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DIVERGENT SOLUTIONS TO THE 5D HARTREE EQUATIONS

BY

DAOMIN CAO and QING GUO (Beijing)

Abstract. We consider the Cauchy problem for the focusing Hartree equation iu; +
Au+ (|- |72 *|u|?)u = 0 in R® with initial data in H', and study the divergence property
of infinite-variance and nonradial solutions. For the ground state solution of —Q + AQ +
(|- 17* % |Q)>)Q = 0 in R®, we prove that if uo € H" satisfies M (uo)E(uo) < M(Q)E(Q)
and ||Vuo|2]|uoll2 > [|[VQ||2]|@]|2, then the corresponding solution u(t) either blows up in
finite forward time, or exists globally for positive time and there exists a time sequence
tn, — oo such that [|[Vu(tn)||2 — oo. A similar result holds for negative time.

1. Introduction. In this paper, we consider the following Cauchy prob-
lem for the 5D Hartree equation:

iug + Au+ (Vs jul)u =0, (z,t) € R5 xR,
1D {2 o) 80,

where V(z) = |z|~3, and * denotes convolution in R5.

The Hartree type nonlinearity (|- |2~  |u|?)u in RY describes the dy-
namics of the mean-field limits of many-body quantum systems such as
coherent states and condensates. Note that equation is invariant un-
der the scaling u(z,t) — A2u(\z, A\?t) which also leaves the norm of the
homogeneous Sobolev space H1/ 2(R%) invariant. That is why we call equa-
tion the H'Y/2-Hartree equation. Similarly, the case N = 4 gives the
L2-critical Hartree equation, the solution of which, by [25], scatters when
the mass of the initial data is strictly less than that of the ground state.
Moreover in [23], the dynamics of minimal mass blowing up solutions of
the focusing L2-critical Hartree equation is characterized. A large amount
of work has been devoted to the scattering theory for the Hartree equation
(see for example [24 [5] 6], 26], B, 2], 22, 27]).

It is well known from [4] that is locally well-posed in H'. Namely, for
ug € H', there exist 0 < T' < oo and a unique solution u(-) € C([0,T); H')
to (L.1). When T < oo, we have limy7 [ Vu(t)||2 = oo, and say that solution
u blows up in finite positive time. On the other hand, when T = oo, the
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solution is called positively global. Note that the local theory gives nothing
about the behavior of || Vu(t)||2 as t T co. For solutions of (1.1)) the following

quantities are conserved:
L%*-norm: M(u)(t) = S lu(z, t)|Pdx = M (ug);

Energy:  E(u)(t) = %S|Vu(:v,t)|2 do

1 )2 t)|?
. SS ‘U(l’, )| ‘u(é/) )| dx dy = E(Uo);
R5 xRS |z —yl

Momentum:  P(u)(t) = ImSﬂ(m,t)Vu(x,t) dx = P(uyp).

In [3], it is proved that if ug € H', M(uo)E(ug) < M(Q)E(Q) and
IVupll2|luollz > |[VQ|2l|Q|l2, then the solution w(t) to blows up in
finite time provided ||zug||z2 < oo or ug is radial. Note that this result is
sharp in the sense that u(t) = e®Q(x) solves and does not blow up in
finite time.

In this paper, in the spirit of Holmer and Roudenko [9] dealing with
the cubic 3D Schrodinger equation, without assuming finite variance and
radiality we obtain the following result:

THEOREM 1.1. Suppose that ug € H', M (ug)E(ug) < M(Q)E(Q) and
IVupll2lluollz > [|VQI2]|Qll2- Then either u(t) blows up in finite forward
time, or u(t) is forward global and there exists a time sequence t, — oo
such that ||Vu(t,)||2 — co. A similar statement holds for negative time.

The difference between NLS and the Hartree equation is the nonlinearity.
The former is a local interaction, while the latter is a nonlocal interaction.
We cannot always use NLS’s arguments to discuss the Hartree equation, es-
pecially when dealing with the nonlinearity. In fact, there are many essential
differences between the NLS and Hartree cases.

REMARK 1.2. Using the same argument as in the introduction of [9]
(see more details in Appendix B there), via the Galilean transformation,
we will always assume that P(u) = 0. That is, we need only show Theo-
rem under the condition P(u) = 0. In fact, on the one hand, by [9],
the dichotomy result of Propositions 2.1] and [2.2] below is preserved by the
Galilean transformation; on the other hand, from the relationship between
u(t) with nonzero momentum and its Galilean transformation @ (t) satisfying

iz, t) = e M y(x — 2¢t,) with ¢ = ]\]j[((%
we get P(u)?
P(a) =0, M(@)=M(u)=MQ), [Vi|i.=|Vul?.- QJ\E[H(L)'

Thus, Theorem is also true by the Galilean transformation.
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In this paper, H' denotes the usual Sobolev space W12(R%) and

1/4
ey = (5 @ PV - o) dedy)
R5xR5
As usual, we denote the LP norm by || - ||,, and use the convention that ¢
always stands for absolute constants which may vary from line to line.

The rest of this paper is organized as follows. In Section 2 we recall the
dichotomy and scattering results. In Section 3, we discuss blow-up of so-
lutions based on the virial identity and its localized versions. Section 4 is
devoted to the variational characterization of the ground state and can be
considered as a preparation for Section 5, in which we set up the inductive
argument that will be continued in Sections 7 and 8. In Section 6 we in-
troduce the linear and nonlinear profile decomposition lemmas, which are
needed in the argument of Sections 7 and 8, where we give the proof of

Theorem [L.1l

2. Ground state and dichotomy. As argued in [30, 23], if Curg is
the best constant in the Hardy-Littlewood—Sobolev inequality

2 2
u(x)|*|u(y
(21) §§ T 4y < Conslulal T,
then it is attained at () that is the unique radial positive solution to

(2.2) Q- AQ = (V+Q)Q.

The uniqueness of the ground state of (2.2) can be obtained by the same
method as in the cases of dimension three and four ([I7] and [16]) by means
of Newton’s theorem [I§]. In fact, it suffices to note that the convolution
term in ((I.1)) is just the Newtonian potential in R®. It is worth pointing out

that, generally, the uniqueness of the ground states of Hartree equations is
an open problem. One can also find some results on this problem in [20].

From (2.2)) we have
JQI7 dz +{|VQ[* dx — |QIIzv =0,

and the Pokhozhaev identity

5 3 7

§S|Q|2d$ + §S|VQ\2de - EHQH%/V =0.
These two equalities imply that

4
IQIzv = gHVQH% = 4] Qlf3-

As a consequence,

1Ny
RNVl

1
1Rl Vell2’

4
(2.3) Curs = = 3
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and therefore

1
(2.4) B(Q) = {IVQl3
Let

IV ulallul:
2.5 _ IVullafjulls
(25) 10 = 19aL1al;
By , and we have
(2.6) sn(t)? > LMW o oo oy,

— E(Q)M(Q)
Thus, it is not difficult to observe that if 0 < M(u)E(u)/M(Q)E(Q) < 1,
then there exist two solutions 0 < A_ < 1 < X of the following equation
in A:

(2.7) =3)%2 —2)\3.

On the other hand, if E(u) < 0, there exists exactly one solution A > 1 to

7).

By the H! local theory [4], there exist —oo < T_ < 0 < Ty < oo such
that (T_,T% ) is the maximal time interval of existence for u(t) solving (|1.1)),
and if T < oo then

IVu(t)]lz — oo ast T

A similar conclusion holds if 7_ > —oo. Moreover, as a consequence of the
continuity of the flow u(t), we have the following dichotomy proposition:

PROPOSITION 2.1 (Global versus blow-up dichotomy). Letug € H, and
let I = (T-,Ty) be the mazimal time interval of existence of u(t) solving

(1.1)). Suppose that

(2.8) M(u)E(u) < M(Q)E(Q).
If holds and
(2.9) [[uoll2[[Vuoll2 < [[QIl2I V@2,

then I = (—00,00), i.e., the solution exists globally in time, and for all
t e R,

(2.10) [u@®)l2IVu@)ll2 < |QU2VQ2-
If (2.8) holds and
(2.11) [[uoll2lVuoll2 > [[Qll2l|VQ]l2,

then fort e I,
(2.12) [u(®)l2[[Vu(t)ll2 > |Ql2(VQll2-
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Proof. Multiplying the formula for the energy by M (u) and using the
Hardy-Littlewood—Sobolev inequality ({2.1]), we obtain

1 1
E()M(u) = 5 |VulZallull?s = lullfvllul3s
1 1
> 2 [VulBlul — Crus|Vulul}.

