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A BASIS OF Z,,, II

BY

MIN TANG (Wuhu) and YONG-GAO CHEN (Nanjing)

Abstract. Given aset A C N let 04(n) denote the number of ordered pairs (a,a’) €
A x A such that a+a’ = n. Erdés and Turdn conjectured that for any asymptotic basis A
of N, 0 4(n) is unbounded. We show that the analogue of the Erdés—Turdn conjecture does
not hold in the abelian group (Zm, +), namely, for any natural number m, there exists a
set A C Zp, such that A+ A = Z,, and ca(n) < 5120 for all @ € Z,.

1. Introduction. Given a set A C N let 04(n) denote the number of
ordered pairs (a,a’) € A x A such that a + @’ = n. The set A is called an
asymptotic basis of order two if there is ng = ng(A) such that o4(n) > 1 for
each positive integer n > ng. In particular, we call A a basis if c4(n) > 1 for
all positive integers n. The celebrated Erdds—Turdn conjecture [3, 5] states
that if A is an asymptotic basis, then the representation function o 4(n) must
be unbounded. In 1990, Ruzsa [12] found a basis A for which the number of
representations n = a + d’, a,a’ € A, is bounded in the square mean, that
i, D <N oa(N)? = O(N).

While the above famous conjecture is still an unsolved problem, a nat-
ural related question which has been raised is: in which abelian groups or
semigroups is the analogue of this conjecture valid? Erdés [2] proved that
for the semigroup (N,-) of positive integers under ordinary multiplication,
if A is a basis, then the representation function o4(n) is unbounded. Pus
[11] first established that the analogue of the Erdés-Turdn conjecture fails
to hold in some abelian groups. Nathanson [8] constructed a family of arbi-
trarily sparse unique representation bases for Z, and in [10], he proved that
large classes of additive abelian semigroups fail to satisfy the Erd6s—Turan
property in a spectacular way. Chen [1] constructed a unique representa-
tion basis whose growth is more than 2/27¢ for infinitely many positive
integers x. For related problems see [4], [6] and [9].
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Let G = {ai,...,an} be a finite abelian group. Using similar notations,
for A C G and n € G, we define o4(n) = #{(a;,a;) € Ax A:a; +a; =n},
ra(n) =#{(ai,a;) € AxA:a;+a; =n,i<j}. Then we call A C G a basis
if c4(n) > 1 for all n € G, and a unique representation basis if r4(n) =1
for all n € G. In [13], by using Ruzsa’s method we proved that for every
large enough integer m, there exists a basis A of Z,, such that o4 () < 768
for all m € Z,,. In this paper, the following result is proved.

THEOREM. For any natural number m, there exists a set A C Z,, such
that A+ A = Zy, and o4(n) < 5120 for allw € Zy,.

REMARK 1. The analogue of the theorem fails for elementary 2-groups.
In fact, if A is a basis of Zév having ¢ elements, then ¢t > 2V and since for
every a € A one has a+a = 0, it follows that o4(0) > ¢t > 2/2, which tends
to infinity as N — oo.

REMARK 2. By a simple counting argument, we can show that there
does not exist a unique representation basis for any finite abelian group G,
except for |G| =1 or |G| = 3.

REMARK 3. Let
P = mi n).
m) = 12, vz oA
The theorem gives @(m) < 5120 for all positive integers m, and Remark 2
gives ¢(m) > 3 for m # 1, 3.

REMARK 4. Let G be a countably infinite abelian group. For every pos-
itive integer h, define h * G = {hg : g € G}. In [10], Nathanson proved
that if G is a countably infinite abelian group such that 12 x G is infinite,
and if f : G — Np U {oo} is a map such that the set Zy = f~1(0) is finite,
then there exists an asymptotic basis A for G such that r4(xz) = f(x) for
all z € G. By Remark 2, we find that the story of the finite abelian group
is very different from that of the infinite abelian group in this respect.

2. Proofs. We start by recalling some notations used in [13]: let p be
an odd prime, Z, be the set of residue classes mod p and G = Zg. Define
Qr = {(u,ku?) 1 u € Z,} C G and let

v:G—7Z, ¢(a,b)=a+ 2pb,

where we identify the residues mod p with the integers 0 < j < p — 1.
LEMMA 1 ([13, Lemma 3]). Let p > 5 be a prime for which (%) = -1,
and let B = Q3 U Q4 U Qg and B' = ¢(B). Then og(n) < 16 for all n.
Moreover, for every integer 0 < n < 2p%, at least one of the siz numbers
n—p,n,n+p,n+2p° —p,n+2p%n+2p* +pisin B+ B.
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LEMMA 2 ([13, Lemma 4]). Let p > 5 be a prime for which (%) = -1,
and let B = Q3 U Q4 U Qg and B' = ¢(B). Put V = B’ + {0,2p* — p, 2p?,
2p% +p}. Then V C [0,4p?), [4p%,6p?) CV +V and oy (n) < 256 for all n.

