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RIGID PATHS OF GENERIC 2-DISTRIBUTIONS
WITH DEGENERATE POINTS ON 3-MANIFOLDS

BY

JIRO ADACHI (Sapporo and Toyonaka)

Abstract. We study rigid paths of generic 2-distributions with degenerate points on
3-manifolds. A complete description of such paths is obtained. For the proof, we construct
separating surfaces of paths admissible for distributions.

0. Introduction. The purpose of this paper is to give a complete ex-
plicit description of rigid paths of generic 2-distributions, with degenerate
points, on 3-manifolds. By a 2-distribution with degenerate points on a 3-
manifold, we mean what is represented by either of the following objects:

(a) a Pfaffian equation {w = 0}, where w is a smooth differential 1-form,
(b) a module (X,Y’) of vector fields over the ring of smooth functions,
which is generated by smooth vector fields X and Y.

In the following, we call such 2-distributions just “2-distributions” for
convenience. For a usual plane field {D, C T,M },ca on a 3-manifold M,
a tangent plane D, has the constant dimension dimD, = 2 at any point
p € M. We note that a 2-distribution E, considered in this paper, may have
a point p € M where dim £}, is 0,1 or 3. Such 2-distributions on 3-manifolds
were studied by B. Jakubczyk and M. Ya. Zhitomirskii in [JZh]. They gave a
complete description of singularities of such distributions and a list of local
normal forms in each case, (a) and (b).

Let M be a smooth connected manifold and E a 2-distribution on M.
A path v : [, ] — M is called admissible for E if it is tangent to E at any
point p € Im~. Let a,b € M be given two points. We denote the space of
all admissible paths joining a to b by

2g(a,b) :=={v:[0,1] - M admissible | v(0) = a, (1) = b}.

A path v € 2g(a,b) is called rigid if any path in £2g(a,b) C'-close enough
to v has the same image as . This notion was introduced in [BH]. Rigid
paths of generic 2-distributions without degenerate points on 3-manifolds
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were studied by I. Zelenko and M. Ya. Zhitomirskii in [ZZh]. They obtained
a complete description of all rigid paths. We obtain a complete description
of all rigid paths of generic 2-distributions with degenerate points on 3-
manifolds. In particular, we study the local geometry near degenerate points.

In order to formulate the main theorem, we recall some fundamental
notions. Throughout this paper, manifolds, distributions, functions etc. are
assumed to be of class C*°, and curves and paths are assumed to be of class
C', unless mentioned otherwise.

Let E be a 2-distribution on a 3-manifold M. The dimension of ¥ may be
2,1,0 if F is a module of vector fields, and 2, 3 if F is a Pfaffian equation.
A point p € M is called a degenerate point of a 2-distribution E if the
dimension of E at p is not 2, dim E, # 2. The set of all degenerate points
is denoted by D = D(E).

A point p € M is called a singular point of E if it is a degenerate point
of F or if dimFE, = 2 and F is not a contact structure at p. Precisely,
the latter statement means that dimspan(X,,Y,,[X,Y],) < 3if E is a
module of vector fields (X,Y), and (wAdw), = 0 if E is a Pfaffian equation
{w = 0}. We denote the set of all singular points by S = S(E). For generic
2-distributions, S(E) is a smooth surface if it is not empty (see Section 1 for
precise genericity conditions). We sometimes call S(E) the Martinet surface.

Now we define the characteristic vector field on the Martinet surface
S(F), which is determined by the generic 2-distribution £ up to multiplica-
tions by non-vanishing functions (see [JZh]). First, we consider the case of
a Pfaffian equation £ = {w = 0}. Let {25 be a volume form on S = S(E).
(It is local if S is not orientable.) We define a vector field Zg on S by the
relation Zpi1f2s = w|rs. This vector field Zg is called the characteristic
vector field of E = {w = 0}.

Next, we consider the case of a module of vector fields £ = (X,Y).
Let {2 be a volume form on M. (In the non-orientable case, we consider
the local construction.) We define a differential 1-form w corresponding to
E = (X,Y) by w(-) := 2(X,Y,-), and define a vector field Z on S by
Z.02s = w|rs. As the set D(E) of degenerate points is a curve in S(E)
for a generic 2-distribution F, there is a function f on S which defines
D C S. That is to say, D = {f = 0} and (df), # 0 for all p € D. We
define the characteristic vector field Zg of E = (X, Y) by f-Zp = Z. Thus
the characteristic vector field of a generic 2-distribution is defined. Singular
points of Zg are called irregular points. Non-degenerate non-singular points
of Zg are called transversal points of E, and the set of all those points is
denoted by Tr(E).