Define f(z) = 322 — 1Cursa®. Then f'(z) = (1 — (3Curs/4)z), and f'(z)
= 0 when g = 0 and 1 = [|[VQ|2||Q|l2 = 4/3ChuLs by (2.3). Note that
f(0) = 0 and f(z1) = ¢[VQ|3]Q|3. Thus f has two extrema: a local
minimum at g and a local maximum at x. implies that E(ug)M (up)
< f(x1), which combined with energy conservation leads to

(2.13) F(IVaullaffullz) < E(w)M(uo) = E(u)M(u) < f(z1).

If initially ||Vuoll2|lwoll2 < z1, i.e., (2.9) holds, then by (2.13) and the
continuity of |Vu(t)||2 in ¢, we have ||Vu(t)||2]|u(t)||2 < z1 for all ¢t € I. In

particular, the H' norm of the solution is bounded, which implies the global
existence and ([2.10)) in this case.

If initially ||Vuol|2||uoll2 > x1, i.e., (2.11) holds, then by (2.13) and the
continuity of ||Vu(t)||2 in ¢, we have [|[Vu(t)|2||u(t)]l2 > 21 for all ¢t € I,

which proves (2.12)). =

The following is another statement of the Dichotomy Proposition in
terms of A and 7(t) defined by (2.7) and (2.5 respectively, which will be
useful in what follows.

PROPOSITION 2.2. Let M(u)E(u) < M(Q)E(Q) and 0 < A_ <1 < A
be defined as (2.7). Then exactly one of the following statements holds:

(1) The solution u(t) to (1.1)) is global and

1 E(u)M (u) 2 2 0. 50
sEQM(@ == e

(2) 1< A<n(t) forallt € (T_,T4).

For a better understanding, one can refer to the figure in [9] describing
the relationship between M (u)E(u)/M(Q)E(Q) and n(t). Whether the so-
lution is of the first or second type in Proposition is determined by the
initial data. Note that the second case does not assert finite-time blow-up.

In the remainder of this section, we will review the Strichartz estimates
and some facts about scattering. It is well-known that a pair of exponents
(g,7) is Strichartz admissible if

2 5 5

10
-+-=5, 2<qg<o0, 2<r<—.
q r 2 3
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Similarly for s > 0, we say that (g,r) is H*(R®) admissible and write
(q,7) € As if

2 n 5 9 leg< 10 <r< 10

— — = — — 8 X0 T —.

g r 277 =5 59, ="°73

Correspondingly, the Holder dual (¢/,r’) to (q,r) is dual HS(RE‘) admissible,
written (¢/,r) € AL, if (¢,7) € A_s. We define the Strichartz norm

lullggrizy = sup  lullpa,
( ) (q,7)€A1 /2 e

and the dual Strichartz norm

lullgigr-1r2y =, mf = ull gy = nf ol

where (¢, ') is the Holder dual to (g, r).
So we have the following Strichartz estimates:

t
HeitA¢HS(L2) < CH¢H2 and Hsei(t—tl)Af(_’tl) dtlHS(LQ) < CHf”S’(LQ)'
0

Together with Sobolev embeddings, we obtain

1" 20l 512y < clldll g2

and

iy S < | D2 flls 2.

Hiei(ttlmﬂ,’tl) s
0
In fact, we also have the following Kato inhomogeneous Strichartz esti-
mate [10]:

< C”stf(H—l/z’)-

@i [l

We will write S(H'/2;I) to indicate the restriction to a time subinterval
I C (—00,00).

For the first case of the dichotomy proposition (Proposition , we have
furthermore scattering results that will be used in the future discussion. We
omit the proofs since they are similar to those in [3].

LEMMA 2.3 (Small data) Let |lug|| 12 < A. Then there exists dsq =
Ssa(A) > 0 such that ||ePugl| (fri/2) < Osd; then u solving (L.1) is global and

(2.15) lallsgraray < 21 uollggg1/2y,
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(2.16) IDY2ull g2y < 2¢l|uol| g1/2-
Note that by Strichartz estimates, the hypotheses are satisfied if |[uo|| g1,2
< Csd-

THEOREM 2.4 (Scattering). Suppose that 0 < M(u)E(u)/M(Q)E(Q)
< 1 and the first case of Pmposition holds. Then u(t) scatters ast — oo
ort — —oo. That is, there exist ¢+ € H' such that

(2.17) 1tligcn |u(t) — e pi|| g = 0.
Consequently,
(2.18) im [u(®)]y =0
and
2.19 lim nt)? == "2 — L.
(2.19) A "= 3 B0
LeEMMA 2.5 (Existence of wave operators). Suppose that ¢t € H' and
1
(2.20) St IBIIVeT I3 < B(QM(Q).

Then there exists vg € H' such that the corresponding solution v to (1.1
exists globally and satisfies

1
IVo®)lzllvoll < 1VQI2Qll2: - M(v) =ll67113,  E(v) = 5[Ve |2,

and

lim [[v(t) — 2T | g1 = 0.
t—o00

Moreover, if |]eitA¢+||S(H1/z) < dsd, then

itA¢+

oll sy < 201€* 26 gy, IDY?0llgz2) < 216 |l gae.

3. Virial identity and blow-up conditions. From now on we will
focus on the second case of Proposition [2.2] Using the classical virial identity
we first derive an upper bound of the finite blow-up time under the finite
variance hypothesis.

PROPOSITION 3.1. Suppose that ||xugl|l2 < co. Let M(u) = M(Q), E(u)
< E(Q) and suppose that the second case of Proposz'tion holds with A > 1
defined in (2.7)). Let r(t) be the scaled variance given by
w3

1) = .
") = B2 )EQ)
Then blow-up occurs in forward time before ty,, where

ty = 1'(0) + 1/r'(0)2 + 2r(0).
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Proof. The virial identity gives
ey — 2AB () — 4 Vul}
8N\ —-1)E(Q)’

Using (12.3]) we obtain

o BE(u)  |[Vull3
ri(t) = A2\ — 1) (E(Q) HVQH%)

By the definition of A and 7,

3AZ —2)3 — n(t)?
2X2(\ — 1)

' (t) =
Since n(t) > A > 1, we have
r(t) < -1,
which by twice integrating in time gives
1
r(t) < —§t2 + 7' (0)t + r(0).

Note that ¢ is the positive root of the polynomial on the right hand side,
which leads to 7(t) < tp. =

The next result is related to the local virial identity. Let ¢ € C2°(RY)
be radial such that ¢” < 2 and

%, |z <1,
(@) = {

0, |z| > 2.
For R > 0 define

(3.1) 2r(t) = SR2¢><£> lu(z, )2 d.

