote the inductive limit of the measure spaces Xn and let

µ denote the corresponding measure on X. Then µ is σ-finite. It is infinite
if and only if

(1-3) lim
n→∞

λ(Fn)
#C1 · · ·#Cn

=∞.

Assume in addition that

(1-4)
given g ∈ Rp, there is m ∈ N with g + Fn + Cn+1 ⊂ Fn+1

for all n > m.

Given g ∈ Rp and n ∈ N, we set

L(n)
g := (Fn ∩ (Fn − g))×

∏
k>n

Ck, R(n)
g := (Fn ∩ (Fn + g))×

∏
k>n

Ck.

Clearly, L(n)
g ⊂ L

(n+1)
g and R

(n)
g ⊂ R

(n+1)
g . Define T

(n)
g : L(n)

g → R
(n)
g by

setting
T (n)
g (fn, cn+1, . . .) := (fn + g, cn+1, . . .).

Put

Lg :=
∞⋃
n=1

L(n)
g ⊂ X and Rg :=

∞⋃
n=1

R(n)
g ⊂ X.

Then a Borel one-to-one map Tg : Lg → Rg is well defined by Tg�L
(n)
g = T

(n)
g .

It follows from (1-4) that Lg = Rg = X for each g ∈ Rp. It is easy to verify
that T := (Tg)g∈Rp is a Borel µ-preserving action of Rp. The reader can
verify that µ is the only (up to scaling) T -invariant σ-finite Borel measure
on X such that µ(Xn) < ∞ for all n. T is called the (C,F )-action of Rp

associated with (Cn+1, Fn)n≥0. Each (C,F )-action is of rank one.
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Given a Borel subset A ⊂ Fn, we set [A]n := {x= (xi)∞i=n ∈ Xn | xn ∈A}
and call it an n-cylinder in X. Clearly,

[A]n =
⊔

c∈Cn+1

[A+ c]n+1.

Notice also that

(1-5) Tg[A]n = [A+ g]n for all g ∈ Rp and A ⊂ Fn ∩ (Fn − g), n ∈ N.

The sequence of all n-cylinders approximates the entire Borel σ-algebra onX
when n→∞.

Now for each n ∈ N, we fix a finite partition Fn of Fn into smaller cubes
of equal volume: Fn =

⊔
∆∈Fn

∆. If ∆ = [d1
1, d

2
1) × · · · × [d1

p, d
2
p) then we

denote by l(∆) the “left” vertex (d1
1, . . . , d

1
p) of ∆. We say that Fn+1 is a

chopping of Fn (and write Fn ≺ Fn+1) if for each ∆ ∈ Fn and c ∈ Cn+1, the
set ∆+ c is a union of several (more than one!) Fn+1-elements. Note that if
∆+ c =

⊔m
i=1∆i with ∆i ∈ Fn+1 then for each ∆′ ∈ Fn,

(1-6) ∆′ + c =
m⊔
i=1

(∆i + l(∆′)− l(∆))

and ∆i + l(∆′)− l(∆) ∈ Fn+1 for all i. From now on we will assume that

(1-7) F0 ≺ F1 ≺ · · · .
The following measure-theoretical fact is standard. We state it without
proof.

Lemma 1.1. Let (Y,C, ν) be a standard measure space with ν(Y ) <∞.
Let Gn be a sequence of finite partitions of Y into subsets of equal measure.
Assume that Gn refines and approximates C as n → ∞. Then for each
measurable subset A ⊂ Y and δ < 1,

lim
n→∞

#{∆ ∈ Gn | ν(A ∩∆) > δν(∆)}
#Gn

=
ν(A)
ν(Y )

.

The following lemma will be crucial in the proof of Theorem 0.1.

Lemma 1.2. Fix a map δ : Qp → (0, 1) and g ∈ Rp. If for infinitely
many—call them “good”—numbers n ∈ N and any ∆1, ∆2 ∈ Fn there exist
A ⊂ [∆1]n and l ∈ Z such that µ(A) > δ(l(∆1)− l(∆2))µ([∆1]n) and TlgA ⊂
[∆2]n, then the transformation Tg is ergodic.

Proof. Let A1, A2 ⊂ X be two subsets of positive finite measure. First,
choose n > 0 and ∆1, ∆2 ∈ Fn with µ(Ai ∩ [∆i]n) > 0.99µ([∆i]n), i = 1, 2.
We let d := l(∆1) − l(∆2). For m > n, let Gm ⊂ Fm be such that [∆1]n =⊔
∆∈Gm

[∆]m. Then [∆2]n =
⊔
∆∈Gm

[∆− d]m by (1-6). The sequence Gm of
finite partitions of the finite measure space [∆1]n refines and approximates
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the entire Borel σ-algebra on [∆1]n. We now set

Gm,1 := {∆ ∈ Gm | µ(A1 ∩ [∆]m) > (1− δ(d)/2)µ([∆]m)},
Gm,2 := {∆ ∈ Gm | µ(A2 ∩ [∆− d]m) > (1− δ(d)/2)µ([∆− d]m)}.

By Lemma 1.1, #Gm,i/#Gm → µ(Ai ∩ [∆i]n)/µ([∆i]n) as m → ∞, and
therefore #Gm,i >

1
2#Gm for largem and i = 1, 2. Fix a large and “good”m.