According to the local behavior of these characteristic vector fields, sin-
gular points are classified into the following types, in [M], [Zh], [JP], and
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[JZh] (see Theorem 1.2):

(a) E is a Pfaffian equation | (b) E is a module of vector fields

) transversal points
hyperbolic points
elliptic points

(0 0
(1) (
(2) (
(3) saddle points (
(4) (
(5) (

(

) transversal points
) hyperbolic points
) elliptic points
) saddle points
node points )
focus points ) fo
)

node points
ocus points
regular degenerate points

In the case of node points, there are two types of invariant manifolds
of the characteristic vector fields. They correspond to the eigenvectors of
linear differential equations for the characteristic vector fields. We call the
invariant manifolds which correspond to the eigenvalues with largest abso-
lute values the rigid axes. This notion is defined precisely for normal forms
in Section 2.2.1.

In this paper, we consider immersed rigid paths. So by the term “rigid
path”, we mean a rigid path v : [0,1] — M whose tangent *(¢) is not zero
at any point ¢ € [0, 1]. We note that even at the end points the tangents are
well defined and not zero.

The following is the main theorem of this paper.

MAIN THEOREM. Let E be a generic 2-distribution on a 3-manifold M.
An immersed admissible path ~y : [, ] — M s rigid if and only if

(a) in case E = {w = 0} is a Pfaffian equation: the restriction of ~y to
the open interval («, B) is a curve in Tr(E) and each of the end points y(«),
v(B) is of type (0), ( ), (3),(4) of the above table, and at least one of these
ends is (0), (1), (3), or (4) as an end of a rigid axis.

(b) in case E = (X,Y) is a module of vector fields: the restriction 7| (q,p)
lies in Tr(E) and the end points are of type (0), (1), (6).

I. Zelenko and M. Ya. Zhitomirskii studied in [ZZh] rigid paths of generic
2-distributions on 3-manifolds. They considered generic 2-distributions with-
out degenerate points. Such 2-distributions have singular points of type (a)-
(0),(1),(2) only (or (b)-(0),(1),(2)). The result of this paper is an extension of
their result to the case when generic 2-distributions have degenerate points.

The author would like to thank the referee for useful advice concerning
for the previous version of this paper.

1. Classification of singularities and normal forms. First, we re-
view the genericity condition for 2-distributions. Let E = (X,Y) or {w = 0}
be a 2-distribution on a 3-manifold M. We take a (local) volume form {2
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on M. A function H for FE is defined as follows:
H=02(X,Y,[X,Y]) if E=(X)Y),
H. -2=wAdw if £ ={w=0}.

We introduce the following notion to state the genericity condition. A linear
operator in a 2-dimensional space is non-resonant if its eigenvalues A1, Ao
satisfy mi1 A1 + maAg # 0 for any integers m; > —1, mo > —1.

We assume the following genericity conditions.

(G1) j;H # 0 for any p € M.

(G2)  The linearization of Zg at p € S(E) is non-degenerate if p is a
singular point of Zg. In addition, if p is a degenerate point of E,
then the linearization is non-resonant.

Condition (G1) guarantees the structural smoothness of S(E) as S(F) is a
level set of H. It is known that 2-distributions which satisfy (G1) and (G2)
are generic (see [JZh]).

Now, we define some types of singular points. Let E be a generic 2-
distribution on a 3-manifold M, and Zg its characteristic vector field. The
following is well known for non-degenerate points.

PRrROPOSITION 1.1 (Martinet, [M]). Let p € S(E) be a non-degenerate
wrreqular point. Then the sum of the eigenvalues of the linearization of Zg
at p is 0.

As a consequence, we can distinguish the following three types of non-
degenerate irregular points. A non-degenerate irregular point p € S(F) is
called hyperbolic if the eigenvalues of Zg at p are real and non-zero, elliptic
if they are purely imaginary, and parabolic if both are 0. Parabolic points
cannot appear because of condition (G2). According to Proposition 1.1 and
this fact, any non-degenerate irregular point is hyperbolic or elliptic.

For degenerate singular points, it is known that there is no restriction on
the eigenvalues of Zg (see [JZh]). A degenerate irregular singular point p is
called a node if the eigenvalues of Zg at p are real non-zero and of the same
sign, a saddle if they are real non-zero and of different signs, and a focus if
they are of the form a + bv/—1, a # 0, b # 0, a,b € R. By the genericity
condition (G2), any degenerate irregular point is of one of the above three

types.
All singular points are classified and normal forms are given as follows

(see [M], [Zh], [JP], [JZh]):

THEOREM 1.2. Any singular point of a generic 2-distribution E on a
3-manifold M is of one of the following types, and is equivalent to one of
the normal forms below, where b, 0, A are moduli.

(a) E = {w = 0} is a Pfaffian equation:
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(0) A regular non-degenerate point: {dz + x*-dy = 0}.

(1) A hyperbolic point: {dz + (zz + x2y + bx3y?)-dy = 0}.

(2) An elliptic point: {dz + (vz + 23/3 4+ xy? + bx3y?)-dy = 0}.
(3) A saddle point: {z-dz — Qz-dz + (0x + y)-dy = 0}, 0 > 0.

(4) A node point: {z-dz — 0z-dz + (6z + y)-dy = 0}, 0 < —4.