Then by direct calculations we obtain the following local virial identity:
I _ T B 1 9 x 9
(3.2)  zR(t) =4 JZ]; S 00k <R) Ojudru dx — 2 S A%p <R> |u|* dz

RJ(vo( ) - (%) )TV - DRl da dy

Set

1= (20 - rose () - (2= 7o ()

J
Tj—Yj
|z —yl°

Ju(@)|?|u(y)[*dady,

and by the definition of ¢, we have
2p(t) = 248 (u) — 4| Vull3 + Ar(u(t)),
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where

Ag(u(t)) :42 | ajakg0<2>3ju8kudx
J#k |z|>R
2 (% 2

+4Z | [3j¢<R>—2}|vu| dzx

J |z|<R

1 x

— 2 | A2¢<R>\u\2dac+[.

|z|>R

Observe that I vanishes in the region |z|,|y| < R, while in the region

|z],|y| > R, I becomes 6 S|I|22R S|y|22R V(xz—y)|u(x)?|u(y)|? dy dz. In other
cases, since the integral is symmetric with respect to = and y, I is bounded

o o ) (o)

j
Tj—Yj

() () dr dy,

which is bounded by CSS‘$|> R W dx dy. Thus, for a suitable radial

function ¢ such that ¢” < 2, we have the following control:

1
(3.3) Ar(u(t)) < C<R2HUH%Q(|J:|>R) + \’u”iV<|x>R>>'

The local virial identity will give another version of Proposition [3.1} for
which, without the assumption of finite variance, we will assume that the
solution is suitably localized in H' for all times.

PROPOSITION 3.2. Let M (u) = M(Q), E(u) < E(Q) and suppose that
the second case of Pmposition holds with A\ > 1 defined in (2.7)). Select ~
such that 0 < v < min{\ — 1,1}. Suppose that there is a radius R > +/c/6v
such that for all t,

6VE(Q)

(3.4) v o>y < Y

where the absolute constant c is determined in (3.3)). Let 7(t) be the scaled
local variance given by

B 2n(1)
0= mep-1-7F@)

Then blow-up occurs in forward time before ty,, where

ty = 7(0) + 1/7(0)2 + 27(0).

72’
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Proof. In view of the assumptions, by the local virial identity and the
same steps as in the proof of Proposition

(1) — 1
) = 48)\2()\— 1—7)E(Q)

Ap(u(t))
T22(A—1-7) 1 ) BXT =207 ()" + 24E(Q) >

3A2 —2X3 — n(t)? ||U” 2(|z CHUH4v =
n(t) N ) n LV (jz|>R)

= Toa2(n —1—7) 48E(Q))\2()\—1— 3 T BEQN(N\—1—7)
< STy B 2 ) ) < 1

Finally, we complete our proof as in the proof of Proposition "

(24E(u) — 4]|Vu|3 + Ar(u(t)))

REMARK 3.3. Note that by the Hardy-Littlewood—Sobolev inequalities,
Holder estimates and Sobolev embeddings, the assumption is satisfied
by u which is H! bounded and H' localized, i.e. for any € > 0 there exists
R > 0 large enough such that [lu||g1(jz/>r) < €

We will finally give a quantified proof of finite-time blow-up for radial
solutions, for which we need the following radial Sobolev embedding: If u €
H'(RY) is radially symmetric, then

(3.5) 1207202, < ellullol|Vulle.

PROPOSITION 3.4. Let M(u) = M(Q), E(u) < E(Q). Suppose u is
mdial and the second case of Proposition [2.2] holds with A > 1 defined
in . Select v such that 0 < v < min{\ — 1,1}. Suppose that R >
max{\/c/ﬁ , cE )/127)5/4}, where the absolute constant c is determined
by those in and . Let 7(t) be the scaled local variance given by

o ()
0= {1 E@)

Then blow-up occurs in forward time before t, = 7' (0) + /7 (0)% + 27(0).
Proof. Again from the local virial identity,

() — 1
= BRI EQ)
< 3AZ —2)3 — n(t)? §|’UH%2(|¢|>R)
T2\ -1-7)  BE@NA-1-9)
ol ey
WBEQNA—-1-7)

(24E(u) — 4] Vul3 + Ar(u(?)))
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The radial Sobolev embedding (3.5 implies that for any p > 2,

P (p+2)/2 (p—2)/2
1l 2o (o)) = Rzp T 1l L2l my IVl L2 o > )

This, combined with the Hardy—Littlewood—Sobolev inequalities and Holder
estimates, implies that

11/5 9/5
el 107y 1l 077 sy < 75 1l e V0 2

E 2
< B ey

4
lellzv o> Ry <

Thus in view of the assumptions, we have
1
~I
() < 57—
(1) < 2)\2()\—1—7)(
Arguing as in the proof of the preceding propositions we can complete our
proof. m

3N% —2)% —(1)” + n(t)?) < L.

4. Variational characterization of the ground state. In this sec-
tion we deal with the variational characterization of @) defined in Section 2.
This is an important preparation for the “near boundary case” in Section 5.
Since time dependence plays no role in this section, we will write u = u(x)
from now on.

PROPOSITION 4.1. There exists a function €(p) with e(p) — 0 as p — 0
such that the following holds: Suppose there is A > 0 satisfying

(4.1) ]\m — (3A% —2X\3)| < pA3,
and
ull2||Vul|2 A, A>1,
@ jatiivat: =1, e
Then there exist € R and xo € R® such that
(4.3) lu = XN22QANB ™ - —a0))l2 < 8" %e(p)
and
(4.4) IV[u— X232 QA(B7 - —mo))]ll2 < A8~ e(p),

where 3= M (u)/M(Q).

REMARK 4.2. If we let v(z) = [*u(Bz), then M(v) = 3 'M(u) =
M(Q), and we can restate Proposition [4.1| as follows:

Suppose ||v]|2 = ||@Q]|2 and there is A > 0 such that
E(v)
EQ)

(4.5) — (A% = 2X\3)| < pA3,
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and

>
40 SRl R
Then there exist § € R and zg € R® such that
(4.7) lo = e A2QA(- = x0))ll2 < €(p)
and
(4.8) IV[v = e N2QA(- — x0))]ll2 < Ae(p).

Thus it suffices to prove the scaled statement equivalent to Proposi-
tion We will apply the following result of Lions [19].

LEMMA 4.3. There exists a function €(p), defined for small p > 0, such
that lim, .o €(p) = 0 and for all uw € H* with

(4.9) Nullpy = 1QULv |+ [llullz = Q2] + [[Vulla = [VQIl2| < p,
there exist 0y € R and xo € RN such that
(4.10) Ju = e%Q(- = o)l < e(p).

Proof of Proposition[{.1 In view of Remark[4.2] we will prove the equiv-
alent version rescaling the mass. Set @(z) = A~>?v(A~1z). Then ([&.6) gives

Va2
4.11 -1/ <
4y Ival: =
On the other hand, (2.3)), (4.5) and (4.6]) imply
lvllzv 3 ‘ E(v) 3 2 ‘ [Voll3 2
2 23| < (203 —302)| + 3 “A
Q17w E(Q) IVQIi3
Moa>1
< )\3+3 { 9 - 4y
<p PN A<t
< 4pX3.
Thus in terms of 4, we obtain
lall v '
4.12 — 1| < 2p.
2 T

Thus (2.20) and (4.12)) imply that @ satisfies (4.9)) (maybe with different p).
By Lemma and scaling back to v, we obtain (4.7)) and (4.8). =

5. Near-boundary case. We know from Proposition that if M (u)
= M(Q) and E(u)/E(Q) = 3)\2 — 23 for some A > 1 and ||Vuo|2/||VQ||2
>\, then | Vu(t)||2/IVQ||2 > X for all t. Now we claim that ||Vu(t)||2/]|VQ]|2
cannot remain near A globally in time.
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PROPOSITION 5.1. Let A\g > 1. There exists pg = po(Ao) > 0, with
po(Ao) — 0 as A\g — 1, such that for any A > Ao, the following holds: There
does not exist a solution u(t) of problem with P(u) = 0 satisfying
M(u) = M(Q),

E(u)

(5.1) B Q) ~ 302 — 2)3,
and for all t > 0,
(5.2) A< Hvaugﬁ!z < A1+ po).

An equivalent statement is: For any solution u(t) to with P(u) =0
satisfying M(u) = M(Q), (5.1), and [[Vu(t)|2/|[VQ|l2 > A for all t > 0,
there exists a time to > 0 such that | Vu(t)|2/[|VQ|l2 > A(1 + po).-

Before proving Proposition following the idea of [2], we introduce a
useful lemma.

