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GENERALIZED CANONICAL ALGEBRAS

AND STANDARD STABLE TUBES

BY

ANDRZEJ SKOWROŃSKI (Toruń)

Abstract. We introduce a new wide class of finite-dimensional algebras which admit
families of standard stable tubes (in the sense of Ringel [17]). In particular, we prove that
there are many algebras of arbitrary nonzero (finite or infinite) global dimension whose
Auslander–Reiten quivers admit faithful standard stable tubes.

Introduction. Throughout the paper K will denote a fixed algebraic-
ally closed field. By an algebra we mean a finite-dimensional K-algebra
(associative, with an identity), which we moreover assume to be basic. An
algebra A can be written as a bound quiver algebra A ∼= KQ/I, where
Q = QA is the Gabriel quiver of A and I is an admissible ideal in the path
algebra KQ of Q. Equivalently, we will consider A as a K-category whose
class of objects is the set of vertices of QA.
For an algebra A, we denote by modA the category of finite-dimensional

(over K) right A-modules, by rad(modA) the Jacobson radical of modA
and by rad∞(modA) the infinite radical of modA. Recall that rad(modA)
is generated by nonisomorphisms between indecomposable objects in modA,
and rad∞(modA) is the intersection of all finite powers radi(modA), i ≥ 1,
of rad(modA). By anA-module we mean an object of modA. For each vertex
i of QA, we denote by SA(i) the simple A-module at i, and by PA(i) (respec-
tively, IA(i)) the projective cover (respectively, injective envelope) of SA(i)
in modA. Moreover, we denote by D the standard duality HomK(−,K) on
modA.
We shall denote by ΓA the Auslander–Reiten quiver of A and by τA and

τ−A the Auslander–Reiten translations DTr and TrD in ΓA, respectively.
We do not distinguish between an indecomposable A-module and the vertex
of ΓA corresponding to it. By a component of ΓA we mean a connected
component of ΓA. For a family C of components in ΓA, we denote by suppA C
the support of C and by annA C the annihilator of C. Recall that suppA C
is the full subcategory of A given by all objects i such that SA(i) is a
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composition factor of a module in C, and annA C is the intersection of the
annihilators of all modules from C. Then the family C is said to be sincere
(respectively, faithful) if suppA C = A (respectively, annA C = 0). Clearly, if
C is faithful then C is sincere. We also note that C is a family of components
of ΓA/annA C. Finally, C is said to be regular provided C contains neither
a projective module nor an injective module. A component in ΓA of the
form ZA∞/(τ

r), r ≥ 1, is said to be a stable tube of rank r. Therefore, a
stable tube of rank r in ΓA is an infinite component consisting of τA-periodic
indecomposable A-modules having period r. Moreover, a stable tube of rank
1 is said to be homogeneous. It has been proved in [29] (see also [11]) that
a regular component C of ΓA contains an oriented cycle if and only if C is a
stable tube.

We are concerned with the problem of describing the structure of stan-
dard components in the Auslander–Reiten quiver ΓA of an algebra A, raised
more than 15 years ago by Ringel [18]. Recall that a component C of ΓA is
called standard if the full subcategory of modA formed by modules from C
is equivalent to the mesh category K(C) of C (cf. [2]). Further, following [22],
a component C of ΓA is called generalized standard if rad

∞(X,Y ) = 0 for
all modules X and Y in C. It is known [12] that every standard component
of ΓA is generalized standard. It has been proved in [22, Theorem 2.3] that
every generalized standard component C in ΓA is quasiperiodic, that is, all
but finitely many τA-orbits in C are periodic. In particular, this implies that
every regular (generalized) standard component of ΓA is either a stable tube
or is of the form Z∆ for a finite connected quiver ∆ without oriented cycles
(solution of Problem 3 from [18]). It is also known that a component C of ΓA
is generalized standard if and only if C is a generalized standard component
of ΓA/annA C.

Hence, in order to describe the generalized standard components, it is
enough to describe the faithful ones. We have proved in [22, Corollary 3.3]
that the faithful generalized standard regular components without oriented
cycles are exactly the connecting components of the Auslander–Reiten quiv-
ers of tilted algebras given by regular tilting modules over wild hereditary
algebras. Moreover, such components are standard [16, Theorem 1.7]. We
refer to [7] and [19] for properties of regular connecting components of tilted
algebras, and to [21] for a complete description of faithful generalized stan-
dard components without oriented cycles.

It is expected that infinite faithful (generalized) standard components
with oriented cycles can be obtained from faithful standard stable tubes
by a sequence of admissible operations (see [13]). Therefore, description
of algebras whose Auslander–Reiten quiver admits a faithful (generalized)
standard stable tube is an important open problem (see [24, Problem 3]).
Recently this problem has attracted much attention (see [7], [8], [9], [15],
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[22]–[26]). The most general result in this direction is due to I. Reiten and
the author [15] and says that an algebra A admits a sincere (equivalently,
faithful) standard stable tube without external short cycles if and only if
A is concealed canonical. We note that all concealed canonical algebras are
quasitilted [4], that is, algebras of global dimension at most 2 and with
every indecomposable module either of projective dimension at most one or
of injective dimension at most one. This raised the following question: does
existence of a faithful standard stable tube in the Auslander–Reiten quiver
ΓA of an algebra A force some strong homological properties of A?