(5) A focus point: {z-dz — 0x-dx + (6z + y)-dy = 0}, —4 < 0 < 0.

(b) E = (X,Y) is a module of vector fields:

(0) A regular non-degenerate point: ((0/0z),(0/0y) — x*-(0/0z)).
(1) A hyperbolic point:
((0/02),(0/0y) — (zz + 2?y + ba’y?)-(0/02)).
(2) An elliptic point:
((0/0x),(0/0y) — (xz + 23 /3 + xy? + bx3y?)-(0/0%2)).
(3) A saddle point:
((0/02),2-(0/0y) + (2 + A\x? + y?)-(9/92)), X > 0.
(4) A node point:
((8/0x),z-(0/0y) + (2 + A + y?)-(0/92)), A < —4.
(5) A focus point:
((8/0x),x-(8/0y) + (2 + A\z? + y?)-(0/0z)), —4 < X < 0.
(6) A regular degenerate point: ((0/0x),x-(0/0y) + y-(0/0z)).

2. Local behavior of admissible paths. It is well known that rigid
paths exist in S(F) if E' is a subbundle of T'M (see [LS]). We note that the set
D(E) consists of isolated points if E = {w = 0} is a Pfaffian equation. On the
other hand, D(FE) is a curve in S(E) and D(FE) itself is not admissible if £ =
(X,Y) is a module of vector fields (see [JZh]). Therefore, rigid paths exist
in S(E) also for generic 2-distributions. Thus we have only to investigate
admissible paths in S(E).

In this section we study the local existence of rigid paths. As mentioned
above, rigid paths live on the Martinet surface S(E). We consider neighbor-
hoods of singular points of each type by using the normal forms of Theo-
rem 1.2.

2.1. Admissible paths containing non-degenerate singular points. First
we observe that there are no elliptic points on rigid paths. This is shown in
[ZZh]. Near an elliptic point, the characteristic vector field Zg has a weakly
non-degenerate focus (spiral) type phase portrait. Thus admissible paths
containing elliptic points have infinite lengths. As a rigid path is compact,
rigid paths never have elliptic points.

Admissible paths containing hyperbolic points are studied in [ZZh].
There is no rigid path containing hyperbolic points in its interior.
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PROPOSITION 2.1 (Zelenko—Zhitomirskii, [ZZh]). Let E be a generic 2-
distribution. Admissible paths in S(E) containing hyperbolic points in their
interior are not rigid.

2.2. Admissible paths containing degenerate points of Pfaffian equations

2.2.1. Saddle and node points. Let E = {w = 0} be a Pfaffian equation,
and p a saddle or node point of E. First, we choose a proper normal form.
According to Theorem 1.2, there is a coordinate neighborhood (U, ¢) of p
with the normal form ¢~"w = z-dz — 0z-dx + (0x + y)-dy, with § < —4
or § > 0. Applying the coordinate transformation fp : (x,y,2) — (X,Y, 2)
defined by

(2.1) x\ [0+ VO>+40 0 — /02 +40 X

' y/) 20 20 Y )’
we obtain the normal form
(2.2) T:=(fpop) Yw=z2dz+61Y-dX + 0,X-dY,

where O := 202(0—/02 + 40+4), Oy := 20%(0++/02 + 40+4) are constants.
We note that ©; >0if 0 > 0, @1 < 0if § < —4, and @5 > 0. In these local
coordinates, £ = {w = z:dz + ©1Y-dX + 0, X-dY = 0}, S(F) = {z = 0},
and

(2.3) Zp = 0:X-(0/0X) — 6,Y-(9/0Y).

In the case when p is a saddle point (f > 0), the phase portrait of Zg
(see (2.3)) is of saddle type. The X- and Y-axes are separatrices. Then we
obtain the following.

PROPOSITION 2.2. Let p € S(E) be a saddle point of E, and L C S(E)
an invariant manifold of Zg containing p. Then one of the following holds.

o There exist local coordinates (X,Y, z) and a constant 8 > 0 for which
E is represented as a Pfaffian equation for a 1-form (2.2). In addition, L
lies on the X -axis.

e There exist local coordinates (X', Y’ 2") and a constant 8’ > 0 for which
E is represented as a Pfaffian equation for a 1-form (2.2). In addition, L
lies on the Y -axis.

In the case of node points (0 < —4), the phase portrait of Zg (see (2.3))
is of node type. We note that 0 < @2 < —6;. Therefore there are many
orbits of Zr Cl-close to the X-axis. We call the X-axis the flexible axis,
and the Y-axis the rigid axis.

PROPOSITION 2.3. Letp € S(E) be a node point of E, and L C S(E) an
admissible curve of E containing p, whose image consists of orbits of Zg.
Then one of the following holds.
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o There exist local coordinates (X,Y, z) and a constant < —4 for which
E is represented as a Pfaffian equation for a 1-form (2.2). In addition, L
lies on the X -axis.

e There exist local coordinates (X',Y' 2") and a constant §' < —4 for
which E is represented as a Pfaffian equation for a 1-form (2.2). In addition,
L lies on the Y -axis.

