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Abstract. We define and investigate Ringel-Hall algebras of coalgebras (usually
infinite-dimensional). We extend Ringel’s results [Banach Center Publ. 26 (1990) and Adv.
Math. 84 (1990)] from finite-dimensional algebras to infinite-dimensional coalgebras.

1. Introduction. Let K be a finite field, C be the field of complex
numbers, and let C be a K-coalgebra. Denote by C-comod the category of all
finite-dimensional left C'-comodules. For X, Y, Z in C'-comod, we denote by
F¥, = FZ(C) the number of all C-subcomodules U of X such that U ~ Y
and X/U ~ Z. Analogously to [16], we define the Ringel-Hall algebra H(C)
to be the C-vector space with basis {uas}p) indexed by all isomorphism
classes of finite-dimensional left C-modules and with multiplication given
by the formula

upnuyy = Y Fiy vugx,
X]

where the sum runs over all isomorphism classes of finite-dimensional left
C-comodules.

In this paper we investigate the Ringel-Hall algebras H(C') and extend
results given in [16]-[18] for finite-dimensional algebras to a class of coalge-
bras. In particular, we prove the existence of Hall polynomials for hereditary
pure semisimple coalgebras and describe the corresponding Lie algebras.

The motivation for the study of Ringel-Hall algebras is their connection
with generic extensions, Lie algebras and quantum groups (see [14]-[19]).
Connections of Ringel-Hall algebras with Lie algebras are also studied in
Section 5 of this paper.

The paper is organised as follows. In Section 2 we recall basic definitions
and notation concerning algebras and coalgebras.

In Section 3 we recall the definition of the Ringel-Hall algebra H(A) of
a finite-dimensional algebra A, give the definition of the Ringel-Hall algebra
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H(C) of a coalgebra C' and prove the basic properties of the Ringel-Hall
algebras of coalgebras.

In Section 4 we collect the basic facts on species and (co)tensor (co)alge-
bras that we need in Section 5.

Section 5 contains the main results of this paper. In Proposition 5.8,
we prove the existence of Hall polynomials for hereditary pure semisimple
coalgebras. Moreover, we define the Ringel-Hall algebra H(Q,d), its spe-
cialisation H(Q,d)1, and the Lie subalgebra (@, d); of H(Q,d)1, for any
valued quiver (@, d) from Table 1.2. Theorem 5.9 contains basic properties
of the Lie algebra K(Q,d); and the C-algebra H(Q, d); for each of the pure
semisimple valued Dynkin quivers in Tables 1.1 and 1.2. In particular, we
describe K(Q, d); by generators and relations and show that H(Q, d); is the
universal enveloping algebra of (@, d);. Moreover, we prove that £(Q,d);
is isomorphic to the positive part ny of the infinite rank affine Lie algebra
g associated with (@,d) if (Q,d) is any of the valued quivers in Table 1.2
(see [10, 7.11]).

In this paper we are mainly interested in coalgebras that are infinite-
dimensional. We should mention that for finite-dimensional coalgebras the
results of this paper follow from Ringel’s papers [15]-[19]. However, we
present all facts for arbitrary coalgebras, not only infinite-dimensional.

2. Preliminaries on coalgebras and finite-dimensional algebras.
In this section we collect basic information on algebras and coalgebras. For
coalgebra representations we use the notation and terminology of [11], [24]
and [26]. The reader is referred to [1], [2], [9], [23], [29], and [30] for the
terminology and notation of representation theory, and to [12] and [31] for
background on coalgebras and comodules.

We fix an arbitrary field K. Let A be a finite-dimensional K-algebra. Let
C be a K-coalgebra (usually infinite-dimensional), with comultiplication A
and counity €. We recall that a left C'-comodule is a K-vector space X
together with a K-linear map dx : X — C ® X such that (A ® idx)dx =
(ide ® 0x)dx and (¢ ® idx)dx is the canonical isomorphism X = K @ X,
where ® = ®k. A K-linear map f : X — Y between left C-comodules is a
C-comodule homomorphism if oy f = (ide ® f)dx.

We denote by C-Comod (resp. Mod(A)) the category of all left C-
comodules (resp. right A-modules), and by C-comod (resp. mod(A)) the
full subcategory of C-Comod (resp. Mod(A)) formed by C-comodules (resp.
A-modules) of finite K-dimension. Unless stated otherwise, all modules and
comodules considered are assumed to be finite-dimensional.

Given a coalgebra C, let C* be the associated algebra, that is, C* =
Hompg (C, K), where the multiplication in C* is given by the convolution
product
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C* 20" — (CoC) 25

and €* : K — C* is the identity element of C* (see [12] and [31]).
Let X be a left C-comodule. The composite K-linear map

X 29 oo xoc* U 0o X Y Ko X 2 X

defines a right C*-module structure on X, where 7 : X  C* - C* ® X
is the twist isomorphism and ev : C' ® C* — K is the evaluation map
c® ¢ — p(c). If C is a finite-dimensional coalgebra, this correspondence
gives an equivalence of categories (see [31])

(2.1) C-comod = mod(C™).

A finite-dimensional algebra A is called basic if

(2.2) A= PG,

JEIA
where {P(j); j € L4} is a complete set of pairwise non-isomorphic projective
right A-modules (see [1] and [2]). We call C' basic if there is a decomposition

(2.3) soccC = @ S(j)
Jjelc

of the left socle soc ¢C of C, such that {S(j); j € Ic} is a complete set of
pairwise non-isomorphic simple left C-comodules (see [3], [4], [22], [24]).

In the present paper, all algebras and coalgebras are assumed to be basic.