LEMMA 5.2. Suppose that u(t) with P(u) = 0 solving (1.1)) satisfies, for
all t,

(5.3) [u(t) = e OQ( — x(t) |71 < e
for some continuous functions 0(t) and xz(t). Then if € > 0 is sufficiently
small, we have
2] _
y =
Proof. If not, holds for any small € > 0 while there exists a time
sequence t, — oo such that |x(t,)|/t, > € with some ¢y > 0. Without loss
of generality we assume x(0) = 0. For R > 0 we define to(R) = inf{t > 0 :
|z(t)| > R} and then by the continuity of x(¢) we find that 1) ¢o(R) > 0;
2) |z(t)] < R for 0 <t < to(R); and 3) |z(to(R))| = R. If we set R, =
|z(t,)| and %, = to(Ry,), then t,, > t,, which implies that R, /t, > ¢. From
|z(tn)|/tn > €0 and t, — oo we deduce that R, = |z(t,)| — oo. Thus,
tn = to(Ry) — o0o. From now on, we will work on the time interval [0,%,] to
get a contradiction.
For that purpose we need a uniform localization. That is, for any ¢ > 0
there exists Ry(e) > 0 such that for all ¢ > 0,

(5.4) | (Ju)® + |Vul?) dz < 2e.
jo—a(t)|>Ro(e)

ce ast— oo.

In fact, since the ground state Q is in H', there must exist R(e) > 0 such
that

(5.5) | QP +IVQP+ (V+[QP)IQIY) dr < e.

|z|=>R(e)
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Thus, taking Ro(e) = R(e) we have

| (Jul® + |Vul?) dx
o —2(t)|>Ro(e)

< J(lu = ”0Q( — ()P + |V (u = Q- — 2(1)) ) dx

+ b (QC 2+ VQ( — x(t)) da < 2e.
lz—z(t)|>R(e)

Let 8 € C°(R) be such that f(z) = = for —1 < z < 1, 8(z) = 0
for |z| > 23, |0(z)| < |z|, 0]l < 2 and [|#]|ec < 4. For z € R?, let
o(x) = (0(x1),...,0(x5)); then ¢(x) = x for |z| < 1 and [|@]|cc < 2. For
R > 0, set ¢r(x) = Ro(xz/R). We consider the truncated center of mass:
zr(t) = (Pr(z)|u(z,t)|* dz and [2(t)]; = 2Im {6’ (x;/R)0;jut dx.

By the zero momentum property we obtain |25 (t)] < 5S|x‘>R(|u\2 +
|Vul?) dz. Setting Ry, = Rn+Rol(e), we have [z —z(t)| > Ro(e) for 0 < t < 1,
and |z| > R,. Then by the uniform localization ([5.4)), we obtain

(5.6) |2 (1)) < Be.

Now we claim that

(5.7) |2, (0)] < Ro(€)M (u) + 2Rpe
and
(5.8) |25, (Ea)] = R(M(u) = 3¢) — 2Ro(€) M (u).

In fact, first, the upper bound for 25 (0) can be obtained from

2,00= | dp@o@)Pde+ | g (@)|uo(x) d
|| <Ro(e) |z[=Ro(€)
and ([5.4) immediately. Next, we show the lower bound for 2 (t) as follows.
For 0 < t < £, we split zp (1) into

zp (1) = | Op (z)|u(z,t)|* dz + | Op (o)|u(z,t)] dz
le—a(t)|<Ro(c) le—a(t)]>Ro(e)

=I1+11.

Again from (5.4), we obtain |IT| < 2R,e. For I, since |z| < |z—z(t)|+|z(t)| <
Ro(e) + R, = Rye, we can write
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I= | (2 — z(t))|u(z, t)|? dz + 2(t) | lu(z, t))? da
o= (t)| <Ro(e) o= (t)| <Ro(e)
= | (z — x(t))|u(a, t)|? dz + z(t) M (u)
|w—a(t)|<Ro(e)

— z(t) | lu(z, t)|? d
jo—2(t)|>Ro(e)

=1L+ I+ 1.
Since |I1]| < Ro(e)M (u), and since |I3]| < |z(t)|e by (5.4)), we have
|2, ()] = || = || = |I3] = [11] > [2(t)|M (u) = Ro(€)M (u) — 3Rne,

which gives (5.8)) since |z(f,)| = R,.
Combining ([5.6))—(5.8]), we obtain

Bet, > ( §z;%n (t) dt’ > |25 (in) = 23, (0)] = Ru(M(u) — 5€) — 3Ro(e) M (u).
0

Thus assuming € < M(u)/5, since R, > R, and R, /i, > €y, we finally
obtain

Be > eo(M(u) — 5¢) — 3R°(?M(“).

If we take ¢ < M(u)eg/20 and let n — oo (hence t, — 00), we get a
contradiction. m

We shall prove Proposition [5.1| using the above lemma; our arguments,
unlike those for the Schrédinger equation, will not use any exponential decay
property of the ground state Q.

Proof of Proposition [5.1 Towards a contradiction, suppose that there
exists a solution u(t) satisfying M (u) = M(Q), E(u)/E(Q) = 3\ —23 and

[Vu(t)ll2
V@2
Since |[Vu(t)[|2 > A?||[VQ||3 = 6A\2E(Q), we have
24E(u) — 4| Vu(t)|3 < —48B(Q)N*(\ — 1).
By Proposition there exist functions 6(t) and z(t) such that for p = py,
(5.10) lu(t) = e®ONQA( =z (1)) ]l2 < e(p)
and

(5.11) IV[u(t) = e ONZQAC — x(t)]]l2 < Ae(p)-

(5.9) A< < A1+ po).
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By the continuity of the u(t) flow, we may assume 6(t) and z(t) are contin-

uous. Let
R(T) = max{ mas |o(1)]. R(e(p))}.

where R(e(p)) is given by (5.5) with R(e(p)) — oo as p — 0. For fixed T,
take R = 2R(T') in the local virial identity (3.2). Then we claim

[AR(u(t))] < eXe(p)*.
In fact,
lull v o=y < llu = € ONPQAC = x(1)) v
+ [[e®ON2QAC — ()| Lv (a5 1)
By the Hardy-Littlewood-Sobolev inequality (2.1]), (5.10) and (5.11]) imply
lu = e?ONPQA — 2(1)))lI7y < Ne(p)".
On the other hand, by , we have

||€i0(t))\5/2Q()\(‘ - 33(@))“%\/(@&3) < ||>‘5/2Q(>‘('))||4LV(|$\2R—maXogth lz()])
< INPQNN L (= ey < IX2QADILV (a5 rie(ry)) < Ne(p)

w>R) < ce(p)?. Thus (3.3) implies the claim.
Taking po small enough to make €(p) small we obtain, for all 0 <t < T,

2h(t) < —24B(Q)N*(\ — 1),

Similarly, ||ul|72

and so

zr(T) _ 2r(0) | 2R(0)
<
77 ~712 "7
By definition of zr(t) we have

|2r(0)] < cR?|luo|l3 = ¢ QI3 R?

—12E(Q)N\*(\ —1).

and
12R(0)] < cRuoll2]|Vuoll2 < c[|Ql2[VQI[2R(1 + po)A.
Consequently,
zor(r)(T) < R(T)* = AR(T)
= A\ 7
Taking T sufficiently large, from Lemma [5.2] we have
< Z2R(T) (T)
provided pg is small enough.

> —12E(Q)A*(A —1).

< ce(p)? = A2(A—=1)) <0

Note that pg is independent of T'. Thus, we get a contradiction. m
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6. Profile decomposition. The following Keraani-type profile decom-
position will play an important role in our future discussion.