Proof. Now we consider the case when L is neither the X- nor Y-axis
with respect to the normal form @ in (2.2). As L consists of orbits of Zp =
O X-(0/0X) — ©1Y-(0/dY), L lies on the curve {Y = C-X~©1/02 > =0}
for some constant C'. We note that —©;/602 > 1. Consider the coordinate
transformation

h:(X,Y,2)— (X,Y,2) = (X,Y —CX /9 7).
It preserves the 2-distribution F = {& = 0}, in particular the 1-form @ of
(2.2):
W'D =zdz+01(Y — CX 9/®?)dX + 0,X-d(Y — CX~91/9?)
= zdz 4+ O1(Y — CX01/92).4X
61

+ 65X - (dY +C o X@1/921-dx)
2

=2dz+61Y-dX + 0:X-dY =w.

The admissible path L, considered now, is mapped onto the X-axis {17 =0,
z = 0} by this transformation. m

The purpose of this section is to prove the following.

PROPOSITION 2.4. Let E be a generic Pfaffian equation, and p a saddle
or node point of E. Then an immersed admissible path in S(E) is not rigid
if it contains p in its interior.

This proposition is reduced to the following lemma.

LEMMA 2.5. Let E be a distribution on R? defined by the normal form
(a)-(3), (4) of Theorem 1.2. Consider admissible paths u* : [—a,a] — R?
defined by p*=(t) == ((0 £ v/02 + 40)t,20t,0). Then there exist families {ux}
of admissible paths each of which has the following properties:

(i) the path px is not a reparametrization of u* for any ¢,

(ii) the family {ux} is Ct-convergent to u™ as e tends to 0,

(iii) pE(£a) = p*(+a) = (£(0 £ V02 + 40)a, +20a,0) for any e,

(iv) uE(t) — p*(t) is a flat function at t = +a.

A function is called flat at a point if it vanishes at this point together
with all its derivatives.
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We can deduce Proposition 2.4 from Lemma 2.5 as follows. Let p € S(E)
be a saddle or node point, and v : [, 5] — S(F) an immersed admissible
path with v(tg) = p for ty € (o, 3). On account of Theorem 1.2 and Propo-
sitions 2.2, 2.3, there exist a neighborhood U and local coordinates (XY, z)
on U for which E is defined by the normal form (a)-(3) or (4), p = (0,0,0),
and the restriction of v to a sufficiently small neighborhood of ty lies on
the X- or Y-axis. We consider the case of the X-axis. We may assume,
by a reparametrization, that 7 is defined on [—1,1] and p = 7(0), and
that v|[_s¢] is a path in U of the form ~(t) = (X (¢),Y(t),2(t)) = (¢,0,0)
for a small §. Applying the coordinate transformation (2.1), we obtain
v(t) = (z(t),y(t),z(t)) = (0 + V6% + 40)t,26t,0). Tt is sufficient to show
that this () is not rigid. We set a := J/2. We apply Lemma 2.5 to v|[_4,q],
and denote the resulting family of admissible paths by pt. We define a
family of admissible paths 7. on [—1, 1] by

(t) = v(t), —-1<t<—a,a <t <1,
W), —a<t<a

It is clear that ~y. is not a reparametrization of v for any ¢ # 0, that the
end points of 7. coincide with those of v, and that 7. is C''-convergent to .
Therefore, v is not rigid.

In the case of the Y-axis, we can apply the same argument with p_ in
place of uf. m

Proof of Lemma 2.5. We show the existence of {ut}. The existence of
{pZ } can be proved in the same manner.

Let f:[—a,a] — R be an odd function flat at £a. We define a function
g:[—a,a] — R by

g(t)g'(t) = —20%{(0 + V02 + 40 + 4)tf'(t) + (0 — V02 + 40 + 4) f(t)}
with the initial condition g(—a) = 0. Note that the function ¢(t) := g(t)¢'(¢)
is odd as f(t) is odd. Then dg(t)?/0t = 2¢(t) is odd, and g(—a)? = 0. This
implies g(¢)? is even and g(a) = 0. Now we define a family {1} of admissible
paths by

p (1) == ((0+ V02 +40)t + (0 — V02 +40)ef(t),20(t +f(t)), g(t)).

According to the above argument, it satisfies conditions (i)—(iv). Direct cal-
culations show that pt is admissible for each €. m

2.2.2. Focus points. Let E = {w = 0} be a Pfaffian equation, and p
a focus point of E. First, we choose a proper normal form. According to
Theorem 1.2, there is a coordinate neighborhood (U, ¢) of p with the normal
form o~ w = 2-dz — Oz-dx + (0x + y)-dy, with a constant §, —4 < 6 < 0.
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The coordinate transformation gg : (x,y, z) — (X, Y, 2) defined by

(2.4) (Z) = (39 ﬁ) <§5>

leads to the normal form
(go o) Mw=2zdz+ (01X + O3Y)-dX + (-0 X + 6,Y)-dY,

where @1 := —0? — 40 > 0, Oy := —0+v/—02 — 40 > 0 are constants. Fur-
thermore, in the cylindrical coordinates X = rcos ¢, Y = rsin ¢, we obtain
the following normal form:

(2.5) & = z-dz + Oyr-dr — Oyr?-de.