Recall (see [1] and [2]) that a finite-dimensional algebra A is of finite
representation type if there are only finitely many isomorphism classes of
finite-dimensional indecomposable A-modules. We recall (see [20], [21] and
[24]) that a K-coalgebra is said to be left pure semisimple if every left
C-comodule is a direct sum of finite-dimensional C-comodules, or equiv-

alently, if every infinite sequence N; I, Ny EL N of monomorphisms be-
tween finite-dimensional indecomposable left C-comodules terminates, that
is, there exists mo > 1 such that f; is bijective for all j > mg. A coalge-
bra C (resp. algebra A) is called hereditary if the category C-Comod (resp.
Mod(A)) is hereditary, i.e. ExtZ(X,Y) = 0 for all C-comodules X, Y (resp.
Ext?(X,Y) = 0 for all A-modules X, Y).

We recall the notion of a valued quiver. By a quiver we mean an oriented
graph Q@ = (Qo,Q1), where Qg is the set of vertices and ) the set of
arrows. A valued quiver is a pair (Q,d), where @ is a quiver such that each

dy,,dy e

a € Q1 is a valued arrow « : @ M J, where d.,, d are positive integers.
d/ d//

If d,, = d!! = 1, then we simply write i — j instead of i ——% Uada), j. A valued

subquiver (Q,d) of (Q,d) is said to be convez if for any vertices i, j of Q,
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/g o

there exists a valued arrow i Wada), in ) if and only if there exists
1 d . (dla7dg) -

a valued arrow i —= j in (1.

The left (Gabriel) valued quiver of C' is the valued quiver (¢Q,cd),

where ¢Qo = I¢ and, given i,j € ¢Qq, there exists a unique valued ar-
. (edijodi))

row i ——2% j from i to j in ¢Q; if and only if Exts(S(i),S(j)) # 0
and

Cd’llj = diij EthC(S(Z)a S(]))a Cd;/] = dlmEthc’(S(Z)a S(]))Fm

where F; = EndcS(7) (see [11, Definition 4.3]).

For every X in C-comod, let

lgth X = (2(j))jer. € 21

be the composition length vector, where z(j) is the number of simple com-
position factors of X isomorphic to S(j) (see [24, (6.2)]).

With any hereditary Ext-finite K -coalgebra C' (i.e. Ext5(S’,S"”) is finite-
dimensional for all simple C-comodules S, S”, see [25]), with a fixed de-
composition (2.3), we associate the Euler quadratic form

by the formula

(2.5) qgo(v) = Z sdv? — Z siljvivj,
iclc ijelc
where v € Z", s} = dimg End¢S(i) and sz-lj = dimg Ext{(S(i), S(j)) and
7¢) is the direct sum of I copies of the free abelian group Z (see [24], [25]
and [28]).
If an indecomposable coalgebra C' is hereditary and left pure semisimple,

then (¢@, cd) is one of the valued quivers in Tables 1.1 and 1.2 below (see
[7], [11, Theorem 4.14], [13]). Moreover, in this case the map

lgth : C-comod — 7o)

defines a bijection between the set of isomorphism classes of finite-dimen-
sional indecomposable left C-comodules and the set

RJCF' ={ve N(QO); qo(v) = s? for some i}

of positive roots of the Euler quadratic form q¢.

The underlying valued graphs obtained from the valued quivers Agi),
OOAS;Z), IB%(()SO), C&i) and ]D)S;Z) of Table 1.2 by forgetting their orientation are
denoted by Ay, oo, B, Cx and Dy, respectively.

In the last part of this section we investigate classes of (co)algebra ho-
momorphisms, which play an important role in this paper.
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Table 1.1. Valued Dynkin quivers

Ap: 1—2— ...——n—-1——n (nvertices, n > 1);
(1,2)
B,: 1—2—3— .--—— n—1——mn (nvertices, n > 2);
(2,1)
n —2—3— --——n—-1—mn (nvertices, n > 2);
n
D, : |
1—2—3 — - —n—-2—n-1 (nvertices, n > 4);
6
Eg : |
1—2 —3—4—5;
7
E- : |
1— 2 3 4 5 6;
8
Eg: ‘
1—2 3 4 5 6—7:
(2,1)
Fo: 1—2-—3—4;
(3,1)
GQI 1—27
where t——r means t < rort —r.
Table 1.2. Infinite pure semisimple locally Dynkin valued quivers
AY: 0—1—2— 51— s s+l > -
WAY e 2 1 0—1—2—— . s 1 s s+l e
() 2
B : 0O—1—2— ...—s—-1«+s—s+1— -
o) @1)
Cs : 0—1—2— .-.—s—1«s—s+1— .-
-1
D : |
0—1— 2— . — 51— s—s+tl— -
where 0 < s <ooand t—— r meanst <« rort — r.

Let A, B be finite-dimensional K-algebras and let f : A — B be a sur-
jective homomorphism of algebras. The homomorphism f induces a functor

@ : mod(B) — mod(A),

given by M +— M and g — g for all B-modules M and B-module homomor-
phisms g, where any B-module Mp has the A-module structure M4 given
by ma = mf(a) for a € A and m € M. It is easy to see that &y is full,
faithful and exact. We identify mod(B) with the subcategory @ ;(mod(B)) of
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mod(A). We say that a surjective homomorphism f : A — B has idempotent
kernel if (Ker f)? = Ker f.

Let C, D be K-coalgebras and let f: D — C be an injective homomor-
phism of coalgebras. The homomorphism f induces a functor

U : D-comod — C-comod,

given by M — M and g — g for all D-comodules M and D-comodule
homomorphisms g, where a D-comodule pM = (M,dys) is a C-comodule
oM via

M2 pe L9 o

It is easy to see that ¥y is full, faithful and exact. We identify the category
D-comod with the subcategory ¥y (D-comod) of C-comod. We call an inclu-
sion f : D < C of coidempotent type if D = A~Y(C ® D + D ® C), where
A defines the coalgebra structure on C.

EXAMPLE 2.6. We give a family of examples of surjective algebra homo-
morphisms with idempotent kernel and injective coalgebra homomorphisms
of coidempotent type. These types of (co)algebra homomorphisms are es-
sential in this paper.