LEMMA 6.1 (Profile expansion). Let ¢, be a uniformly bounded sequence
in H'. Then for each M there exists a subsequence of ¢, also denoted by ¢,
and

(1) for each 1 < j < M, there exists a (fized in n) profile 7 (z) in Hl_,
(2) for each 1 < j < M, there exists a sequence (in n) of time shifts tn,
(3) for each 1 < j < M, there exists a sequence (in n) of space shifts ),
(4) there eists a sequence (in n) of remainders WM (z) in H!,

such that

M .
On(x) = Z e*it%Azﬁj(ac —z) + WM ().
j=1

The time and space sequences have the pairwise divergence property, i.e.,
for1 <j#k <M, we have

(6.1) Tim (|#], — 1] + |af, — a8]) = co.

The remainder sequence has the following asymptotic smallness property:
. . tAYT M

(6.2) ]\/}Tloonh_)noloﬂe’t W, HS(Hl/?) =0.

For fixed M and any 0 < s < 1, we have the asymptotic Pythagorean expan-
sion:

M
(63 I6nlZ = 3115 + IWMI, + on(1).

j=1

REMARK 6.2. By refining the subsequence for each j and using a stan-

dard diagonalization argument, we may assume that for each j the sequence
t), is convergent to some time in the compactified time interval [—00, 00].
If t), converges to some finite time ¢/ € (—o0, 00), we may shift 1/~)j by the
linear propagator e~ A to assume without loss of generality that t) con-
verges to either —oo, 0, or oo. If t converges to 0, we may absorb the error
e*”%A&j — 47 in the remainder Wé\/f without affecting significantly the scat-
tering size of the linear evolution of W™ and so assume, without loss of
generality, that in this case th =0.

Since the profile decomposition corresponds to the linear equation and
there is no difference in the linear terms between the Hartree equation and
the Schrodinger equation, there is no essential difference in the proof from
that in [2] for the 3D cubic Schrédinger equation. Furthermore, we also have
the following energy expansion.
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LEMMA 6.3 (Energy Pythagorean expansion). Under the assumptions
of Lemma [6.1
M .
oA~ -
(6.4) E(¢n) =) E(e " 299) + E(WY) + 0a(1).
j=1
Similar to [14] and [12], we give the following definition of a nonlinear
profile:

DEFINITION 6.4. Let V be a solution to the linear Schrédinger equation.
We say that U is a nonlinear profile associated to (V,{t,}) if U is a solution
to (|L.1]) satisfying

WU =V) (=t )|l — 0 asn— oo.

Note that, similar to the arguments in [12], by the local theory and
Lemma there always exists a nonlinear profile associated to a given
(V,{tn}). In fact, it is obtained by solving with U(—tg, z) = V(—to, ),
where tg = lim,, t,,. V(—tp, ) is an initial data if ¢ is finite, and an asymp-
totic state otherwise. Thus for every j, there exists a solution v/ to (1.1
associated to (¢4, {t}}) such that

[0 (- = 2, —t]) — e AP (- —a2d) | — 0 asn — oo,

If we denote the solution to with the initial data ¢ by NLH(¢)1,
by shifting the linear profile 1)/ when necessary, we may denote v7 (—t%) as
NLH(—t,j@)wj with some 1/ € H'. Thus using the same method of replacing
linear flows by nonlinear flows as in [§] we can get the following proposition:

PROPOSITION 6.5. Let ¢, be a uniformly bounded sequence in H'. There

exists a subsequence, also denoted by ¢, profiles W in H', and parameters
x}, tl, such that for each M,

M
(6.5) dn(x) =D NLH(—t))¢ (z — i) + WM (x),
7j=1

where

e For each j, eithert%:(), t%—>oo ort%—}—oo as n — o0. '
o Ift), — 00 as n — oo, then |NLH(—t)y7]|4 A1/20,00)) < 005 if t), —
o forj#k, ' ‘

Tim ([8] — #6] + [z, - k) = oc.

(*) This property is obtained by solving an asymptotic problem similar to that
in the proof of the existence of the wave operator. In fact, we deduce further that
| D/? NLH(=#)1" || s(L2;j0,00)) < 00 in the case of ¢}, — oo, and a similar result for
tZL — —00.
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o NLH(t)WM is global for M large enough with
i i M . _
J\}linoo nh—{go INLH@W, [ 5471729 = 0-

We also have the H®-Pythagorean decomposition: for fived M and (0 < s <1,

M
(6.6) 16nll%. = D INLH(=)¢7 (3. + W2 1. + 0n(1),
j=1

and, by energy conservation E(NLH(—t%)wj) = E(y7), the energy Pytha-
gorean decomposition

M
(6.7) E(¢n) =Y _ E@) +EW)") + 0a(1).

j=1
REMARK 6.6. As is stated in [9], (6.7) was proven by first establishing
the following orthogonal decomposition:

M

(6.8) énllzv =D INLH(=6)¢7 |1y + W2 13w + 0a(1),
j=1

and we will find a similar one in the proof of Lemma

The next perturbation lemma is essential to get our main theorem.

LEMMA 6.7 (Long time perturbation theory). For any given A > 1,
there exist g = eg(A) < 1 and ¢ = ¢(A) such that the following statement
holds: For fized T > 0, let u = u(x,t) € L>=([0,T); H') solve

iug + Au A+ (V x [ul*)u =0
on [0,T]. Let @ = u(z,t) € L°°([0,T); H') and set
e =ity + At + (V |af?)i.
For each € < ¢, if
lalsearzo < A lels vz < € 1€ @O =w0)llgmnrp0m) < &
then
[lu — ﬁHs(Hl/a[o,T]) < c(A)e.
Proof. Define w = v — @. Then w solves the equation
iwy + Aw + (V * |w + aHw + (V * |Jw + a|*)a — (V * |a]*) i+ e = 0.
That is,
(6.9)  dw; + Aw + (V * |wP)w + (V * (00))w + (V * (wa))w
+ (V|w®)a+ (V= |a)w + (V * (00))a + (V * (wi))i 4 e = 0.
Since HﬁHS(Hl/Q;[O,T]) < A, we can split [0,7] into N = N(A) intervals
I; = [tj,tj+1) such that, for each 0 < j < N — 1, HZZHS(HUQJJ,) < 6 with
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a sufficiently small § to be specified later. The integral equation of
with the initial time t; is

¢
(6.10) w(t) = A (t;) +i | e IAW (-, 5) ds,
tJ
where
W = (Vx ww + (V  (0i))w + (V * (wi))w
+ (V |wPa+ (V * |a)*)w + (V * ( wi))a + (V * (wa))a + e.
Applying the Kato—Strichartz estimate on I; we have
(611) wlgsirn,) < ||ei<t—tj>4‘w<tj>||S(H1/2Jj) +ell(V o ol ol s o
+cf|(V = (wﬂ))wllﬁj/w@zn +cf|(V = (wﬁ))wllLij/wL;m
+cf (V= |w|2)ﬂ||L§j/13L;2/7 + cl[(V * Iﬂlz)WIlex/lsL;w
el (Vo )l sy -+l = Q0 o3

In fact, we can easily check that (24/13,12/7) € /11/2 and (24/5,60/19),

(8,20/7) € Ayj5. And by the Hardy-Littlewood—Sobolev inequalities and
Holder estimates we have

~ 2 ~112
IV Pl s g < 10 sl

<Nl ggo g lwll ey < P lwliseg),

2\~ 2 = 2
1V Jw] )U”Li;_l/wL;?/? < |’w‘|L§;/5L§CO/19HUHL%L?/? < 5Hw”5(['{1/2;1j)'

Similarly, we can estimate other terms in and get
(6.12) ||st(H1/2;1j) < ||€i(t_tj)Aw(tj)||5(H1/2;1j) +C52”w||s(H1/2;1j)
+ céHwHé(Hl/Z;Ij) + CHMHZ(HU%Q) + cHeHS,(H,l/Q;Ij)
< ||€i(t_tj)Aw(tj)||5(H1/2;1j) +052”w||5(1'{1/2;1j)
+ C‘SHwHé(Hl/Z;Ij) + cHwH%(HW;Ij) + ce.