Then we have E = {z-dz + Oyr-dr — Oyr?-d¢ = 0}, S(E) = {z = 0},
Zp = Or%-(9/0r) + O17-(0/0¢) in these local coordinates. We note that
the orbits of Zg are logarithmic spirals. This normal form is invariant under
rotations around the z-axis. Thus, the following holds.

PROPOSITION 2.6. Let p € S(E) be a focus point of E, and L an admis-
sible curve of E containing p. Then there exist local cylindrical coordinates
(r,¢,2) and a constant 0, —4 < 0 < 0, for which E is represented as a

Pfaffian equation for a 1-form (2.5), and L = {¢ = (01/63)logr}.

We note that an immersed path is defined as a mapping v : [0,1] — M
on a compact interval with nonzero tangents 4(¢) = 0 at any point ¢ € [0, 1].
At a focus point, a nonzero tangent cannot be defined. Thus any immersed
admissible path in S(F) contains no focus points.

2.3. Admissible paths containing degenerate points of modules of vector
fields

2.3.1. Irregular degenerate points

PROPOSITION 2.7. Let E be a generic module of vector fields and p €
S(E) an irregular degenerate point. Then there is no admissible path in S(E)
containing p.

Proof. On account of Theorem 1.2, there are local coordinates (z,y, 2)
near p for which F is represented by one of the normal forms (b)-(3), (4), (5).
For this normal form, the Martinet surface is S(E) = {z = Az? — 32}, and
the characteristic vector field is Zp = —2((A\x + y)-(0/0z) + Az-(0/dy)).

In the case of focus points (=4 < A < 0), the integral curves of the
characteristic vector field Zg are logarithmic spirals, by a similar argument
to that in Section 2.2.2. Thus any immersed admissible path contains no
focus points.
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Next, we consider the cases of saddle and node points (A < —4, A > 0,
respectively). The invariant manifolds of Zg are

E1=<()\+\/)\2+4)\)~(%+2)\- a>,

dy
—— 0 i)

At a degenerate point p = (0,0,0), E, = ((0/0x)) is transversal to E; and
Es5. Thus there is no admissible curve in S(F) containing a saddle or node
point p. m

2.3.2. Regular degenerate points. The aim of this section is to show the
following proposition.

PROPOSITION 2.8. Let E be a generic module of vector fields, and p €
S(E) a regular degenerate point of E. Then an admissible path in S(FE)
which contains p in its interior is not rigid.

There is a local coordinate neighborhood (U;x,y, z) for which E is de-
fined by the normal form (b)-(6): ((0/0x),x(9/dy) + y(0/0%)), according
to Theorem 1.2. Then, at the origin, S = {y = 0}, D = {x = 0, y = 0},
Zp = (0/0x).

By a similar argument to that in Section 2.2, using the normal form
(b)-(6), the proposition above is reduced to the following lemma.

LEMMA 2.9. Let E be a module of vector fields on R® defined by the
normal form (b)-(6). Consider an admissible path p : [—a,a] — R3 defined
by u(t) := (t,0,0). Then there exists a family {u.} of admissible paths with
the following properties:

(i) the path p. is not a reparametrization of w for any e > 0,

(ii) the family {p.} is Cl-convergent to pu as € tends to 0,

(iii) pe(Fa) = p(£a) = (%a,0,0) for any e,

(iv) pe(t) — pu(t) is a flat function at t = +a.

Proof. Let f : [—a,a] — R be an odd function flat at +a. We define a
function g¢. : [—a, a] — R by the differential equation

d /
E{ga (t)z} =2etf

with the initial condition g.(—a) = 0. We note that we can take f so that g.
can be defined. Then we have g.(a) = 0. In fact, g-(¢)? is an even function
as f is odd.

Now, we define a family {u.(¢)} of paths by

pe(t) = (t,9:(t), e f (1))
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According to the construction of g. above, this family satisfies the conditions
(i)—(iv). These paths are admissible because

, (o (.0 0
(ke () ey = (am)#s(t) + g=(t) (xay -l-yaZ)#E(t)- )

3. Separating surfaces. We introduce the notion of the separating
surface defined in [ZZh]. Its existence implies the rigidity of paths.

3.1. Definition of the separating surface. Let I' be a path defined on an
interval [o, 3], and v a path defined on a subinterval [a,b] C [«, 5]. We set
7:=inf{t € [a,b] | y(t) ¢Im '} if Imy ¢ ImI", and 7 = b if Imy C ImI".
The image ~v((7,b]) is called the splitting part of ~ with respect to I' and
denoted by SP(~,I).