Let @ be a finite quiver which is a tree (i.e., an acyclic quiver without
multiple edges). Let A = KQ and C = K@ be the path algebra and path
coalgebra of @, respectively (see [1], [24], [25]). Let @ be a convex subquiver
of @, and let B = KQ and D = K(Q be the path algebra and path coalgebra
of @, respectively.

Note that there exist:

e a surjective K-algebra homomorphism f : A — B induced by f(«a) =

a for any a € QyUQy, and f(a) = 0 for any a € (QoUQ1)\ (QuUQ,),
e an inclusion g : D — C of K-coalgebras induced by g(a) = « for any

aG@OLng.

It is straightforward to prove (using convexity of @@ and definitions of path
(co)algebras) that f has idempotent kernel and g is of coidempotent type.

LEMMA 2.7. (a) Let A, B be finite-dimensional K-algebras and let
f A — B be a surjective homomorphism with idempotent kernel. Then
the subcategory @ s(mod(B)) of mod(A) is closed under extensions.

(b) Let C, D be K-coalgebras and let f : D — C be an inclusion of
coidempotent type. Then the subcategory ¥y(D-comod) of C'-comod is closed
under extensions. If , in addition, C' has finite dimension over K, then the
K-algebra surjection f*: C* — D* has idempotent kernel.

Proof. (a) Let Ker f = I = I%. Let X,Y be B-modules. The remarks
above show that X,Y may be viewed as A-modules. Consider an exact
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sequence of A-modules

0-X5Sz2y_o.

We claim that Z is a B-module. Indeed, it is enough to prove that Z is
annihilated by the ideal I of A. Since p({ - Z) =1-p(Z) =1 -Y and Y is
a B-module, we have p(I - Z) =1-Y =0. Then I - Z C Kerp = Imi. Let
X' C X be such that i(X') = I-Z. We have I -i(X') = 0, because X is
a B-module. Therefore [ - Z =1?-Z =1-(I-Z)=1-i(X') =0, because f
has idempotent kernel.

(b) Let X, Y be D-comodules, which we consider as C-comodules. Let

0-X—>2Z2Y =0

be an exact sequence of C-comodules. We claim that Z is a D-comodule.
Indeed, it is enough to prove that §(Z) C D ® Z, where § gives the C-
comodule structure on Z. We choose a K-basis {z;,y;}icz, jes of Z such
that {x;}icz is a K-basis of X. Let z € Z and consider

z) = ZCZ‘ ®$i+2@ K Y-
Since (Z,6) is a C-comodule, we have (A ® id)d = (id ® J)d. Therefore

Z Ale;) @ z; + Z A(G) @y = Zci ® d(w;) + Z@' ® 0(ys)-

Note that 6(x;) € D ® X for all i € Z, because X is a D-comodule. On the
other hand, (id®p)d =dyp: Z — D®Y, because (Y, dy) is a C-comodule,
Imédy C D®Y and p is a homomorphosim of C-comodules. Therefore
(id® p)d(z) = (id®]))(zci R+ Y ®Z/i> =Y @&®py) DY,
because ; € Kerp for all 7 € Z. Then

(A@id)i(z) =Y c@d(z)+ > 6®iy)eCODIX+DaC®Z

_W®D+D®m®z

Finally, §(z) € D ® Z, because D = A™'(C ® D + D ® C). Therefore
V¢ (D-comod) is closed under extensions.
Assume that C' is finite-dimensional. Note that

Ker f*={h e C*; ho f =0} = {h € C*; h(c) =0 for all c € D} = D+

and (D+)* = D, where for any subset X of C*, X+ = {c € C; h(c) = 0 for
all h € X} (see [31]). On the other hand,

D=AYC®D+D®C)=DAD=(D'DY)*,

where A is the wedge product (see [31, Proposition 9.0.0]). By [31, p. 181], we
have D+ = (D A D)+ = D+ D", because C has finite dimension. Therefore

Ker f* = Dt = DY D+ = (Ker f*)2
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REMARK 2.8. Note that for an arbitrary surjective homomorphism f :
A — B of algebras (resp. injective homomorphism f : D — C of coalgebras)
the subcategory @;(mod(B)) (resp. ¥;(D-comod)) is not necessairly closed
under extensions. Indeed, consider the quiver

Q: 1352
and its path algebra A = K@ and path coalgebra C = KQ (see [1],
[24], [25]). Put B = A/Ja, where J4 is the Jacobson radical of A, and

D = Cy, where (Y is the socle of C. In this case B is the path algebra, and
D is the path coalgebra of the quiver

Q:1 2
which is not connected. It is easy to see that (J4)? =0 # Ja and A~H(C ®
D+ D ®C) =C # D. Moreover, @s(mod(B)) (resp. ¥s(D-comod)) is not
closed under extensions.

In Sections 4 and 5 we will see that convex valued subquivers of Gabriel
valued quivers of algebras and coalgebras induce surjective homomorphisms
of algebras with idempotent kernel and inclusions of coalgebras of coidem-
potent type, respectively.

3. Ringel-Hall algebras of coalgebras and finite-dimensional al-
gebras. Let K be a finite field, C be a basic K-coalgebra, A a basic finite di-
mensional K-algebra, and let X, Y, Z be finite-dimensional left C-comodules
(resp. finite-dimensional right A-modules). We define F %/ x=F }/ (C) (resp.
F%/ x = F%/ «(A)) to be the number of subcomodules (resp. submodules)
U CY such that U ~ X and Y/U ~ Z.

Analogously to [16], we define H(C') (resp. H(A)) to be the C-vector
space with basis {u[ M]}[M} indexed by the set of all isomorphism classes of
finite-dimensional left C-comodules (resp. finite-dimensional right A-modu-
les) and the multiplication

(3.1) uvyupg = D FR sy,
X

where the sum runs over all isomorphism classes of left C-comodules (resp.
A-modules). Note that the sum is finite, because the field K is finite and
the comodules (resp. modules) N, M, X are finite-dimensional.