Now if 6 < min(1,1/6¢) and

; 1
i(t—t;)A ) . :
(6.13) ||t w(tj)HS(Hm;Ij) + ce < mln{l, 2\/&},
we obtain

610wl < 22w g, + 2
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Next, taking ¢t = t; in (6.10]) and applying ¢i(t=t+1)A 6 hoth sides, we obtain

tjt1
(6.15) ei(tftj“mw(tjﬂ) = ei(tftj)Aw(tj) +1 S =AW (., 5) ds.
ty

Noting that the Duhamel integral is confined to I;, similarly to (6.12)) we
have the estimate

||ei(t—tj+1)4w(tj+1) HS(Hl/Q;[O,T])

< ”ei(t_tjmw(tj)Hs(Hl/?;[o;r]) + C52HwHS(Hl/2;1j)

+ 66||w||S(H1/2;[j) + CHng(Hl/Q;IJ_) + ce.

Then (2.19) and (6.14) imply
i(t—tj41)A i(t—t;)A
[ w(tj+1)”S(H1/2;[O,T]) < 2|t w(tj)Hs(Hlﬂ;[o,T]) + 2ce.
Now, beginning with j = 0 we get by iteration
Hei(t_tjmw(tj)HS(H1/2;[0,T]) < 2j”ei(t_tomw(to)Hs(Hl/Q;[o,T}) + (Qj —1)2ce
< 2012 ¢

Since the second part of (2.19) is needed for each I;, 0 < j < N — 1, we
require

1
6.16 oN+2¢¢ < min{l, }
(6.16) 0= 2v/6¢

Recall that § is an absolute constant satisfying (2.19); the number of inter-
vals N is determined by the given A; and then by (6.16)), €y is determined
by N = N(A). Thus, the iteration completes our proof. =

Note that from the proof above the parameters in Lemma are inde-
pendent of T. As is stated in [9], besides the H' asymptotic orthogonality
at t = 0, this property can be extended to the nonlinear flow for
0 <t < T as an application of Lemma with a constant A = A(T) de-
pending on 7' (but only through A). As for the Hartree equation (L.1]), we
will show a similar result:

LEMMA 6.8. Let ¢, be a uniformly bounded sequence in H'. Fiz any
time 0 < T < oo. Suppose that u,(t) = NLH(t)¢,, exists up to time T for
all n and

T [|Vun (1) | o= o:17.22) < 0.

Let WM(t) = NLH(t)WM. Then, for all j, vi(t) = NLH(t)y’ ezists up to
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time T and for all t € [0,T],

M

(6.17) IVunll3 = > Vo7 (¢ = )15 + VW (6)]5 + on(1),
j=1

where o, (1) — 0 uniformly for 0 <t <T.

Proof. Let Mgy be such that for M > My and for dgq in Lemma we
have
HNLH(t)Wst(HW) < 0sa/2

and ||v7|| S(H/2) < dsq for j > My. Reorder the first M profiles and introduce
an index Ms, 0 < My < My, such that:

e For each 0 < j < M, we have t% = 0 (there is no j in this case if
Ms =0). ‘

e For each My + 1 < j < My we have |t},| — oo (there is no j in this

case if My = My).

By the definition of My, v7(¢) for j > Mj scatters in both time directions.
We claim that for fixed T"and My+1 < j < My, ij(t—t%)HS(Hl/g_[o ) — 0
as n — oo. Indeed, take the case t — oo for example. By Proposition
107 (=)l s (7r1/2:0,00)) < 00 Then for ¢ < oo, [[v!(=t)||a(o,00);2r) < 00 im-
plies [|[v7 (t—t1)|| La(jo,77;r) — 0. On the other hand, since v/ (t) in Proposition
is constructed from the existence of wave operators which converge in
H' to a linear ﬂow at —oo, the L5/2 decay of the linear flow implies imme-
diately that [|v? (t — t2)|| e ([o,7);25/2) — 0. Similarly, we can deduce that for
My +1 < j < My, | DY20I(t — t)||s(z2.0.7) — 0 as n — oc.

Let B = max{1,limy, [[Vuy| oo (jo,77;02)}- For each 1 < j < My, define
T7 < T to be the maximal forward time for which HVUJHLOO ([o,19);L2) < 2B.
Let T = mm1<j<M2 T7, and if My = 0, just take T = T. Note that if
we prove ) for T =T then by the definition of 77, using continuity
arguments, 1t follows from ([6.17)) that for each 1 < j < Ms, we have 77 = T.
Hence T = T. Thus, for the remamder of the proof, we just work on [0, T]

For each 1 < j < My, [|v/ ||L°°([0,T];L2) = ||¢]H2 < limy, ||¢nll2 by (6.6 .a
thus we have

||1) ||L°° ([0,T);L5/2) + Hv HL4 ([0,T; LIO/B))

1/2 1/2 ;
7)) Vo[22 + TV V| o

L (]0,T7;L?)
1+TYYB.

<
= % ([0,T7;L2) (l0,7:L2))

(1)l
o
(
< ¢
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In fact, from the local theory (see Chapter 4 in [I]), we further deduce that
for each 1 < j < Mo,

(6.19) | DY/ (t)
For a fixed M, let

M
ﬁ'n(xat) = Z’U](l' - .f%,t - t%)?
=1

Ol s(z20.77) = < C(T,B).

en = 10ty + Aliy + (V% |l |*) i,

CLAIM 1. There exists A = A(T) (independent of M) such that for all
M > My, there exists ng = no(M) such that for all n > nyg,

lanllsqrago ) < 4
CrAm 2. For each M > My and € > 0, there exists ny = n1(M, €) such
that for n > ny and for some H=Y? admissible (q,7),

lenll e oy = €

We postpone the proof of those claims and just suppose they both hold.
Since 1, (0) — 1, (0) = WM there exists M’ = M'(e) large enough such that
for each M > M’ there exists ny = ny(M’) such that for n > na,

HeitA(u(O) — ﬂ(o))”s(ﬂlﬂ;[&ﬂ) Se

For A = A(T) in the first claim, Lemma m gives ¢g = ¢y(4) < 1. We
select an arbitrary ¢ < ¢y and obtain from the above arguments an index
M’ = M'(€). Now select an arbitrary M > M’, and set n’ = max(ng, ni, na).
Then by Lemma and the above arguments, for n > n’, we have

(6.20) ltn, = il g 1/ 7y < (T

To obtain the ||V, bound, we also have to discuss j > My + 1.

([0,T];L2) ‘
As was noted in the first paragraph of the proof, |[v7 (t —t},) HS(HUQ_[O 7

as n — oo. By the Strichartz estimate we can get || V! (t — ) ”Loo([o 702y <

)y 0

c|| VoI (—tj )||2.- By the pairwise divergence of parameters,

IV |7

Loo( [OT ;L?)
= Z HVU] ”200 [OT L2) + Z HVUJ t _tJ)HLoo(OT] L2 +0n(1)
J=1 Ma+1

M
< o(MyB?+ > IV NLH(=6)0 |3 + oa(1))
Mo+1

c(MyB? + ||[Vnl|3 + 0,(1)) < ¢(MyB% 4+ B% 4 0,(1)).
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Note that for 5/2 < p < 10/3, from we have, for some 0 < 0 < 1,
| un — an”Loo([o’ﬂ;Lp) < c(flun — unHew ([0,7];L5/2) |V (un, — )| 2009 ([0,7; L2))
< ¢(T)?(MaB? + B? + 0,(1))1=9/2¢0.

Thus, by the Hardy-Littlewood—Sobolev inequalities and Holder estimates
we obtain

(6.21) sup [un — fin| 3y < o(T)*(MaB? 4+ B2 + 0, (1)),
tel0,7

Now we first replace the large parameter M in the notation and all
other arguments above by Mj. Then for any fixed M, we will prove
on [0, 7). In fact, we only need to establish that, for each ¢ € [0,7],

M
(6.22) v =Y 107t = )17y + W (D 7v + on(1).
j=1
By (6.7) and the energy conservation we have
M
(6.23) E(un(t)) =Y _E@/(t —t})) + E(W(t)) + on(1).
j=1

Thus (6.22)) combined with ((6.23)) gives (6.17]), which completes our proof.
So now we have to establish (6.22)

First, we apply the perturbation Lemma to u,(t) = WM(t) and
Uy, = Z;‘QMH v’ (t—13,). For any fixed M < My, since uy,, (0)—, (0) = WM,
similar to the above two claims and the arguments above, we obtain
M,y 4
M 4 .
(W= > -,

J=M+1

— 0 asn — oo.