Let E be a generic 2-distribution on a 3-manifold M, I": [a, §] = M an
admissible path, and U C M a neighborhood of Im I". Consider a 2-surface
G in U containing Im I', which divides U into two open connected parts U™
and U~.

DEFINITION 3.1. The surface G is called a separating surface of I' in
U if SP(v,I") is contained in U for any admissible path v defined on a
subinterval [a,b] C [«, 8], which is C'-close to I’ lja,p) and starts at a point
of Im I'. We call the set U™ the positive side of G.

It is clear from this definition that I is rigid if it has a separating surface.
Further, we introduce stronger and weaker notions.

DEFINITION 3.2. The surface G is called a strongly separating surface of
I' in U if G is a separating surface and Im~ C U™ for any admissible path
7 defined on a subinterval [a,b] C [, ], which is C'-close enough to I'|[4 4
and starts at a point of U™T.

DEFINITION 3.3. The surface G is called a weakly separating surface of
I' in U if SP(~,I") is contained in U" or S(F) for any admissible path -
defined on a subinterval [a, b] C [«, 8], which is C''-close to I’ |{a,p) and starts
at a point of Im I".

3.2. Local models of separating surfaces. In this section we find local
models of separating surfaces. Normal forms near transversal and hyper-
bolic points are considered in [ZZh]. Here we consider normal forms near
degenerate points.

LEMMA 3.4 ([ZZh]). Let E be a distribution on R?® defined by (a)-(0) or
(b)-(0), and I'(t) = (Z(t),7(t),z(t)) = (0,t,0) an admissible path defined on
an interval [a, B]. Then the surface G = {z = 0} is a strongly separating
surface of I' in U = R3. The positive side is UT = {z < 0}.
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LEMMA 3.5 ([ZZh]). Let E be a distribution on R? defined by (a)-(1) or
(b)-(1), and I'(t) = (z(¢t),y(t),z(t)) = (0,t,0) an admissible path defined
on an interval [0, 6], B > 0. (Note that the origin is a hyperbolic point.)
Then the surface G = {z = 0} is a separating surface of I in U = R3. The
positive side is UT = {z < 0}.

In a similar way, we construct a local model near saddle points.
LEMMA 3.6. Let E be a distribution on R? defined by (a)-(3), and let
Li(t) = (F(8), 5(1), 7)) = (0 + /6 + 46)t, 261, 0),

Io(t) = (z(t),y(t), 2()) = ((0 — V62 + 40)t, 261, 0)

be admissible paths defined on an interval [0,3], 8 > 0, for § > 0. (Note
that the origin is a saddle point.) Then the surface

Glz{22+9+4+\/92+4 (4 — (e — )):0}

0+4
is a separating surface of I'y in U = R3. The positive side is

0+4++60%+460
Ufr:{ZZ—i- * ;+4+ (y? — Ox(x — ))<0}.

The surface

Gy = {22+ (y* = Oz(2 — y)) =0}
s a separating surface of Is, and the positive side is

v o, 0+4—V021+40
U =427+ 14

0+4— 02+ 46
0+4

(y2 — 0z (z — y)) > o}.

Proof. We apply the change of coordinates defined by (2.1). Then we

have
E ={zdz+ 61Y-dX + 62, X-dY =0},

Iy(t) = (X (1), Y (1), 2(t)) = (t,0,0),
Iy(t) = (X (1), Y (t),2(1)) = (0,1,0),
G = {22 +260,XY =0}, U ={2*+20,XY <0},
Gy = {22 +26,XY =0}, U ={2*>+20,XY >0}
We note that ©3 > ©1 > 0. We prove the lemma by using these coordinates.
(1) First, we consider the X-axis I'1. Let y(t) = (X (¢),Y(¢), 2(t)) be an

admissible path defined on a subinterval [a,b] C [0, 8], which is C!-close to
I't|[q,5 and starts at y(a) € Im I'1. We note that X (¢) > 0 for any ¢ € (a, b]
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because of the C'-closeness. On account of the admissibility of v(t), we have

(3.1) Y'(t) = —@z%(t)(z(t)z'(t) +OY(1)X'(1)).

We define a function
t
X/
Q(t) :=exp <@S (5) ds).

82 0 X(S)

Then, by (3.1), we have

t

O — 01 { Q(s)X'(s)z(s)?
O, S X(s)? ds}.

X
0 -3 ($) e}
()

2(t)? +

a

By the definitions, C'-closeness of v, and the assumption 6 > 0, we have
Qt)>0, X()>0, X' (t)>0, 6©3>0, O3—6;>0
for ¢ > 0. Then we obtain

L QW) o
QY1) < 5 Tt 10
for any ¢ € [a, b], and the fact that Q(to)Y (to) = —(Q(t0)/ (202X (t9)))z(t0)?
for some ¢ € (a,b] is equivalent to z(s) = 0 for any s < tg.