Take any ∆′1 ∈ Gm,1 ∩ Gm,2 (the intersection is not empty) and apply the
assumption of Lemma 1.2 to∆′1 and∆′2 := ∆′1−d. Then there are A ⊂ [∆′1]m
and l ∈ Z such that µ(A ∩ [∆′1]m) > δ(d)µ([∆′1]m) and TlgA ⊂ [∆′2]m.
Therefore µ(A ∩A1) > 1

2δ(d)µ([∆′1]m). This implies µ(TlgA1 ∩A2) > 0.

2. Proof of Theorem 0.1. We construct the flow T as a (C,F )-action
of R associated with specially selected sequences (Cn+1, Fn,Fn)∞n=0 satisfy-
ing (1-1)–(1-4) and (1-7). These sequences will be constructed inductively.
Suppose that we already have Cn−1, Fn−1 and Fn−1. Our purpose is to con-
struct Cn, Fn and Fn. Fix a map δ : Q → (0, 1) with

∑
q∈Q δ(q) < 1/2.

Let Dn−1 := {l(∆) | ∆ ∈ Fn−1} ⊂ Q. We enumerate the elements of
Dn−1 − Dn−1 as d(n)

i , i = 1, . . . , kn. Select integers h(n)
1 , . . . , h

(n)
kn

in such

a way that h(n)
i − 1 > δ(d(n)

i )h(n), where h(n) := h
(n)
1 + · · · + h

(n)
kn

. Let us
enumerate the nonzero rationals as Q \ {0} = {g(n) | n ∈ N}. Set

Ai := {m(d(n)
i + qng

(n)) | m = 1, . . . , h(n)
i }, i = 1, . . . , kn,

Cn :=
kn⋃
i=1

(Ai + ri),

where qn ∈ Z and ri ∈ Q, i = 1, . . . , kn, are some “large” parameters chosen
so that

(i) the sets Ai + ri, i = 1, . . . , kn, are mutually disjoint (and hence
#Cn = h(n)),

(ii) Fn−1 and Cn are independent.

Now set Fn := [−an, an) for a rational an large so that Fn ⊃ Fn−1 + Cn
and an/(#C1 · · ·#Cn) > n. Finally, let Fn be a partition of Fn into subinter-
vals of equal length such that Fn � Fn−1. Thus all the conditions (1-1)–(1-4)
and (1-7) are satisfied for (Cn+1, Fn,Fn)∞n=0. Denote the associated infinite
measure preserving (C,F )-action of R by T = (Tr)r∈R.

Fix p ∈ N and g ∈ Q, g 6= 0. Clearly, (Tr1 × · · · × Trp)(r1,...,rp)∈Rp is the
(C,F )-action of Rp associated with the sequence (Cpn+1, F

p
n)∞n=0. The upper

index p here means the p-fold Cartesian power. Moreover, if we set

Fpn := {∆1 × · · · ×∆p | ∆i ∈ Fn, i = 1, . . . , p}
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then F
p
n is a finite partition of F pn and F

p
0 ≺ F

p
1 ≺ · · · . We are going to

apply Lemma 1.2 to show that the transformation Tg × · · · × Tg (p times)
is ergodic. Pick any n so that g′ := qng

(n) is a multiple of g. (There exist
infinitely many such n.) Given any ∆(1) = ∆

(1)
1 × · · · × ∆(1)

p and ∆(2) =
∆

(2)
1 × · · · ×∆

(2)
p ∈ F

p
n−1, there exist numbers i1, . . . , ip ∈ {1, . . . , kn} such

that l(∆(1)) − l(∆(2)) = (d(n)
i1
, . . . , d

(n)
ip

). This yields ∆(1)
s − d

(n)
is

= ∆
(2)
s ,

s = 1, . . . , p. We now define subsets As ⊂ [∆(1)
s ]n−1 ⊂ X, s = 1, . . . , p, as

unions of n-cylinders:

As :=
h
(n)
is
−1⊔

m=1

[∆(1)
s +m(d(n)

is
+ g′) + ris ]n.

Counting the number of these n-cylinders, we obtain

µ(As) =
h

(n)
is
− 1

h(n)
µ([∆(1)

s ]n−1) > δ(d(n)
is

)µ([∆(1)
s ]n−1).

Now we apply (1-5) to show that

Tg′As =
h
(n)
is
−1⊔

m=1

[∆(1)
s +m(d(n)

is
+ g′) + ris + g′]n

=
h
(n)
is
−1⊔

m=1

[∆(1)
s − d

(n)
is

+ (m+ 1)(d(n)
is

+ g′) + ris ]n

=
h
(n)
is⊔

m=2

[∆(2)
s +m(d(n)

is
+ g′) + ris ]n ⊂ [∆(2)

s ]n−1.

If we now set A := A1 × · · · × Ap ⊂ [∆(1)]n−1 then (Tg′ × · · · × Tg′)A ⊂
[∆(2)]n−1 and

µp(A) > δ(d(n)
i1

) · · · δ(d(n)
ip

)µp([∆(1)]n−1).

Define a map δ̂ : Qp → (0, 1) by setting δ̂(d1, . . . , dp) := δ(d1) · · · δ(dp) for all
d1, . . . , dp ∈ Q. Then by Lemma 1.2 (with δ̂ instead of δ), the transformation
Tg × · · · × Tg (p times) is ergodic.
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