From all arguments above and by the pairwise divergence of parameters,

My 4
lunlly = lanlife +o0n () = >/t =),
j=1

+ on(1)

M,
W=l + | > -t

j=M+1

e

L +on()

<
Il
-

lo? (¢ = el v + W2 (@)l + on(1).

tllﬂz

1
If on the other hand M > M, we easily deduce from the selection of M;

(see the above analysis) that [|[WM (t)|| v = 0,(1) and (6.21]) implies (6.22).

<.
Il
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Now it remains to establish the two claims. Recall that My is sufficiently
large such that H@ZtAWéMOHS(Hl/Q) < 0sq/2 and for each j > My, we have
Heimvj(—t%)HS(Hl/Q) < dgq. Similar to the small data scattering and Propo-
sition we obtain

(6.24) 17 (t = t2) /2y < 2Mle™ 07 (=t0) | gr1/2y < 28a,
and
(6.25) IDY207 (¢ — ) |12y < cllv? (=t]) |12 for j > Mo,

Thus by the elementary inequality, for a; > 0,

M M
7/2
o] = Dol < Car 3 ol e,
=1 j=1 i#k
we have

7/2
(6:26) | nHL/m(OT] L7

J17/2 G 43N\ 7/2
S Z”” ||L7/2 ([0,T};L7/2) * Z o7t = #a) HL7/2(0T]L7/2)

Jj=M2+1
+ Z |9 (t — ) ”2/732(0T] L7/2) + crossterms
Jj=Mo+1
/ S /
1/2,417/2 1/2 j AL
<Z”D il s T > I —1)] S(L2;(0,7)

j=Ms>+1

1/2 j i\ 7/2
+ Z | D 40? (t —t )HS(L2 OT])—I—crossterms
Jj=Mo+1

M
< MoC(T, B) + Moe"/? + ¢ Z |7 (¢ )|| + crossterms,

H1/2
J=Mo+1
where we have used (6.19)) and the fact that
Mo y
1/2, 5 J\n7/2 7/2
; §+1 HD v ( —t )” L2 [0 T} MOE
=4vi2
for My large enough. Now by ,
Mo
(6.27) Hun,OH?p/Q = Z [0 (=2,)I% e T Z [? (— HHl/z
Jj=1 Jj=Mo+1

+ ||Wé\4H§—Il/2 + On(l)v
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we know that the quantity

M M y
; T2
> (=t %y, andso Y W (=)
j=Mo+1 j=Mo+1

is bounded independently of M provided n > ng is sufficiently large. On
the other hand, the “crossterms” can also be made bounded by taking ng
large enough owing to the pairwise divergence of parameters. Above all,
we have shown that |||, /2(j0,7].7/2) is bounded independently of M for
n > ng. A similar argument shows that HﬂnHLm([O’ﬂ;LwQ) is also bounded
independently of M for n > ng, and the first claim holds true since the
Strichartz norm ||y|| (/o) can be bounded by interpolation between
the time-space norms with the above two exponents.

Now we prove the second claim. We easily find the following expansion
of e, which consists of O(M?) terms involving V # v/ (t — ) |20*(t — t&),
k # j (we will call such terms crossterms):

M
Zvﬂ (t—t] ‘2) > it 1)
j=1

en = (V*

M
= (V| (= th)P)l (t — )
j=1
M
( (’Zuf t—tl)
7j=1
M
+Z s ol (t—t1)[2) ) ok (e —th).
=1

K]

The point is to estimate the crossterms. Assume first that j # £k and
|t}, — t¥| — oo; then at least one index is > My + 1. Take the Strichartz
estimate of one of the crossterms:

M

ZW t—t ]2))ZUJ t—tl)

J=1

1OV % 109 2) (6 = )05t~ 25 oo o 7oy

= [V 09 PY(E0* b+ 8, = )] paasas o oy

Similar to the analysis in the second paragraph, this term goes to zero since
i ok e L24/5 60/19 NS 20/7 and

”(V * |Uj’2)(t)vk(t + tgz - tfz)HL24/13([07f];L12/7)

. & . &
< Hv] Him/s([of}laoﬂs)) HU (t + t‘1]’L - tn)||L8([07ﬂ;L20/7)'
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If j # k and ¢}, = t*, then by (6.1), |2, — #¥| — oo. Taking the same
crossterm, we have

I ity — )Ptz —at)

’«73 - y!3 L24/13([0,T);L12/7)

HS [ () Pt (2 — )

o —x), — /|3

L24/13([0,T];L12/7)

_ HS P )

- &' —y'[?

L24/13([0,T};L12/7)
12,k j k
= IV 09 2Y0 (- + 28, — ) | oo o gy
In the same way, we infer that it must go to zero again. Observe that all

other crossterms will have the same property through similar estimates, and
in fact we have proved the second claim. =

LEMMA 6.9 (Profile reordering). Let ¢, be a bounded sequence in H' and
let \g > 1. Suppose that M(¢,) = M(Q), E(¢,)/E(Q) = 3X2 — 2)\3 with
An > Xo > 1 and [|[Von|2/[|VQIl2 > A for each n. Then, for a given M, the
profiles can be reordered so that there exist 1 < My < Mo < M satisfying:

(1) For each 1 < j < My, we have t}, = 0 and vI(t) = NLH(t)y/ does

not scatter as t — oo. (We in fact assert that at least one j belongs
to this category.)

(2) For each My +1 < j < Ma, we have t}, = 0 and v7(t) scatters as

t — oo. (There is no j in this category if Ms = Mj.)
(3) For each My + 1 < j < M we have |t},| — oo. (There is no j in this
category if My = M.)

Proof. Firstly, we claim that there exists at least one j such that t%
converges as n — oo. In fact,

I6allsy _ 1 B(6a) | 3 [Vl
QL ~ 2 EQ 2 IVQI

1
> —5(3/\% —2X3) + ;Ai =X >N > 1.

(6.28)

If |t],| — oo, then |[NLH(—t})47]|;v — 0 and implies our conclusion.
Now if j is such that #}, converges as n — oo, then we might as well assume
th = 0.

Reorder the profiles 7 so that for 1 < j < M, we have th = 0, and for
My +1 < j < M we have |t},| — oco. It remains to show that there exists
one j, 1 < j < Mp, such that v7(¢) does not scatter as t — oo. If, on the
contrary, v/ (t) scatters for all 1 < j < My, then limy_ |07 (t)|| v = 0. Let tg
be sufficiently large so that for all 1 < j < Mj, we have ij(to)||4LV < €/Mj.
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The LY orthogonality (6.22)) along the NLH flow and an argument as in
(6.28) imply

NQILy < lun(to)l7v

Mo M
. ‘ ‘ u
=D W)ty + D I ko — )3 + W (t0) |7y + 0n(1).
j=1 j=Ma+1

We know from Propositionthat Z]M:M2H ||vj(t0—t%)H‘iv — 0asn — oo,
and thus
NlIQITy < e+ Wa' (to) 7y + on(1).

This gives a contradiction since WM (t) is a scattering solution. m

7. Recurrence argument and existence of a critical solution.
We now begin to prove Theorem By Remark [I.2] we only need to deal
with the case P(u) = 0. We will use the notation from [J] and give some
definitions first.

DEFINITION 7.1. Let A > 1. We say that 3GB(A, o) holds if there exists

a solution u(t) to
(1.1)) such that

=3\ —2\3

and
_ IVu®ls
V@2

JGB(\, o) means that there exist solutions with energy 3\% — 2A3 glob-
ally bounded by o. Thus by Proposition JGB(A A1+ po(Ao))) is false
for all A > Ao > 1.