The main aim of this paper is to exhibit a wide class of algebras, called
generalized canonical algebras, whose Auslander–Reiten quivers admit infi-
nite families of faithful standard stable tubes. We will also show that there
are generalized canonical algebras of arbitrary nonzero (finite or infinite)
global dimension, and that every basic algebra is a factor algebra of a gen-
eralized canonical algebra. This shows that the classification of all basic
algebras with faithful standard tubes in the Auslander–Reiten quiver is a
hopeless problem.

For basic background on the representation theory of algebras we refer
to [1] and [17].

1. Standard stable tubes. The aim of this section is to present some
characterizations and properties of standard stable tubes established so far.

Let A be an algebra and n be the rank of the Grothendieck group K0(A)
of A. Recall that an indecomposable A-module X is called a brick provided
EndA(X) ∼= K. Further, by themouth of a stable tube T we mean the unique
τA-orbit in T formed by the modules having exactly one direct predecessor
(and exactly one direct successor). The following fact proved by Ringel [17,
(3.1)(2)] will be crucial in our considerations.

Proposition 1.1. Let E1, . . . , Er be a family of pairwise orthogonal
bricks in modA satisfying the following conditions:

(i) τAEi ∼= Ei−1 for all i ∈ {1, . . . , r}, where E0 = Er.

(ii) Ext2A(Ei, Ej) = 0 for all i, j ∈ {1, . . . , r}.

Then E1, . . . , Er form the mouth of a standard stable tube T of rank r in ΓA.

For a module X in modA we denote by pdAX the projective dimension
of X and by idAX the injective dimension of X in modA. The following
fact proved in [22, Lemma 5.9] describes the homological properties of inde-
composable modules lying in faithful standard stable tubes.

Lemma 1.2. Let T be a faithful standard stable tube in ΓA and X be a
module in T . Then pdAX ≤ 1 and idAX ≤ 1.
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We may now establish the following characterization of standard stable
tubes.

Lemma 1.3. Let T be a stable tube in ΓA. The following conditions are
equivalent :

(i) T is standard.
(ii) The mouth of T consists of pairwise orthogonal bricks.
(iii) rad∞(Z,Z) = 0 for all modules Z in T .
(iv) T is generalized standard.

Proof. The implication (i)⇒(ii) is obvious. The equivalence of the con-
ditions (ii), (iii) and (iv) is established in [22, Corollary 5.3] (see also [23,
Lemma 3.1]). Assume (iv) holds and consider the algebra B = A/annA T .
Then T is a faithful generalized standard stable tube in ΓB. Moreover, it fol-
lows from Lemma 1.2 that pdB X ≤ 1 for any module X in T . In particular,
we conclude that Ext2B(E,E

′) = 0 for any two modules E and E′ lying on
the mouth of T . Since (iv) is equivalent to (ii), we also know that the mouth
of T consists of pairwise orthogonal bricks. Finally, Proposition 1.1 yields
that T is standard stable in ΓB, and hence also in ΓA. Thus (iv) implies (i).

We also have the following information on the ranks of generalized stan-
dard stable tubes.

Proposition 1.4. Let Ti, i ∈ I, be a family of pairwise orthogonal gen-
eralized standard stable tubes of ΓA. For each i ∈ I, denote by ri the rank
of the tube Ti. Then

∑

i∈I

(ri − 1) ≤ n− 1.

Proof. [22, Lemma 5.10].

Corollary 1.5. Let T be a standard stable tube of rank r in ΓA. Then
r ≤ n.

Another relationship between a family of stable tubes and the rest of the
module category is concerned with the existence or nonexistence of paths
(or cycles). Recall that a sequence of nonzero nonisomorphisms X = X0 →
X1 → . . .→ Xn−1 → Xn = Y between indecomposable A-modules is called
a path of length n, and it is called a cycle if X = Y . If n = 2 the path
(cycle) is said to be short [1]. Moreover, if C is a family of indecomposable
A-modules and X, Y are in C, while X1, . . . , Xn−1 do not lie in C, we say
that the path or cycle is external (with respect to C).
We now exhibit the class of canonical algebras introduced by Ringel [17,

(3.7)], playing an important role in the representation theory of algebras.
Let m ≥ 1 be a positive integer, p = (p0, . . . , pm) be an (m + 1)-tuple
of positive integers, and λ = (λ0, . . . , λm) be an (m + 1)-tuple of pairwise
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different elements of P1(K) = K∪{∞}, normalized so that λ0 =∞, λ1 = 0,
λ2 = 1. Consider the quiver ∆(p) of the form

•
α02←−−− •← · · · ←•

α0p0−1←−−− •
α01ւ տ

α0p0

0 •
α11←−−− •

α12←−−− •← · · · ←•
α1p1−1←−−− •

α1p1←−−− •ω

αm1
տ

...
...