LeMMA 3 ([7]). For arbitrary natural numbers m and d (> 2) and real
z > 1, let Byy(z,d) = liminf{c : for every x > c the interval (x, zx) contains
at least m primes = a (modd) for every integer a satisfying (a,d) = 1}.
Then B1(3.15,8) < 24.

Proof of the Theorem. We may assume m > 5120, since for smaller m
the assertion is trivially true.

When m > 5120, \/m/2 > 24, by Lemma 3, we can choose a prime p > 5
for which ( ) = —1 such that

2
P
Vm/2 <p < 3.15y/m/2.

Let B’ and V be the sets of Lemma 2 corresponding to the selected p. For
the given positive integer m (> 5120), we consider the canonical map

V> — Ly, NN

Let A = (V). By the definition, we have A C Z,,,. Thus A+ A C Z,.
On the other hand, by Lemma 2, [4p?,6p?) C V + V and m < 2p?. Thus
Zy, C A+ A. Hence, A+ A = Zy,.

For any n € [0,m — 1], consider the equation

(1) U+v=m, u,0E A
Let w = (u) and 7 = ¢ (v) with u,v € V. Then
(2) u+v=n (modm), u,veV.

Clearly, the number of solutions of (1) does not exceed that for (2).
Since V' C [0,4p?) and 0 < u + v < 8p? < 39.69m, we have

{u+v:u,veVand u+v=n (modm)} C{n,n+m,...,n+39m}.
Let ko, k1, k2, k3, k4 be five integers such that kg = —1 and
n+kim < 2p? —p <n+ (k +1)m,
n+ kom < 4p® — 2p < n+ (ko + 1)m,
n+ ksm < 6p* —p < n+ (k3 + 1)m,
n+ kym < 8p? <n+ (kg + 1)m.

Thenk0§k1§k2§k3§k4§39.
Since p < 3.154/m/2 and m > 5120 we have

2p° +
ki+1—(ki+1)< P P
m

Hence ki1 — k; <10, ¢ =0,1,2,3.

<10, i=0,1,2,3.
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CASE l:u+v=n+im, ko+1<i<k. Asn+im < 2p?> —p and
B'+ B’ C [0,4p® — 2p), there is only one posibility: u,v € B’. By Lemma 1,
we have

> ov(ntim) < 16(k — ko) < 160.
ko+1<i<k;

In case k1 = ko, this inequality also holds.

CASE 2: u+v=n+im, k1 +1 < i < ky. As n+im < 4p?> — 2p and
B'+ B’ C [0,4p®—2p), there are at most seven possibilities: (1) u,v € B'; (2)
uwe B ,ve B +2p>—p; (3)uc B,ve B +2p% (4)ue B',ve B +2p*+p;
(5)u€ B +2p*>—p,ve B (6)uec B +2p?, ve B, (7T)ue B +2p*+p,
v € B’. Thus

Y ov(ntim) <7-16(ky — ki) < 1120.
k1+1<i<ko
In case ko = k1, this inequality also holds.

CASE B:ut+v=n+im, ko +1<i<ks. Asn+im > 4p2—2p and
B’ + B’ C [0,4p? — 2p), the case u,v € B’ cannot hold. Thus

> ov(ntim) < 15-16(ky — ki) < 2400.
ko+1<i<ks
In case k3 = ks, this inequality also holds.
CASE 4:u+v=n+im, ks+1<1i < ks Asn+im > 6p> — p and
B’ + B’ C [0,4p® — 2p), the following seven cases cannot hold: (1) u,v € B’;
(2)u € B,ve B +2p?—p; 3 uecB,ve B +2% (4) uec b,
veEB +2p2+p; 5)ue€ B +2p>—p,veEB;(6)uc B +2p% ve B,
7) u € B' +2p* +p, v € B'. Thus
Y ov(ntim) <9-16(ky — ki) < 1440.
k3+1<i<kq
In case k4 = k3, this inequality also holds.
Hence, for all @ € Z,, (m > 5120), we have
oA < Y ov(n+im) < 160+ 1120 + 2400 + 1440 = 5120.
ko+1<i<ka

Therefore, for any natural number m, there exists a set A C Z,, such
that A+ A = Z,, and 04(n) < 5120 for all @ € Z,,.
This completes the proof of the Theorem.
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