It is easy to check that H(C') (resp. H(A)) is an associative C-algebra
with the identity element ug, called the Ringel-Hall algebra of C' (resp. of A)
(see [16, Proposition 1]).

Below we assume that a surjective homomorphism f : A — B of alge-
bras has idempotent kernel (resp. an injective homomorphism f : D — C
of coalgebras is of coidempotent type). Note that it is enough to assume
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instead that the subcategory @;(mod(B)) of mod(A) (resp. ¥s(D-comod)
of C-comod) is closed under extensions.

LEMMA 3.2. Let K be a finite field.

(a) Let A, B be finite dimensional K-algebras and let f : A — B be
a surjective homomorphism with idempotent kernel. The homomorphism f
duces an injective algebra homomorphism

f:H(B) — H(A)
given by upn,) = U, for all isomorphism classes [Mp] of finite-dimen-
sional B-modules, where any B-module Mp has the A-module structure M 4
induced by f.

(b) Let C, D be K-coalgebras and let f : D — C be an inclusion of
coidempotent type. The inclusion f induces an injective algebra homomor-

hi ~
e T+ H(D) = H(C)
gwen by up,n) — Ul for all isomorphism classes [DM] of finite-dimen-
stonal D-comodules, where any D-comodule pM has the C-comodule struc-
ture oM induced by f.
(c) Let C be a finite-dimensional K -coalgebra and let X,Y, Z be left C-

comodules. Then F;X(C’) = F%/,X(C*), under the identification C'-comod =2
mod(C*) (see (2.1)).

Proof. (a) Let X,Y,Z be B-modules. It is straightforward to prove the
following:

o If U C Yy is a submodule of the A-module Y4 such that U = X 4 and
Ya/U = Z4, then U is a submodule of the B-module Y such that
U= XB and YB/U = ZB.

e If U C Yp is a submodule such that U = Xp and Yp/U = Zp, then
U is a submodule of Yy such that U = X4 and Y4 /U = Z4.

Therefore FY (A) = FY (B) and the map f: H(B) — H(A) is an in-
jective algebfa homomorf)hism, because (by Lemma 2.7) the subcategory
@ (mod(B)) is closed under extensions.

(b) Let X,Y,Z be D-comodules. It is straightforward to prove the fol-
lowing.

o If U C ¢Y is a subcomodule such that U = ¢X and ¢Y/U = ¢Z,
then U is a subcomodule of pY such that U = pX and pY/U = pZ.
e If U C pY is a subcomodule such that U = pX and pY/U = pZ,
then U is a subcomodule of ¢Y such that U = ¢ X and ¢Y/U = Z.

Therefore F) (D) = Fy x(C) and the map f: H(D) — H(C) is an injec-
tive homomorphism of algebras, because (by Lemma 2.7) the subcategory
W (D-comod) is closed under extensions.
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(c) follows easily, because the functor C-comod = mod(C*), given in
(2.1), is exact. =

Let A, B be finite-dimensional algebras and f : A — B be a surjective
homomorphism with idempotent kernel. By Lemma 3.2(a), we identify the

algebra H(B) with the subalgebra f(H(B)) of H(A). Similarly, if C, D are
coalgebras and f : D — C is an inclusion of coidempotent type, we identify

H(D) with f(H(D)).
LEmMA 3.3. If C is a finite-dimensional K-coalgebra, then the equiva-
lence (2.1) induces an algebra isomorphism H(C') ~ H(C™).

Proof. Let M be a finite-dimensional C-comodule and f be a homo-
morphism of C-comodules. By (2.1), the mappings M +— M, f +— f give
an equivalence of categories C-comod = mod(C*). Applying Lemma 3.2(c),
it is straightforward to check that () — wu[p) gives an isomorphism H(C) ~
H(C*). =

LEMMA 3.4. Let C(© C ¢ C ... be an infinite chain of finite-di-
mensional K-subcoalgebras of C' such that, for any ¢ > 0, the inclusion
CW) s U+ s of coidempotent type. If

c=Jc",
then the induced chain H(C©) C H(CW) C .- induces an algebra isomor-
phism H(C) = |JH(CW).
Proof. By Lemma 3.2, the inclusions
H(C(O)) C H(C(l)) C-..
are given by uys — upyy for all isomorphism classes of finite-dimensional

C@-comodules. Moreover, H(C®) C H(C) for any i = 0,1,.... Therefore,
UH(CD) € H(O).

To prove the opposite inclusion, let M be a finite-dimensional C-co-
module and wupy; € H(C). By [24, Theorem 4.3(c)], there exists a finite-
dimensional subcoalgebra D of C such that M lies in D-comod C C-comod.
Note that there exists i such that D € C®), because C' = |JC®. Therefore
the D-comodule M has the induced CY-comodule structure, upy € H(C @)
and our claim follows. m

4. Species and cotensor coalgebras. Following Gabriel [8], we define
a species to be a system

M = (Fy,iMj)ijern,
where F; is a division ring for each i € Ixq, and ;M; is an Fj-Fj-bimodule
for any i, € Ir. A species M = (F;, ;M;); jer,, is called a K-species (resp.
locally finite-dimensional K -species) if
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e for each i € Inq, F; is a division K-algebra (resp. a finite-dimensional
division K-algebra),

e for any i,j € In, the Fj-Fj-bimodule ;M; is a K-vector space (resp.
a finite-dimensional K-vector space),

e K acts centrally on each F; and on each ;M;.

Following [27], a species M is said to be locally finite if every Fj-Fj-
bimodule ;M is a directed union of finite-dimensional Fj-F)-bimodules.