...
... ւαmpm

• ←−−−
αm2

•← · · · ←• ←−−−
αmpm−1

•

For m = 1, put C(p,λ) = K∆(p). For m ≥ 2, assume that p consists
of integers pi ≥ 2, consider the ideal I(p,λ) in K∆(p) generated by the
elements

αipi . . . αi2αi1 + α0p0 . . . α02α01 + λiα1p1 . . . α12α11, i = 2, . . . ,m,

and the bound quiver algebra C(p,λ) = K∆(p)/I(p,λ). Then C(p,λ) is
called the canonical algebra of type (p,λ), p the weight sequence of C(p,λ),
and λ the parameter sequence of C(p,λ). It has been shown in [17, (3.7)]
that the Auslander–Reiten quiver ΓC of C = C(p,λ) has a decomposition

ΓC = P
C ∨ T C ∨QC

where PC (respectively, QC) is a family of components consisting of inde-
composable C-modules of positive (respectively, negative) rank and T C is
a P1(K)-family T

C
λ , λ ∈ P1(K), of faithful, standard, pairwise orthogonal,

stable tubes separating PC from QC (in the sense of [17, (3.1)]). Following
[8], by a concealed canonical algebra (of type (p,λ)) we mean an algebra of
the form A = EndC(T ), where T is a tilting module from the additive cate-
gory addPC of PC , that is, a direct sum T of n (= rank of K0(C)) pairwise
nonisomorphic indecomposable modules from PC such that pdC T ≤ 1 and
Ext1C(T, T ) = 0. Then again ΓA has a decomposition

ΓA = P
A ∨ T A ∨ QA

where T A = HomC(T, T
C) is a P1(K)-family T

A
λ , λ ∈ P1(K), of faithful,

standard, pairwise orthogonal, stable tubes separating PA from QA. In par-
ticular, T A is a family of sincere stable tubes without external paths. We
also note that gl.dimA ≤ 2, pdAX ≤ 1 for any indecomposable module
X from PA ∨ T A, and idAX ≤ 1 for any indecomposable module Y from
T A ∨ QA, and so A is quasitilted in the sense of [4].

It is shown in [15, Theorem 3.1] that a connected algebra A is concealed
canonical if and only if ΓA has a sincere family of pairwise orthogonal stan-
dard stable tubes without external short paths. In fact, this can be deepened
(slightly) as follows:
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Theorem 1.6. Let A be a connected algebra. Then A is concealed canon-
ical if and only if ΓA has a sincere family of pairwise orthogonal stable tubes
without external short paths.

Proof. The necessity part follows from the properties of the Auslander–
Reiten quivers of concealed canonical algebras described above. Assume ΓA
admits a sincere family T of pairwise orthogonal stable tubes without exter-
nal short paths. Then it follows from [15, Corollary 1.6] that the family T is
faithful. Applying now arguments from the proof of [26, Proposition 1.1] we
deduce that the algebra A is quasitilted. Invoking now the recent result of
Happel [3] we conclude that A is a tilted algebra or a quasitilted algebra of
canonical type. Finally, using the known structure of Auslander–Reiten com-
ponents of tilted algebras [5, 6, 17, 18] and quasitilted algebras of canonical
type [10, 14, 17] we deduce that A is a concealed canonical algebra.

As a direct consequence (see also [15, Corollaries 3.2 and 3.3]) we obtain
the following fact.

Corollary 1.7. Let A be a connected algebra and C be a sincere stable
tube in ΓA without external short cycles. Then C is a faithful standard stable
tube and A is a concealed canonical algebra.

2. The main result. The aim of this section is to define a new wide
class of algebras, containing the class of all canonical algebras [17], and prove
that their Auslander–Reiten quivers admit an infinite family of standard
stable tubes.
Letm ≥ 1 be a fixed positive integer, B = {B0, . . . , Bm} a family of basic

connected nonsimple algebras, and P = {P0, . . . , Pm} a family of modules
such that, for each i ∈ {0, . . . ,m}, Pi is an indecomposable projective-
injective Bi-module with injective top and projective socle. Moreover, let
Λ = {λ0, . . . , λm} be a set of m+ 1 pairwise different elements of P1(K) =
K ∪ {∞}, normalized so that λ0 = ∞, λ1 = 0, λ2 = 1. Write each Bi as a
bound quiver algebra

Bi = K∆
(i)/I(i),

where K∆(i) is the path algebra of a connected quiver ∆(i) and I(i) is an
admissible ideal in K∆(i). Then

Pi = PBi((ω, i)) = IBi((0, i))

for some vertices (ω, i) and (0, i) of ∆(i). Further, denote by ui a fixed path
in ∆(i) with source (ω, i) and target (0, i). Finally, denote by ∆ = ∆(B,P)
the quiver obtained from the disjoint union of the quivers ∆(0), . . . , ∆(m) by
identifying the vertices (ω, 0), . . . , (ω,m) with a vertex ω, and the vertices
(0, 0), . . . , (0,m) with a vertex 0. Then in ∆ we have paths u0, . . . , um with
source ω and target 0.
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Form=1, let C(B,P, Λ) be the bound quiver algebraK∆(B,P)/I(B,P),
where I(B,P) is the ideal in K∆(B,P) generated by I(0) and I(1).

For m ≥ 2, we assume additionally that each ∆(i) is different from the
quiver (ω, i) → (0, i). Consider the ideal I(B,P, Λ) in K∆(B,P) generated
by I(0), . . . , I(m), and the elements

ui + u0 + λiu1, i = 2, . . . ,m,

and put C(B,P, Λ) = K∆(B,P)/I(B,P, Λ).