We note that admissible curves in the Martinet surface S(E) = {z = 0}
are orbits of the characteristic vector field Zgp =62 X-(0/0X)—6:Y-(0/9Y).
The origin is a saddle type singular point of Zg, and the invariant manifolds
are the X- and Y-axes. From this fact and the inequality Q(t) > 0, the
statement above implies z(¢)? + 202X ()Y () < 0 for any ¢ € [a, b], and the
condition that z(t)? + 202X (t0)Y (tg) = 0 for some ¢y € (a,b] is equivalent
to Y (s) = 0 for any s < to. Therefore, {22+20, XY = 0} = G is a separating
surface of v in U = R?, and the positive side is {22 + 20: XY < 0}.

(2) Next, we consider the Y-axis I's. Let ¥(t) = (X (¢),Y (t), 2(t)) be an
admissible path defined on a subinterval [a,b] C [0, 3], which is C'-close to
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I|[q,5 and starts at y(a) € Im I';. We note that Y'(¢) > 0 for any ¢ € (a, b]
because of the C'-closeness. On account of the admissibility of 5(t), we have

1
SOV (1)

A similar argument to one above with the function

X'(t) = ()2 (1) + O:X (Y'(1)).

shows that

- {8 - 2520 )

Y ()

We note ©1 — @3 < 0. Then we have
2(t)2 + 20, X (1)Y (t) > 0,

and if equality holds for some tg, then z(t) = 0 for any ¢ < to. This implies
that Gy = {22 + 26, XY = 0} is a separating surface, and U, = {22 +
20, XY > 0} is the positive side. m

Next, we consider node points. We note that @1 < 0. A similar argu-
ment to one above gives the following. As I lies on the flexible axis of a
node point, there exist C'-close admissible paths on S(E). Therefore the
separating surface is weak.

LEMMA 3.7. Let E be a distribution on R? defined by (a)-(4), and let

Ii(t) = (1), 5(t), 2(t)) = (0 + /0% + 40)t, 261, 0),
Do) = (1), 5(1), 2(t)) = ((0 — /02 + 49)t, 261, 0)

be admissible paths defined on an interval [0, 3], B > 0, for 6 < —4. (Note
that the origin is a node point.) Then the surface

0+4 0% + 40

0P ot~ ) =0
is a weakly separating surface of I in U = R3. The positive side is

0+4+4++60%+46
Ul = {z2+ W (y* — 0x(x —y)) <0}.

The surface

G — 22+9+4—\/02+40
2T 0+4

(P~ bula — ) =0}
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is a (non-weakly) separating surface of Iy with positive side

0+4—+02+40
Uy = {z2+ W (y* — Oz(z — y)) >0}.

Next, we find a normal model of separating surfaces near a regular de-
generate point of modules of vector fields.

LEMMA 3.8. Let E be a distribution on R3 defined by (b)-(6). Take an
admissible path I'(t) = (Z(t),y(t),z(t)) = (¢,0,0) defined on an interval
[0,8], B> 0. (Note that the origin is a reqular degenerate point.) Then the
surface G := {z = 0} is a separating surface of I' in U = R3. The positive
side is Ut = {z > 0}.

Proof. Let ~(t) = (X(t),Y(t), 2(t)) be an admissible path defined on a
subinterval [a,b] C [0, 5], which is C'-close to I'|j, 4 and satisfies y(a) €

Im I". We note that x(¢) > 0 for any t € (a, b] because of C'-closeness. Then
we obtain, from the admissibility of v(t), z/(t) = y(t)y'(t)/z(t). Integration

gives
1 y(t)?
2t) = 5{ )

2'(s)

+ S 2(5)2 y(s)? ds}.

On account of the C!-closeness of () to I'(t), we have x(t) > 0 and
z'(t) > 0 for any ¢t € (a,b]. Further, the condition that there exists ¢y €
(a,b] for which z(t) vanishes is equivalent to y(s) = 0 for any s < to.
Admissible curves on the Martinet surface S(E) = {y = 0} are orbits
of the characteristic vector field Zgr = (9/0x). Therefore the statement
above implies z(t) > 0 for any ¢ € [a,b], and the condition that there ex-
ists to € (a,b] for which z(t) vanishes is equivalent to z(s) = 0 for any
S S tg. ]

3.3. Globalization of local separating surfaces. In this section, we present
a method of globalizing local separating surfaces. As a consequence, we
obtain the proof of the Main Theorem.

Global separating surfaces of admissible paths in Tr(E) were constructed
in [ZZh]. Let E be a generic 2-distribution on a 3-manifold M, and ~ :
[, ] — S(F) an immersed simple non-closed admissible path. We suppose
that Imy C Tr(E). Let I' be an admissible curve in S(E) defined on an
open interval whose image contains that of . Take any line subdistribution
L of E which is transversal to S(E) at any point of Imy. We define G(I', L)
as the set which consists of the points of all leaves of L crossing Im~.

PROPOSITION 3.9 ([ZZh]). (1) There exists a neighborhood U C M of
Im~y for which G := UNG(I,L) is a strongly separating surface of ~ in U.
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(2) Let U™ be a positive side of G with respect to -y, and 5 a reparametri-
zation of v with the inverse orientation. Then G is also a strongly separating
surface of 5, but U is a negative side.