Following [6], with any species M = (Fj, ;M;); jer,, We associate a valued
quiver (QM, dM) as follows. The vertices of Q™ are the elements of T4 and,
for any i,j € In such that ;M; # 0, there exists a unique valued arrow

o (dipd)
P ——
in (QM,dM), where di; = dim (;M;); and df; = dim f, (; Mj).

Let M = (F;,iM;j);jer,, be a K-species. A right linear representation
of M is a system X = (Xj,ij)ijery, where X; is an Fj-vector space,
vwij + X; ® {M; — X; is an Fj-linear map for any 4,5 in In such that
iMj 75 0, and X; ® iMj means X; QF, iMj-

A morphism f : X — X' of representations of M is a system [ =
(fi)icry, of Fi-linear maps f; : X; — X|, i € In, such that @Qj(fz' ®id) =
fjgoij for all 4,7 € In.

A representation X of M is said to be of finite length if X has a fi-
nite composition series (see [2], [11] and [23, Chapter 14]). We denote by
Rep(M) the Grothendieck category of all linear representations of M, and
by rep(M) D rep?/ (M) the full subcategories of Rep(M) formed by finitely
generated objects and by finitely generated representations of finite length,
respectively. Moreover, we denote by Rep®f (M) the full Grothendieck sub-
category of Rep(M) formed by locally finite-dimensional representations,
that is, directed unions of representations of finite length.

Given X = (Xj, ij)ijern and do, ..., i, € Ipq, we denote by

Dig.iim * Xig @ igMiy & -+ &4, M;,, — X,
the composed K-linear map

Pigiy ®id Piyio®id
_— —_— ..

Xio ®igMiy @+ @5, M, Xiy Qi My ®- - - Qi M,

Lpi7n72i'm71 ®id 907.',,”,1 im ®id
P it ® iy My, — s X

where — ®@ ;M; = — ®p, ;M;.

A representation X of M is said to be nilpotent if there exists an integer
m > 1 such that ¢;,. 4, = 0 for any path ¢ — i3 — -+ — 4y, in QM of
length m.

Following [11], a representation X of M is said to be locally nilpotent
if, for each i9 € Ixrq and each xzg € X;,, there exists an integer m > 1 such
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that ¢;,. 4, vanishes on the F; -subspace xolFj, ® ;)M;, ®...®4,, of
Xiy ®igM;; @ ... @4, M;, for any path ig — i3 — -+ — i), in QM
We denote by nilrep® (M) the full subcategory of rept (M) formed by
all nilpotent representations of finite length, and by Rep*/ (M) the full
subcategory of Rep®/ (M) formed by all locally nilpotent representations.
Let K be any field and C be a basic K-coalgebra with a fixed decompo-
sition (2.3). Following [11, Definition 4.3], we define the left Ext-species of

C' to be the K-species

74m

cExt = (FJME )i J€lc>

where F; = EndcS(j) and ;E; = Ext{(S(5),S(i)), viewed as an F-Fj-
bimodule in the obvious way.
Denote by ¢€xt# the #-dual to oExt, i.e.

Cgm# (FJ7JE ),]E[cv

where jEz'# = Homg, (; &5, Fj) is viewed as an Fj-F;-bimodule in the obvious

way.
Let M = (Fj,;M;); jez,, be a K-species. Put F' = ®ieIM F; (direct sum
of division rings, viewed as a ring with local units), and let M = €, el iMj

be viewed as a unitary F-F-bimodule in the obvious way. Denote by
TM)=FaoaMaoM”eM® a&...e M*" o

the tensor K-algebra of M, where M®" = M ®p ---®@p M (m times).
We recall that the cotensor coalgebra of M is the positively graded K-
vector space

[e.e]
" M) =PM" =FoMoMoMa--- oM -,

n=0
where M™" = F, M = M and M™" = M 0O---0M (n times) for n > 2,
equipped with the K-coalgebra structure e : T9(M) — K, A : T9(M) —
T (M) @ T” (M) defined as follows. Given a local unit e, € F at a, we put
A(ey) = eq ® €4 and €(e,) = 1. For s > 1 and any element 7, € M™" of
the form

ap = aMyjy @ j;Mjy @ -+ Q5o My € anl ®j1sz ®...Q j,_, My,

we set
s—1
A(amb) =e€q & oMp + oMp @ €p + Z(amjr) ® (jrmb) and E(amb) =0,
r=1
where ,mj, = ¢mj, ® -+ ® j,_,mj, and ; My = jmy, ., @+ @ j,_,my (see

[3], [27, (5.4)]).
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LEMMA 4.1. Let M = (F;,iM;); jez,, be a K-species, Ty ) C Ipm,
and let M@ = (FiaiMj)i,jeIM(m) be a subspecies of M such that the val-

ued quiver (QM(m),d("’”)) is a convexr valued subquiver of (Q™,d). Then the
full subcategories Rep(M®) and rep(M®)) of Rep(M) are closed under

extensions.

Proof. Let X,Y be representations in Rep(M®)) (resp. in rep(M*)))

and let Z be an extension of X by Y in Rep(M). Since (QM@),d(I)) is
a convex valued subquiver of (Q™, d), it is easy to see that Z belongs to
Rep(M®)) (resp. to rep(M®)). Therefore the subcategories Rep(M ()
and rep(M®)) of Rep(M) are closed under extensions. m

The following theorem collects basic facts which connect representations
of species and comodules.

THEOREM 4.2. Let K be an arbitrary field and let C' be a basic indecom-
posable hereditary K -coalgebra whose left Gabriel valued quiver (¢Q, cd) is
a valued tree and contains no infinite path of the form

0 @ 0 @ .-

(a) There exists an equivalence of K -categories
C-Comod 2 Rep™™/ (M) = T%(M)-Comod,
C'-comod 2 nilrep?/ (M) = T (M)-comod,

where M = cExt™. If, in addition, the valued quiver (¢Q,cd) is finite,
then nilrep® (M) = rep(M) and C-comod = rep(M).