If, additionally, each projective-injective Bi-module Pi is faithful, the
algebra C(B,P, Λ) is said to be a generalized canonical algebra of type
(B,P, Λ). Observe that, if each Bi is the path algebra of an equioriented
linear quiver

(ω, i)→ (pi − 1, i)→ . . .→ (1, i)→ (0, i)

and Pi is the unique indecomposable (faithful) projective-injective Bi-
module, then C(B,P, Λ) is just the canonical algebra C(p,λ) of type (p,λ),
where p = (p0, . . . , pm) and λ = (λ0, . . . , λm).

To formulate our main result we distinguish a family of indecomposable
C(B,P, Λ)-modules and a family of components in ΓmodC(B,P,Λ). For each
vertex i of∆(B,P) we denote by ei the corresponding primitive indempotent
of C(B,P, Λ). Next, for each path v in ∆(B,P), we denote by v its image
v+ I(B,P, Λ) in C(B,P, Λ) = K∆(B,P)/I(B,P, Λ). Moreover, we put C =
C(B,P, Λ).

Let ξ be an element of P1(K) \ Λ. Then uξ = u0 + ξu1 is an element of
eωCe0, and we define

Eξ := eωC/uξC.

Observe that Eξ is an indecomposable C-module with simple top isomor-
phic to SC(ω) and simple socle isomorphic to SC(0). Moreover, the heart
radEξ/socEξ of Eξ is the direct sum radP0/socP0 ⊕ . . .⊕ radPm/socPm
of the hearts of the projective-injective modules P0, . . . , Pm. Denote by Tξ
the component of ΓmodC containing the module E

ξ.

Denote by Φ = Φ(B) the set of all i ∈ {0, . . . ,m} for which the algebra
Bi is the path algebra K∆

(i) of an equioriented linear quiver

∆(i) : (ω, i)
αipi−−−→ (pi−1, i)→ . . .→ (1, i)

α1i−−−→ (0, i),

and by Ω the set of all λi ∈ Λ with i ∈ Φ. Moreover, put Σ = Λ \ Ω. For
each λi ∈ Ω, define the C-module

Eλi := eωC/αi,piC.

Observe that Eλi is an indecomposable C-module with simple top isomor-
phic to SC(ω) and simple socle isomorphic to SC(0). Moreover, the heart
radEλi/socEλi of Eλi is the direct sum

⊕

j 6=i radPj/socPj of the hearts
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of all projective-injective modules from P different from Pi. Denote by Tλi
the component of ΓmodC containing the module E

λi , i ∈ Φ.

We may now formulate the main result of the paper.

Theorem 2.1. Let T = (Tµ)µ∈P1(K)\Σ be the family of components of

ΓmodC(B,P,Λ) defined above. Then:

(i) T is a family of pairwise orthogonal standard stable tubes of
ΓmodC(B,P,Λ).

(ii) The tubes Tξ, ξ ∈ P1(K) \ Λ, are homogeneous.

(iii) For each λi ∈ Ω, Tλi is a stable tube of rank pi.

(iv) The tubes of T are all faithful (respectively , sincere) if and only if
the Bi-modules Pi, 0 ≤ i ≤ m, are all faithful (respectively , sincere).

Proof. Let C = C(B,P, Λ), e = e0 + eω and A = eCe. Then A is the

path algebra of the Kronecker quiver 0
u0←−←−u1

ω, and we have two natural

K-linear covariant functors

modC
R
−→←−
T
modA,

where R is the restriction functor which assigns to each C-module X the A-
module Xe, and T is the extension functor which assigns to each A-module
Y the C-module Y ⊗A eC. It is known that:

(a) R is exact, right adjoint to T , and RT ∼= 1modA.

(b) T is full, faithful, right exact, preserves indecomposability and carries
projectives to projectives.

(c) A C-module X belongs to the image of T if and only if there exists
an exact sequence P ′′ → P ′ → X → 0 in modC, where P ′ and P ′′ are
direct sums of modules eωC and e0C.

We first prove that Tξ, ξ ∈ P1(K) \Λ, are standard homogeneous tubes.
Observe that, for each ξ ∈ P1(K) \ Λ, the module F

ξ = R(Eξ) is an inde-
composable regular A-module of the form eωA/vξA, where vξ = u0 + ξu1 ∈
eωAe0. Hence F

ξ is an indecomposable module lying on the mouth of a
homogeneous tube of ΓmodA. In particular, we have F

ξ ∼= τAF
ξ.