1. Zelenko and M. Ya. Zhitomirskii also constructed separating surfaces
for admissible paths which may have hyperbolic points as their end points.
They introduced a method of pasting separating surfaces to globalize local
separating surfaces.

PROPOSITION 3.10 ([ZZh]). Let v : [a, ] — S(E) be an admissible path.
Take t1, ty with a <ty <ty < . Set 71 := Y|ja,t,] and Y2 := V|, 5- Sup-
pose that 1 has a (resp. strongly) separating surface Gy in a neighborhood
Ui of Im~y; with positive side U;", and that vo has a strongly separating sur-
face Gy in a neighborhood Uy of Im o with positive side Uy, which satisfy
GonN(UpNUs) =GN (U NUy). Then G := G1 UGy is a (resp. strongly)
separating surface of ~y in U := Uy UUy with positive side Ut := U;" WU .

REMARK 3.11. We note that this argument also holds for weakly sepa-
rating surfaces. If local separating surfaces of both ends are weak, then the
resulting separating surface is also weak.

According to the argument in Section 2, to complete the proof of the
Main Theorem, it remains to consider the cases when admissible paths have
as their ends saddle or node points of Pfaffian equations, and regular degen-
erate points of modules of vector fields.

(a-3) Saddle points. Let v :[0,1] — S(E) be an admissible path, one of
whose ends p := v(0) € S(F) is a saddle point of a Pfaffian equation. There
is a coordinate neighborhood (Uy; X, Y, 2) of p in which p = (0,0,0), E|y, =
{w:=2dz + O1Y-dX + O2X-dY =0}, where O := 20%(0 — /02 + 40 + 4),
Oy = 20%(0 + V02 + 40 + 4) for § > 0. According to Proposition 2.2, we
may assume that Im~ N U; lies on the X-axis {Y=2=0} or the Y-axis
{X=2=0}. In the following, we assume that Im~ N U; lies on the X-axis
and ImyNU; on the Y-axis. We take § € (0,1/2) for which v; := 7|9 25) and
Y1 = Jl[0,26) are paths in U;. Then, by Lemma 3.6, G1 := {2 +20,XY = 0}
is a separating surface of 1 in U; with positive side {22 4+ 20, XY < 0},
and Gy = {22 + 20, XY = 0} is a separating surface of j; with positive
side {22 4+ 20: XY > 0}. We set Ly := (02X:(0/0z) — 2:(0/9Y)) C Ely,
and L, := (01Y-(8/0z) — 2:(0/0X)) C E|y,. It is a line subdistribution
of E transverse to the Martinet surface S(F) = {z = 0} at any point ¢ €
(Im~y: \ {p})NU7 or ¢ € (Im7; \ {p})NU1. We note that G(y1,L1) C G; and
G, fq) C él are local separating surfaces, by Proposition 3.9. Then, using
Proposition 3.10, we can apply to this neighborhood the same argument as
in [ZZh].
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(a-4) Node points. On account of Proposition 2.3 and Lemma 3.7, we
can apply a similar argument to that above.

Consequently, an admissible path in the Martinet surface of a generic
Pfaffian equation has a separating surface if its interior points are transversal
points and ends are transversal or hyperbolic or saddle or node points.

REMARK 3.12. We note that the separating surface obtained is not strong
but weak if both ends are node points as ends of flexible axes, according to
Remark 3.11. Then there exist C''-close admissible paths in S(E), that is,
it is not rigid.

This implies statement (a) of the Main Theorem.

(b-6) Regular degenerate points. Similarly, let v : [0,1] — S(E) be an
admissible path, one of whose ends p := ~(0) € S(E) is a regular degener-
ate point of a module of vector fields. There is a coordinate neighborhood
(Us; z,y, ) of pin which p = (0,0,0), E|y, = ((8/0x),2-(0/0y)+y-(0/0z)).
We take § € (0,1/2) for which v3 := 7|9 25) is a path in Us. In this case 3 lies
on the z-axis. Then, by Lemma 3.8, G5 := {z = 0} is a separating surface of
~v3 in Us with positive side {z > 0}. We set L3 := (z-(0/0y) + y-(0/9=2)) C
E|y,. It is a line subdistribution which is transversal to the Martinet surface
S(F) ={y =0} at any point ¢ € (Im~3 \ {p}) NUs. We note that G(vs, L3)
is a local separating surface by Proposition 3.9. Moreover, the positive side
of G(vs,Ls) is included in the positive side of G3. Therefore G3 is also a
local separating surface of 73 \ {p}. Thus, using Proposition 3.10, we can
apply to this neighborhood the same argument as in [ZZh]. Consequently,
an admissible path in the Martinet surface of a generic module of vector
fields has a separating surface if its interior points are transversal points
and ends are transversal or hyperbolic or regular degenerate points.

This completes the proof of the Main Theorem.
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