(b) The valued quiver (¢Q, cd) coincides with (Q™M, d™M).

(c) If in addition the species M s locally finite, then there is a coalgebra
isomorphism C = T (M).

Proof. For the proof of (a) the reader is referred to [11, Proposition 4.16].
The proof of (b) can be found in [11, Proposition 4.10] and [27, Proposi-
tion 5.8]. Finally, (c) is proved in [27, Theorem 5.15]. =

REMARK 4.3. Let C be a K-coalgebra satisfying the conditions of The-
orem 4.2. If M = (F},iM;); jezp, = cExt? is locally finite, then by Theo-
rem 4.2(c), C = T7(M). Let Z, ) C Zp be a finite subset. Consider the
subcoalgebra C®) = TO(M®)) of C, where M@ = (Fi»iMj)i,jeIM(w) is
a subspecies of M. Assume that the valued quiver (QM(I) , dM(z)) is a con-
vex valued subquiver of (QM,dM). It is straightforward to check that the
inclusion C'*) C C' is of coidempotent type. If (QM(m),dM('r)) is not a con-
vex valued subquiver of (QM,dM), then the inclusion C*) C C is not of
coidempotent type in general (cf. Example 2.6 and Remark 2.8).
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5. Ringel-Hall algebras of hereditary pure semisimple coalge-
bras. Let K be a finite field and let C be a K-coalgebra. Set u; = us(;)) €
H(C) for all simple C-comodules S(i).

LEMMA 5.1. Let K be a finite field and C be a basic indecomposable
hereditary pure semisimple K -coalgebra.

(a) There exists a family of finite-dimensional hereditary coalgebras C (@)
of finite representation type such that H(C) = |JH(C®)) is a directed union
of algebras.

(b) H(C) is generated (as an algebra) by the set {u;; i € Ic'}.

Proof. 1t follows from [6], [7], [11, Theorem 4.14] and [13] that (¢ @, c¢d)
is one of the valued quivers in Tables 1.1 and 1.2. Therefore (¢Q,cd) is
locally finite and ¢@Q does not contain infinite chains of the form e «
¢ — ... «— o «— o «— ---. Hence, by Theorem 4.2, there is a coalgebra
isomorphism C = T%(M), where M = ¢&xt”. Moreover, [27, Proposi-
tion 5.8] shows that the coalgebra T (M) is a directed union of the finite-
dimensional subcoalgebras C(*) = T7(M®)), where M®) runs through fi-
nite K -subspecies of M. We may choose the species M®) in such a way
that (QM(Z),dM(I)) is a finite convex valued subquiver of (QM,dM). By
Lemma 4.1, in this case the subcategory C®)-comod = rep(/\/l(x)) of
C-comod 2 nilrep®/ (M) is closed under extensions. Since M) is finite
and (QM(I),dM(Z)) = (c@Q, cd) is a finite convex valued subquiver
of (¢@Q,cd), it follows that ()@, @) d) is one of the valued quivers in
Table 1.1. Moreover, [27, Lemma 5.5] shows that 77 (M ®)) is a finite-dimen-
sional coalgebra and (T7(M(®)))* = T(M®)). Tt is easy to see that T'(M(®))
is a basic indecomposable finite-dimensional algebra. By [6], T(M®)) is
hereditary and of finite representation type. Therefore C' = UC(””), where
C®) are finite-dimensional hereditary K-coalgebras and (C(®)* = T(M(*))
are finite-dimensional hereditary K-algebras of finite representation type.
By Remark 4.3, C (@) < C is of coidempotent type. Then, by Lemmata 3.3,
3.4 and 4.1, we have

H(C) = (™) = [ JH(c™)),

and (a) is proved. Moreover, it follows from [17, Proposition 6] that the
algebra H((C®)*) is generated by {u;; i € I }. Hence the lemma follows,
because Ic = |J, Io(). =

To investigate Ringel-Hall algebras and Lie algebras of hereditary pure
semisimple coalgebras, we first associate a Ringel-Hall algebra with a valued
quiver.

With any triple (@, d, f), where (Q,d) is an acyclic valued quiver and
f = (fi) are positive integers satisfying
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(5.2) d;jfj d” fi,

we associate an integral quadratic form g q,y) : Z(Q0) — 7 defined by
(5.3) 4Q.a.f)(T Zfz = djj fimix
1,J

(see [6, p. 7]). Denote by

R?—Q d.f) — = {v e N@); ¢ 9(Q,a,f)(v) = fi for some i}

the set of all positive roots of ¢(g.q,f)-

LEMMA 5.4. Let (Q,d) be a connected acyclic valued quiver and f = (f;),
g = (g:) be integers satisfying (5.2). Then

+ +
Rapn =RQag:

CA)

Proof. Let s,t € Qg be such that there exists a valued arrow ¢
Note that d, f; = d2, fs and d,g; = d,gs. Therefore,

d;/t ft Js
t s d;t s fs t fs

and )
dt Js gt
s =Gt = =9t 7 = fs* 7
s t d;/t t ft s ft
Fix s € Qp. We claim that g; = f; - ?‘f for all j € Q. Indeed, for any
j € Qo, there exists an unoriented path s = jo, j1,...,Jm = j, because Q is

connected. We prove our claim by induction on m. For m = 0 we obviously
have g5 = fs - 95 =. By the above remarks, g, = fi - g: L and by induction

m:fm'fm—l' _fm

5
fs fm 1 fs’
proving the claim. Therefore g q,4)(7) = f— qQ,d,5)(7) and it is easy to
see that q(g.q,)(v) = fi if and only if g q,9)(v) = ?—z - fi = g;. This finishes
the proof. m
By Lemma 5.4, with any acyclic valued quiver (@, d) we associate the
set

(5.5) R(*Q a)

of positive roots of any quadratic form q(Q a,f)- Let (@, d) be a convex valued
subquiver of (@, d). Note that any € R~ may be viewed as an element

(Q.4)
of RT ay Indeed, it is enough to extend x by zeros. Below we develop this
observation and we view R Gga 8 subset of R(Q ay
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Let C be an Ext-finite hereditary coalgebra with a fixed decomposition
(2.3). Denote by

RE={ve N(@): 4o(v) = s? = dimg Fj for some i}

the set of all positive roots of ¢c¢.
Let (@, d) be any of the valued quivers in Tables 1.1 and 1.2. Note that
there exist positive integers f; satisfying (5.2).