We now claim that Eξ ∼= τCE
ξ. Observe that Eξ admits a minimal

projective resolution of the form

(1) 0→ e0C
fξ
−→ eωC → Eξ → 0,

where fξ is given by left multiplication by uξ ∈ eωCe0. Applying the
Nakayama functor νC = DHomC(−, C) : modC → modC we obtain an
exact sequence (see [17, (2.4)] or [1, Chapter V])

(2) 0→ τCE
ξ → νC(e0C)

νC(fξ)
−−−→ νC(eωC)→ νC(E

ξ)→ 0,



GENERALIZED CANONICAL ALGEBRAS 85

where νC(e0C) = DHomC(e0C,C) = D(Ce0) = IC(0), νC(eωC) =
DHomC(eωC,C)=D(Ceω)=IC(ω), and νC(fξ)∈HomC(D(Ce0), D(Ceω))
= HomC(Ceω, Ce0) ∼= eωCe0 assigns to each ϕ ∈ HomK(Ce0,K) = D(Ce0)
the composition ϕfξ ∈ HomK(Ceω,K) = D(Ceω). Applying the restric-
tion functor R to the exact sequence (1), we obtain a minimal projective
resolution

(1′) 0→ e0A
gξ
−→ eωA→ F ξ → 0

of F ξ in modA, where gξ is given by left multiplication by the element
vξ = uξ ∈ eωAe0 = eωCe0. Application of R to the exact sequence (2)
yields an exact sequence

(2′) 0→ R(τCE
ξ)→ νA(e0A)

νA(gξ)
−−−→ νA(eωA)→ RνC(Eξ)→ 0,

where νA(gξ) assigns to each ψ ∈ HomK(Ae0,K) = D(Ae0) the compo-
sition ψgξ ∈ HomK(Aeω,K) = D(Aeω). In particular, we conclude that
R(τCE

ξ) ∼= τAF
ξ ∼= F ξ. Further, it follows from (1) and (c) that Eξ be-

longs to the image of T , and hence Eξ ∼= T (F ξ), because R(Eξ) = F ξ.
On the other hand, it follows from (2) that τCE

ξ is an indecomposable
C-module with simple socle isomorphic to SC(0) and simple top isomorphic
to SC(ω), and its heart rad τCE

ξ/soc τCE
ξ is isomorphic to the direct sum

radP0/socP0⊕ . . .⊕radPn/socPm of the hearts of the modules P0, . . . , Pm.
This implies that τCE

ξ also belongs to the image of the functor T , and con-
sequently τCE

ξ ∼= T (F ξ), because R(τCE
ξ) ∼= F ξ. Therefore, we conclude

that Eξ ∼= τCE
ξ. Moreover, every nonzero endomorphism h ∈ EndC(E

ξ)
induces a commutative diagram with exact rows

0 −→ PC(0)
fξ
−→ PC(ω) −→ Eξ −→ 0

h′′





y





yh′





y
h

0 −→ PC(0)
fξ
−→ PC(ω) −→ Eξ −→ 0

Since EndC(PC(ω)) ∼= K, we obtain EndC(E
ξ) ∼= K, and hence Eξ is a

brick. Finally, the exact sequence (1) implies pdC E
ξ = 1, and consequently

Ext2C(E
ξ, Eξ) = 0. Applying now Proposition 1.1 we conclude that Eξ lies

on the mouth of a standard stable tube of rank 1, and so Tξ is a standard
homogeneous tube.

Assume now the set Φ is nonempty, and let λi be an element of Ω. Then
Bi is the path algebra of the quiver

(ω, i)
αipi−−−→ (pi−1, i)→ . . .→ (1, i)→ (0, i).

We shall prove that Tλi is a standard stable tube whose mouth consists of the
modules SC((1, i)), . . . , SC((pi − 1, i)), E

λi . We have two cases to consider.
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Assume first that pi ≥ 2. It follows from the definition of E
λi that its

minimal projective resolution in modC is of the form

0→ epi−1,iC
fi
−→ eωC → Eλi → 0

where the monomorphism fi is given by left multiplication by the element
αi,pi ∈ eωCe(pi−1,i). Then we get an exact sequence of the form

0→ τCE
λi → νC(epi−1,iC)

νC(fi)
−−−→ νC(eωC)→ νC(E

λi)→ 0.

Since νC(epi−1,iC)
∼= IC((pi − 1, i)) and νC(eωC) = IC(ω), we infer that

τCE
λi ∼= soc IC((pi − 1)) = SC((pi − 1, i)). Further, for r ∈ {2, . . . , pi − 1},

the simple module SC((r, i)) has a minimal projective resolution of the form

0→ er−1,iC → er,iC → SC((r, i))→ 0.

Then τCSC((r, i)) is given by an exact sequence

0→ τCSC((r, i))→ νC(er−1,iC)→ νC(er,iC)→ νCSC((r, i))→ 0.

Since νC(er−1,iC) = IC((r − 1, i)) and νC(er,iC) = IC((r, i)), we deduce
that τCSC((r, i)) ∼= soc IC((r− 1, i)) = SC((r− 1, i)). Finally, we claim that
τCSC((1, i)) ∼= E

λi . It is enough to show that τ−CE
λi ∼= SC((1, i)). Observe

that Eλi admits a minimal injective resolution of the form

0→ Eλi → IC(0)→ IC((1, i))→ 0.

Applying the Nakayama functor ν−C = HomC(DC,−) we then obtain an
exact sequence of the form (see [17, (2.4)])

0→ ν−CE
λi → ν−C IC(0)→ ν−C IC((1, i))→ τ−CE

λi → 0.