JGB(A, o) false is equivalent to saying that for every solution w(t)
of with M(u) = M(Q) and E(u)/E(Q) = 3A% — 2)3 such that
IVu(®)|]2/[|VQ]l2 > X for all ¢, there exists a time ¢ty > 0 such that
IVu(to)ll2/]|VQ]l2 > o. By resetting the initial time, we can find a sequence
t, — oo such that ||Vu(t,)|2/[|V@Q||2 > o for all n.

Note that if A < o1 < 09, then IGB(\, 02) false implies 3GB(A, 01)
false. We will induct on the statement and define a threshold.

DEFINITION 7.2 (The critical threshold). Fix Ag > 1. Let 0. = 0.(\o)
be the supremum of all o > A\g such that 3GB(), o) is false for all A such
that \p < X <o.

Proposition implies that o.(Ao) > Ao. Let wu(t) be any solution
to (I.I) with P(u) = 0, M(u) = M(Q), E(u)/E(Q) < 3)\% — 2)\3 and
IVu(0)||2/[|VQ|l2 > 1. If Ao > 1 and 0. = oo, we claim that there exists a

A <g forallt>D0.
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sequence of times t,, such that [|Vu(t,)||2 — oo. In fact, if not, let A > A\ be
such that F(u)/E(Q) = 3A% — 2)3. Since there is no sequence t, such that
|Vu(ty)||2 — oo, there exists o < oo such that A < ||Vu(t)||2/||VQ|2 < o
for all ¢t > 0, which means that 3GB(\, o) holds true. Thus 0. < 0 < o©
and we get a contradiction.

In view of the above results, if we can prove that o.(\g) = oo for every
Ao > 1, we will have in fact proved Theorem For a contradiction, fix
Ao > 1 and assume o. < co. Of course, it suffices to consider Ag close to 1, so
we might as well assume that Ay < 3/2. We first need to obtain the existence
of a critical solution:

LEMMA 7.3. If 0.(Ao) < oo, then there exist initial data uco and A €
A0, 0c(No)] such that uc(t) = NLH(t)uco is global, P(u.) = 0, M(u.) =

Ve (t)]]2

Ae < VOl <o, forall t>0.

Proof. By the definition of o, there exist sequences A, and o, such that
Mo < A\ <o, and o, | o, for which 3GB(\,, 0,,) holds. This means that
there exists uy, o such that u,(t) = NLH(t)uy is global with P(u,) = 0,
M(un) = M(Q), E(un)/E(Q) = 3)‘% - 2>‘§L7 and
[Vun(t)]l2

IV@Qll2

The boundedness of \,, enables us to pass to a subsequence that converges
toa X € [Xo, 0]

According to Lemma where we take ¢, = uy 0, for M;+1 < j < Mo,
v/ (t) = NLH(#)1)7 scatters as t — oo and combined with Proposition for
My +1 < j < M, v also scatters in one or the other time direction. Thus
by the scattering theory, for M; +1 < j < M, we have E(v;) = E(1j) > 0,
and then by ,

A < <o, forallt>D0.

My

> E@) < E(¢n) + on(1).

j=1
Thus, there exists at least one 1 < j < M; with
E(7) < max{lim E(¢,),0},
n

Without loss of generality, we might take j = 1. Since, by the profile com-
position, also M (y!) < lim, M(¢,) = M(Q), we have

MEYEWY)  B(6a)
MQEQ) ma"{h%“ E(Q) ’0}'
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Thus, there exists > o such that
MW" E®W')
M(Q)E(Q)

Note that by Lemma vl does not scatter, so it follows from Theorem
that [[¢!]|2]|V!fle < [|Q[2]|VQ|2 cannot hold. Then, by the dichotomy
Proposition~ we have [[1!]2]|Vol]l2 > A|Q2]IVQ|l2-

Now if A > o, recalling that t} = 0, for all ¢+ we know that

2 o @IV @)l

=3)\2 —2)\3.

(71) A%<
IQIBIVeIB |
_IvetmI3 _ XSS VY- w5 + VWA @5
el — IVQll3

Taking t = 0, for example, by Lemma [6.8] we have

X2<Zjﬂi1 IVo? (=) 13 + VW13 _ IVua(0)113
- IVQI; — o vels

which contradicts the assumption A > o.. Hence we must have A < o,.

Now if A < 0., we know from the definition of o, that 3 GB(S\, 0. —0)
is false for any § > 0 sufficiently small, and so there exists a nondecreasing
sequence t; of times such that

o [P @ Ve (1)

> oe.
k 1Ql2[VEQ2
Noting that . = 0, we have
[ E BV @5 _ Vo ()13
IRIBIVRIZ VeI
S IV (b — E0) (13 + [V (1) 113
- Vel
[V (ti) 13 2
< ——rie ton(l) < op 4 o0,(1),
IVQI3 ‘

where by Lemma we take n = n(k) large. Taking k& — oo and hence
n(k) — oo, we conclude that all inequalities must be equalities. Thus
WM(t,) — 0in HY, M(v') = M(Q) and v/ = 0 for all j > 2. Hence
easily P(v') = P(u,) = 0. On the other hand, if A = 0., we do not need the
inductive hypothesis but, similar to , we obtain

+0,(1) < U?: + on (1),

(7.2) o2 —op(1) <

(2~) If lim,, E(¢,) > 0, we have b >\ > )\0~; while in the case lim,, E(¢,) < 0, we will
have A > 3/2 > Ao though we might not have A > \'.
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Sjm IV (I3 + VWIS _ [ Vun(0)]3
IVQI3 - Ivel

and then again WM — 0in H', M(v') = M(Q) and v/ = 0 for all j > 2.
Moreover, by Lemma for all ¢,

1 2 2
IV 18 _ IV 1B _ o
IVQIE =" Va3

Hence, we take u.o = v'(0) = ! and A\ = A to complete our proof. m

02 < +0n(1) < 02 + 0,(1),

8. Concentration of critical solutions and proof of Theorem [1.1
In this section, we will complete our proof of Theorem by virtue of the
precompactness of the flow of the critical solution. For convenience, we take

u(t) = uc(t).
LEMMA 8.1. There exists a path z(t) in RN such that
K = {u(t,-—z(t)) |t >0} c H'
is precompact in H'.
Proof. As was shown in [2], it suffices to prove that for each sequence
of times t,, — oo, there exists a sequence x, such that, by passing to a
subsequence, u(t,,- — x,) converges in H'.

Taking ¢, = u(t,) in Lemma and by the definition of u(t) = wu.(t),
similarly to the proof of Lemma we find that there exists at least one
E(¢’) < max{lim E(¢,),0}.

n

Without loss of generality, we can take j=1. Since also M (¢!) < lim,, M (¢,,)
= M(Q), there exists A > \g such that

MY E@!)
M(Q)EQ)

Note that by Lemma v' does not scatter, so we must have [|1!||2]| V)2
> M|Qll2]|VQ||2- Then, in the same way as in the proof of Lemma we
deduce that W (t;) — 0 in H' and v = 0 for all j > 2. Since we know
that WM (t) is a scattering solution, this implies that

(8.1) wMoo)y=wM -0 in H'.
Consequently, we have
u(ty) = NLH(—t})¢' (z — 2p) + W (2).
Note that by Lemma tL =0, and thus
u(tn, z + zL) = p(z) + WM (z + 2)).
This equality and imply our conclusion. =

= 3)% — 2)5.
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Using the uniform-in-time H'! concentration of u(t) = u.(t) and changing

variables, we can easily get

COROLLARY 8.2. For each € > 0, there exists R > 0 such that for all t,

[ut, - = 2() |51 (je|>R) < €

With the localization property of u., we show, similar to [9], that u. must

blow up in finite time using the same method as in the proof of Proposition
and Remark However, this contradicts the boundedness of u. in H?.
Hence, u,. cannot exist and 0. = oo. As is argued in Section 7, this completes
the proof of Theorem
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