LEMMA 5.6. Let C' be a hereditary coalgebra such that (cQ, cd) is one
of the valued quivers in Tables 1.1 and 1.2. Then Rg =R(cq,cd)-

Proof. Set f; = dimg F; and note that

dimg Exté(S(), S(5)) = dimp, Extg(S(i), S(7)) - dimg F; = odj; - f;.
Therefore o = q(.Q,.q,r) and the lemma easily follows. m

Let C be a basic pure semisimple hereditary K-coalgebra. The map

Igth : C-comod — ze)

defines a bijection between the set of isomorphism classes of indecomposable
left C-comodules and the set Rg of positive roots of g¢, that is, vectors
v € ZUe) such that qo(v) = dimg EndeS(i) = s? for some i € I (see
[6] and [11, Theorem 4.14]). Let (Q,d) be any of the valued quivers in

Tables 1.1 and 1.2. Let C' be a hereditary K-coalgebra with left Gabriel
valued quiver (Q,d). Note that s! = s? for all 7,7 > 3 and denote by s¢
the greatest common divisor of the integers {s); i € Ic}. As in the algebra
case, we call s¢ the symmetrisation index of the K-coalgebra C. For any
T € Rery 4 = RJCC, we fix an indecomposable C-comodule

M(C,x)

such that lgth M (C,x) = z. Denote by B q) the set of all functions a :
R?Q a N which have finite support, i.e. a(z) # 0 for only finitely many

T € REFQ ) With any a € B(gq), We associate the C-comodule

M(C,a)= @ M(C,z)".

+
xeR(Q,d)

This establishes a bijection between B(g q) and the set of all isomorphism
classes of finite-dimensional left C'-comodules. If we identify any element
T € R?FQ’ d4) with the characteristic function x : REFQ’ a N, we get RTQ, d) C
B.a)-

We can do the same kind of construction for any finite-dimensional hered-
itary K-algebra of finite representation type. By [5], any such algebra A is
Morita equivalent to the tensor algebra T'(M) of a K-species such that
(Q™M,dM) is one of the valued quivers in Table 1.1. Moreover, lgth gives
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a bijection between the set of isomorphism classes of finite-dimensional inde-
composable right A-modules and the set R?Q d4) (see [6] and [7]). We use the

same notation M (A, x) and M(A,a) for A-modules, where z € R(+Q a) and
a € B(g,a) (see [16]). Moreover, we recall that there exists an equivalence of

categories mod(A) = rep(M) (see [6] and [7]).

LEMMA 5.7. Let M be a K-species such that (Q™,d™M) is one of the
valued quivers in Table 1.1. If v € R} then M(T(M),z) =

(QM’dM)v
M(TZ (M), z) (in the category rep(M)).
Proof. Apply the previous discussion and Theorem 4.2. »

PROPOSITION 5.8. Let (Q,d) be any of the valued quivers in Tables 1.1

and 1.2 and let R?‘Q’d) be the set (5.5). For any functions a, b, c : R?‘de) —N

from the set B q) there exists a polynomial ©°, € Z[T] such that for any
(Q7 ) ca
finite field K and for any hereditary K -coalgebra C with (c¢Q, cd) = (Q,d)

and symmetrisation index s¢, we have

B M(Cp
(1K) = Fyf &8 ey

where | X| denotes the cardinality of a finite set X.
Proof. Let a,b,c: RZFQ,d) — N be functions from B(g q). It is easy to see

that there exists a finite convex valued subquiver (Q,d) C (Q,d) such that
the supports of a, b, ¢ are contained in (Q,d). We may assume that i € Q,
for all 7+ < 3.

By [16, Theorem 1], there exists a polynomial %, € Z[T] such that for
any finite field K and for any finite-dimensional hereditary K-algebra A
with valued (Gabriel) quiver (Q, d) and symmetrisation index s4, we have

‘Plc)a(|K’SA) = F]\A/;[((,if){]\/[(A@y

Let K be a finite field and let C be a hereditary K-coalgebra such
that (¢@, cd) = (Q,d). By Theorem 4.2, there is a coalgebra isomorphism
C = T%(M), where M = cExt?. Let M@ = (Fi,iMj); jeq, e a finite sub-
species of M and let C*) = T9(M(*)). By Theorem 4.2, Lemma 4.1 and
Remark 4.3, there is an injective homomorphism (of coidempotent type) of
C®) into C such that the subcategory C*)-comod of C-comod is closed
under extensions, because (Q,d) is a convex valued subquiver of (Q,d).
Moreover, s¢ = Sq. 1t follows that (o) @, c@d) = (Q,d) is one of the
valued quivers in Tables 1.1 and (TZ(M®))* = T(M®). The algebra
T(M®) is of finite representation type, the valued quiver (Q™,d™) asso-
ciated with T(M®) equals (Q,d) (see [6, p. 5]) and there exists a bijection

between RE% 3 and the set of all isomorphism classes of indecomposable

right finite-dimensional T'(M®))-modules (see [6]). For A®) = T(M®)) we
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b _ pM(A®) p)
have ¢/, (|K[*) = FM(A(z),c),M(A(w),a)

gives s = 5 4(x) = S« - Finally, by Lemma 3.2, Lemma 5.7 and the remarks
above, we get