Since ν−C IC(0)
∼= PC(0) and ν

−
C IC((1, i))

∼= PC((1, i)) we infer that τ
−
CE

λi ∼=
topPC((1, i)) = SC((1, i)). Further, observe that E

λi is a brick. Indeed,
again any nonzero endomorphism h ∈ EndC(E

λi) induces a commutative
diagram with exact rows

0 −→ epi−1,iC
fi
−→ eωC −→ Eλi −→ 0

h′′





y





yh′





y
h

0 −→ epi−1,iC
fi
−→ eωC −→ Eλi −→ 0

Then EndC(PC(ω))∼=K implies EndC(E
λi)∼=K. Therefore, SC((1, i)), . . .

. . . , SC((pi−1, i)), E
λi is a family of pairwise orthogonal bricks forming a pe-

riodic τC -orbit. It also follows from our considerations that all these modules
have projective dimension one, and consequently Ext2C(SC((r, i)), SC((t, i))
= 0, Ext2C(SC((r, i)), E

λi)=0, Ext2C(E
λi , SC((r, i))=0 and Ext

2
C(E

λi , Eλi)
= 0 for all r, s ∈ {1, . . . , pi − 1}. Applying Proposition 1.1 we conclude that
Tλi is a standard stable tube of rank pi whose mouth consists of the modules
SC((1, i)), . . . , SC((p1 − 1, i)), E

λi .
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Assume now that pi = 1. Then Bi is the path algebra of the quiver
∆(i) : (ω, i)

αi,1
−−−→ (0, i), m = 1, and C is the bound quiver algebra

K∆(B,P)/I(B,P), where I(B,P) is the ideal in K∆(B,P) generated by
I(j) for j ∈ {0, 1}\{i}. The module Eλi has a minimal projective resolution
of the form

0→ e0C
fi
−→ eωC → Eλi → 0

where fi is given by left multiplication by αi,1 ∈ eωCe0. Then τCE
λi is

determined by the exact sequence

0→ τCE
λi → νC(e0C)

νC(fi)
−−−→ νC(eωC)→ νCE

λi → 0.

Invoking again the functors R : modC → modA and T : modA →
modC we conclude as in the first part of our proof that R(Eλi) ∼= Fλi ,
R(τCE

λi) ∼= τAF
λi ∼= Fλi for some indecomposable module Fλi lying

on the mouth of a homogeneous tube of ΓmodA, and finally that E
λi ∼=

T (Fλi) ∼= τCE
λi . Moreover, EndC(E

λi) ∼= EndBj (PBj (ω, j)), hence E
λi is

a brick. Finally, Ext2C(E
λi , Eλi) = 0, since pdC E

λi = 1. Therefore, apply-
ing Proposition 1.1, we conclude that Tλi is a standard homogeneous tube
having Eλi on the mouth.

We now prove that the stable tubes Tµ, µ ∈ P1(K) \ Σ, are pair-
wise orthogonal. It is known (see [23, Lemma 3.9]) that HomC(Tµ, Tη) 6=
0 for µ, η ∈ P1(K) \ Σ, µ 6= η, if and only if HomC(M,N) 6= 0 for
M lying on the mouth of Tµ and N lying on the mouth of Tη. Observe
that the modules Eξ, ξ ∈ P1(K) \ Σ, have simple socles isomorphic to
SC(0) and simple tops isomorphic to SC(ω). Hence, these modules are
orthogonal to the simple modules SC((r, i)) given by the middle vertices
(r, i) of the linear quivers ∆(i), i ∈ Φ. Thus it is enough to show that
HomC(E

ξ, E̺) = 0 for all ξ 6= ̺ from P1(K) \ Σ. Suppose there is a
nonzero homomorphism g : Eξ → E̺ for some ξ 6= ̺ in P1(K) \ Σ. Then
the induced homomorphism top(g) : top(Eξ) → top(Eη) on the tops in
an isomorphism, and hence the restriction R(g) : R(Eξ) → R(E̺) is a
nonzero homomorphism of A-modules. This leads to a contradiction since
R(Eξ) ∼= F ξ and R(E̺) ∼= F ̺ are pairwise orthogonal indecomposable reg-
ular A-modules due to the fact that the elements u0 + ξu1 and u0 + ̺u1 of
eωAe0 are linearly independent for ξ 6= ̺. This finishes the proof of (i), (ii)
and (iii).

For (iv), we first show that the tubes of T are sincere if and only if
the Bi-modules Pi, 1 ≤ i ≤ m, are sincere. Observe that a stable tube Tµ,
µ ∈ P1(K)\Σ, is sincere if and only if the direct sum of all modules lying on
the mouth of Tµ is a sincere C-module. Recall also that, for ξ ∈ P1(K) \ Λ,
we have radEξ/socEξ ∼= (radP0/socP0) ⊕ . . . ⊕ (radPm/socPm), while
radEλi/socEλi ∼=

⊕

j 6=i(radPj/socPj) for each element λi ∈ Ω. Moreover,
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for λi ∈ Ω, radPi/socPi is an indecomposable module lying in the tube Tλi .
Therefore, all tubes Tµ, µ ∈ P1(K) \Σ, are sincere in modC if and only if
the Bi-modules Pi, 0 ≤ i ≤ m, are sincere.

Suppose now that there is i ∈ {0, . . . ,m} such that Pi is not a faithful
Bi-module. Since Pi is an indecomposable projective-injective Bi-module,
there exist two vertices x and y in ∆(i), different from (ω, i) and (0, i), and
a nonzero element exbey ∈ exBiey such that Piexbey = 0. Then, for any ξ ∈
P1(K)\Λ, we have E

ξexbey = 0 and 0 6= exbey ∈ exBiey = exCey. Since E
ξ

lies on the mouth of the homogeneous tube Tξ, this implies thatMexbey = 0
for any module M from Tξ. Therefore, the tubes Tξ, ξ ∈ P1(K) \Λ, are not
faithful.

Finally, assume that each Pi is a faithful Bi-module. We now prove that
all stable tubes Tµ, µ ∈ P1(K) \ Σ, are faithful. In fact, we now show that
each tube Tµ, µ ∈ P1(K)\Σ, contains an indecomposable faithful C-module.
Take ξ ∈ P1(K) \ Λ. Then there is a commutative diagram

0 −→ SC(0)
fξ
−→ PC(ω)

πξ
−→ Eξ −→ 0

h′





y





y
h

∥

∥

∥

∥

0 −→ Eξ
w
−→ Eξ[2]

v
−→ Eξ −→ 0

where the upper sequence is the canonical minimal projective resolution
of Eξ and the lower sequence is an almost split sequence with the right
(equivalently, left) term Eξ. We claim that h′ 6= 0. Suppose this is not the
case. Then there exists a homomorphism g : Eξ → Eξ[2] such that h = gπξ.
But then πξ = vh = vgπξ, and hence vg = 1Eξ , a contradiction because
v is not a split epimorphism. Therefore, h′ 6= 0 and consequently h′ is a
monomorphism, since SC(0) is a simple module. This implies that h is a
monomorphism. Since Pi is a faithful Bi-module, there is a monomorphism
Bi → Pnii for some ni ≥ 1. Then, if Bi = Pi⊕P

′
i , there is a monomorphism

P ′i → (radPi)
ni . Further, observe that, for each i ∈ {0, . . . ,m}, radPi is

a submodule of radEξ. Since there are monomorphisms w : Eξ → Eξ[2]
and h : PC(ω) → Eξ[2], we conclude that there is a monomorphism C →
(Eξ[2])n of C-modules for some n ≥ 1. This shows that Eξ[2] is a faithful
C-module in Tξ, and hence Tξ is a faithful stable tube.

Let Ω be nonempty and λi an element of Ω. If ∆
(i) is the quiver (ω, i)→

(0, i), then we show as above that the indecomposable C-module Eξ[2] in
Tλi , being the middle term of an almost split sequence with right term E

ξ, is
a faithful C-module. Therefore, we may assume that the equioriented linear
quiver ∆(i) consists of at least 2 arrows, or equivalently, Tλi is of rank pi ≥ 2.
Denote by Mλi the indecomposable module in Tλi of quasilength pi lying
on the intersection of the infinite sectional path starting at Eλi and the
infinite sectional path ending in SC((pi − 1, i)). Further, denote by N

λi the
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indecomposable module in Tλi of quasilength pi+1 lying on the intersection
of the infinite sectional path starting at Eλi and the infinite sectional path
ending in Eλi . Then we have a commutative diagram

0 −→ PC((pi − 1, i))
fi
−→ PC(ω)

πi−→ Eλi −→ 0

h′





y





y
h

∥

∥

∥

∥

0 −→ Mλi
w
−→ Nλi

v
−→ Eλi −→ 0

where the upper sequence is the canonical minimal projective resolution of
Eλi and the lower one is the canonical nonsplittable short exact sequence
with w being an irreducible monomorphism. Since v is not a split epimor-
phism, we conclude as above that h′ 6= 0.

We claim that h′ is a monomorphism. Indeed, if h′ is not a monomor-
phism then its image is a uniserial C-module whose socle is not isomorphic
to SC(0). On the other hand, it follows from our choice of M

λi that this
module has a simple socle isomorphic to SC(0). Therefore, h

′ is a monomor-
phism, and consequently h is also a monomorphism. Moreover, it follows
from the choice of Mλi that there are monomorphisms PC((r, i)) → Mλi

for all r ∈ {1, . . . , pi−1}. We also note that there is a monomorphism
Eλi → Mλi , radPj is a submodule of radE

λi , and there is a monomor-
phism P ′j → (radPj)

nj for any j ∈ {0, . . . ,m} \ {i}. Since we also have

monomorphisms w : Mλi → Nλi and h : PC(ω) → Nλi , we conclude that
there is a monomorphism C → (Nλi)n of C-modules for some n ≥ 1. This
shows that Nλi is a faithful C-module lying in Tλi , and consequently, Tλi
is a faithful stable tube. Therefore, the family T = (Tµ)µ∈P1(K)\Σ consists
of faithful stable tubes. This finishes the proof of (iv), and hence of Theo-
rem 2.1.

We obtain the following immediate consequences of the theorem.

Corollary 2.2. Let C(B,P, Λ) be a generalized canonical algebra.
Then the Auslander–Reiten quiver ΓmodC(B,P,Λ) admits an infinite family
of pairwise orthogonal faithful standard stable tubes.

Corollary 2.3. Let C = C(B,P, Λ) be a generalized canonical algebra.
Then soc(CC) and soc(CC) are projective modules.