, where s = s 4(). The equivalence (2.1)

M(C@®) ) M(C,b)

Pea|KI°) = ol (K1) = F = FM(Co)M(Ca) ™

M(C®) ¢),M(C®),a)

Following an idea given in [16], we define a generic Ringel-Hall algebra
as follows. Let (@, d) be any of the valued quivers in Tables 1.1 and 1.2. Let
H((Q,d), Z[T]) be the free Z[T]-module with basis {uqs}aecB, 4. We define

a multiplication by
UcUg = Z gpgaub_
b

The sum in this formula is finite, because @2, = 0 unless
lgth M (C,b) = 1gth M (C,a) + 1gth M (C, ¢),

where C' is any hereditary coalgebra with left Gabriel valued quiver (@, d).
The arguments in [16, Proposition 4] show that H((Q,d),Z[T]) is an asso-
ciative ring with the identity element wuy.

Moreover, we consider the degeneration of H((Q,d),Z[T]) given by the
specialisation of T" to 1, and tensor this degeneration by C over Z. More
precisely, let H(Q,d); be the C-vector space with basis {ua}aEB(Q,d) and
multiplication

Uellq = Z b (1w,
b

Denote by K£(Q,d); the C-subspace of H(Q,d); with basis {“a}aeR(* -
Q.,d

THEOREM 5.9. Let (Q,d) be any of the valued quivers in Tables 1.1
and 1.2.

(a) H(Q,d)1 is an associative C-algebra with the identity element ug.

(b) There exists a family of finite convex valued subquivers (Q®),d®)) of
(@Q,d) with H(Q,d); = UH(Q®™,d®)); and K(Q,d); = UK(QW,d®)),,
where | J means the directed union of algebras and vector spaces, respectively.

(c) K(Q,d): is a Lie subalgebra of H(Q,d)1 (with the Lie bracket [a, b] =
ab—ba) and K(Q,d); = JK(Q®™,d®),, where |J means the directed union
of Lie algebras.

(d) H(Q,d); is the universal enveloping algebra of K(Q,d);.

(e) The Lie algebra K(Q,d)y is isomorphic to the positive part ny of
the simple Lie algebra g associated with (Q,d) if (Q,d) is one of the valued
quivers in Table 1.1, or to the positive part ny of the infinite rank affine
Lie algebra g associated with (Q,d) if (Q,d) is one of the valued quivers in
Table 1.2 (see [10, 7.11]).
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Proof. Let (Q,d) be any of the valued quivers in Tables 1.1 and 1.2.
Note that

H(Q,d)1 = (H((Q,d), Z[T) /(T = Duo)) @z C,

where ((T' — 1)ug) is the ideal of H((Q,d),Z[T]) generated by (T — 1)uo.
Therefore (a) follows.
(b) For any integer > 1, we define (Q®),d®)) to be the convex val-

ued subquiver of (@Q,d) such that Q(()z) = {i € Qo;i < zx}. It is clear

that (Q®),d®) is finite for any z. It is easy to see that Rer(m)’d(z)) -
R?Q’d) for any x, and RZFde) = Ui>1 RZFQ(I),d(z))' Therefore H(Q,d)1 =

UH(Q®,d®); and K(Q,d); = UK(Q®,d™);, where | J means the di-
rected union of algebras and vector spaces, respectively.

(c) Let z,y € RZFQ a) and let (Q™,d®) be a finite convex valued sub-

quiver of (@, d) such that z,y € RTQ(QE) 4@y By [16, Theorem 2], we have

Pay(1) = @y, (1) for all a € B g \Rer(FCLd(JC))' Finally, £(Q®™),d®)), is
a Lie subalgebra of H(Q®,d®)); and £(Q,d); = UK(Q™,d®); is a Lie
subalgebra of H(Q,d);.

(d) Tt follows from [16, Proposition 5] that H(Q®, d®)); is the uni-
versal enveloping algebra of K(Q®,d®); for any finite valued subquiver
(QW,d®) of (Q, d). Therefore H(Q,d); = JH(Q™,d™); is the universal
enveloping algebra of K(Q,d); = JK(Q®,d®);.

For valued quivers from Table 1.1 the statement (e) is proved in [18,
Corollary 3]. Let (Q,d) be any of the valued quivers in Table 1.2. Let g be
the infinite rank affine Lie algebra associated with (@, d) and let ny be the
positive part of g (see [10, 7.11]). By [10], the Lie algebra ny is isomorphic
to the quotient Lie algebra

Liec(zi; i € Qo)/Z,
where 7 is the ideal generated by the relations
(adzy)*uz; =0  foralli,j € Qo.

By [17, Proposition 2], these relations are satisfied in IC(Q(QE), d(m))l7 hence
also in K£(Q,d);. Note that £(Q,d); = eaxERTQ o Cuy is the direct sum of

one-dimensional vector spaces. By [10], so is ny = P+ Ca. Moreover,

by [10] and [11], we have RTQ,d)

ny — ’C(Qv d)l

= Q7 and there exists an epimorphism of
graded Lie algebras

Therefore g = K£(Q,d);. =

The following corollary is an easy consequence of Theorem 5.9.
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COROLLARY 5.10. Let (Q,d) be any of the valued quivers in Tables 1.1

and 1.2.

(a) There is an isomorphism of Lie algebras

K(Q,d); = Liec(x;; i € Qo)/Z,

where T is the ideal generated by the relations

(adxi)Hd;jxj =0 foralli,je€ Q.

(b) There is an isomorphism of algebras

H(Q,d)1 = (x5 1 € Qov)/Z,

where (z; ; i € Qo) is the free C-algebra generated by the set {x;; i € Qo}
and T is the ideal generated by the relations

(ad :I:i)Hd;jxj =0 foralli,je€ Q.
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