Proof. It follows from the definition of C that there are a monomorphism
CC → PC(ω)

r and an epimorphism IC(0)
s → D(CC) for some r, s ≥ 1. Since

socPC(ω) is projective and top IC(0) is injective, we conclude that soc(CC)
and soc(CC) are projective.

The following corollary shows that there are generalized canonical alge-
bras of arbitrary global dimension.
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Corollary 2.4. Let p1, . . . , pm, m ≥ 1, be a sequence of integers from
N2 = N \ {0, 1} and n ∈ N2 ∪ {∞}. Then there is a generalized canonical
algebra C(B,P, Λ) such that gl.dimC(B,P, Λ) = n and ΓmodC(B,P,Λ) admits
a family T = (Tµ)µ∈K of pairwise orthogonal faithful standard stable tubes
having m tubes of ranks p1, . . . , pm, respectively , and the remaining tubes
homogeneous.

Proof. For each i ∈ {1, . . . ,m}, let Bi be the path algebra of the quiver
(ω, i)→ (pi−1, i)→ · · · → (1, i)→ (0, i) and Pi the unique indecomposable
projective-injective (faithful) module. We also define an algebra B0 and a
faithful indecomposable projective-injective B0-module P0, depending on
n ∈ N2 ∪ {∞}. For n ∈ N2, we define B0 to be the incidence algebra of the
partially ordered set

1
ւ տ
0 ω
տ ւ
1′

if n = 2, and the incidence algebra of the partially ordered set

1←−2←− · · · ←− n− 2 ←− n− 1
ւ տ
0 ւտ ւտ ւտ ւտ ω

տ ւ
1′←−2′←− · · · ←− (n− 2)′←− (n− 1)′

for 3 ≤ n < ∞, and denote by P0 the unique (faithful) indecomposable
projective-injective B0-module. Further, for n = ∞, let B0 be the bound
quiver algebra K∆(0)/I(0) where ∆(0) is the quiver

0
α
←−−− 1

γ
←−−− ω

	 β

and I(0) is generated by β2 and γα−γβα, and P0 be the unique (faithful) in-
decomposable projective-injective B0-module. Observe that gl.dimB0 = n.
Put B = {B0, . . . , Bm}, P = {P0, . . . , Pm} and take an arbitrary normal-
ized set Λ = {λ0, . . . , λm} of pairwise different elements of P1(K). Then it
follows from Theorem 2.1 that C(B,P, Λ) is a generalized canonical algebra
with the required properties.

Our final corollary shows that an arbitrary basic algebra can be a factor
algebra of a generalized canonical algebra.

Corollary 2.5. Let B be a basic algebra and M be an arbitrary faithful
B-module. Then there is a generalized canonical algebra C = C(B,P, Λ)
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such that B is a factor algebra of C and M is a factor module of the

quotient radPC(ω)/socPC(ω).

Proof. Consider the one-point extension

B′ = B[M ] =

[

K M
0 B

]

of B by M . Since M is a faithful B-module, B′ is a basic connected algebra
having an indecomposable projective faithful module Q with radQ ∼= M .
Next consider the one-point coextension

B′′ = [Q]B′ =

[

B′ D(Q)
0 K

]

of B′ by Q. Then B′′ is a basic connected algebra having a faithful indecom-
posable projective-injective module P such that P/socP ∼= Q. Observe that
B is a factor algebra of B′′ and M ∼= radP/socP . Take now an arbitrary
generalized canonical algebra C = C(B,P, Λ) with B containing B′′ and P
containing P . Clearly then B is a factor algebra of C and M is a factor
module of radPC(ω)/socPC(ω).

We end the paper with several remarks.

Remarks 2.6. (1) Following Thrall [27], an algebra A is called a (right)
QF-3 algebra if there is a unique (up to isomorphism) minimal faithful (right)
A-module. It has been shown in [27] (see also [28, Proposition 3.1.1]) that
A is a QF-3 algebra if and only if there is a projective-injective faithful
right A-module, and if and only if the injective hull of AA is projective.
Therefore, the algebras Bi with faithful indecomposable projective-injective
modules Pi used in our construction of the algebras C(B,P, Λ) are special
types of QF-3 algebras.
(2) It is known that a stable tube C is faithful if and only if all but

finitely many indecomposable modules in C are faithful. Hence all but finitely
many indecomposable modules of any faithful standard stable tube Tµ, µ ∈
P1(K) \ Σ, of the Auslander–Reiten quiver ΓmodC(B,P,Λ) of a generalized
canonical algebra C(B,P, Λ) are faithful.
(3) Our assumption on the field K to be algebraically closed is only

for simplicity of construction of the algebras C(B,P, Λ) and the proof of
Theorem 2.1. In [20] C. M. Ringel introduced the class of canonical algebras
over an arbitrary (commutative) field K, invoking an arbitrary tame bimod-
ule instead of the Kronecker quiver, and proved that their Auslander–Reiten
quivers admit an infinite family of faithful generalized standard stable tubes.
Invoking [20] one can extend our construction of the algebras C(B,P, Λ) in
an obvious way and prove the corresponding version of Theorem 2.1 for al-
gebras over an arbitrary field. In particular, we obtain generalized canonical
algebras over arbitrary fields.
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