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ON GAUSSIAN KERNEL ESTIMATES ON GROUPS

BY

NICK DUNGEY (Sydney)

Abstract. We give new and simple sufficient conditions for Gaussian upper bounds
for a convolution semigroup on a unimodular locally compact group. These conditions
involve certain semigroup estimates in L?(G). We describe an application for estimates of
heat kernels of complex subelliptic operators on unimodular Lie groups.

1. Introduction. Many authors have investigated the question of ob-
taining pointwise upper bounds for the heat kernel of a suitable differential
operator, on various classes of manifolds and Lie groups (see, for example,
[17, 16, 2] for relevant background). In this paper, we offer a new method of
obtaining Gaussian upper bounds for a convolution semigroup on a locally
compact group, which in particular applies to heat kernels on Lie groups.

Our main results show that Gaussian upper bounds are a consequence
of certain L? operator estimates on the semigroup. In comparison, many
standard approaches to Gaussian estimates (see the references above) rely
on L! estimates on the semigroup. Such L' estimates may be difficult to
obtain, unless one is dealing with the special case of heat kernels for second
order operators with real coefficients. There are a number of works dealing
with heat kernel estimates on Lie groups outside this special case: see [16,
7,1, 8,12, 9, 11, 5, 10] and references therein. But in general, these works
seem to rely on specific structural features of the Lie groups considered, for
example, local or global scaling properties. Our approach is more general and
applies to large classes of convolution semigroups on (unimodular) locally
compact groups.

In many cases the assumptions of our main theorems are necessary, as
well as sufficient, for Gaussian estimates to hold (for a precise statement,
see Remark 2.6 below). Partly for this reason, we suspect that many of the
known examples of Gaussian estimates on groups could be derived using our
methods.

The present paper can be seen as an extension of [6], where L> kernel
bounds were considered. We emphasize that, as in [6], our arguments and
results rely crucially on the group invariance of the semigroups considered.
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In fact, for semigroups generated by elliptic operators in R? which are not
translation invariant, it is well known that the L? theory does not always
suffice to give Gaussian estimates, or LP estimates: see, for example, [4, 3]
and references therein.

We present our theoretical results in Section 2 below. In Section 3 we
give a sample application: a new proof of Gaussian heat kernel estimates
of [10] (see also [7]) for second order complex operators on a Lie group of
polynomial growth. Compared with earlier proofs, our proof is rather more
direct and has the advantage of applying to any unimodular Lie group.

There are other applications of our methods which will not be detailed
here. For example, our results would probably yield a new proof of the
Gaussian estimates for convolution powers of a probability density obtained
in [13], or could be used to extend the theory of heat kernels corresponding
to operators which are sums of even powers of vector fields on a Lie group
(compare [12, 9, 11]). It might also be possible to alter our method to prove
pointwise estimates which do not have the standard Gaussian form. Some
of these ideas might be explored in future.

2. The basic theorems. This section contains our main theoretical
results. The two essential theorems are Theorem 2.3, which gives large time
Gaussian estimates for convolution powers of a fixed function, and The-
orem 2.7, which gives small time Gaussian estimates for a semigroup of
operators. In applications to heat kernels (see Section 3), one may use these
theorems to estimate respectively the large and small time behaviour.

The proofs in this section can be regarded as a non-trivial extension of
the proofs of L> estimates in [6].

Let us fix notation. Throughout, G will denote a unimodular, second
countable locally compact group, with identity element e. We fix a Haar
measure dg and consider the spaces LP = LP(G;dg), 1 < p < oo, with
norms || - ||p. The norm of a bounded linear operator T': L — L9 is written
as ||T'||p—q, or simply as ||T'|| in the case p = ¢ = 2. In general, ¢, ¢/, b and so
on denote positive constants whose value may change from line to line when
convenient.

Given a locally integrable function f: G — C, we set (L(g)f)(h) =
f(g7th), g,h € G, that is, L is the left regular representation of G, and we
define the convolution operator L(f) by

(L(N)f)(9) = (f * f1)(9) = Y dh f(h) f1(h ™)
G
for ¢ € G and suitable functions f;: G — C. This makes sense at least
when f; is bounded and compactly supported, and hence the domain of
L(f) is dense in LP for 1 < p < cc.
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Let us say that a Borel measurable function w: G — (0,00) is a weight
function on G if w and 1/w = w™! are both locally bounded functions on G
(that is, they are bounded over any compact subset of G), and moreover
w(g) = w(g™"') for all g € G.

For convenience, we also denote by w the operator of pointwise multipli-
cation f — wf. For locally integrable f, we can then consider the (possibly
infinite) norms

[wL(f)w™ g = sup{lwL(HHw ™" filly: fi € C(G), | fillp < 1}

when p < oo, where C.(G) denotes the continuous, compactly supported
functions on G.
We will need the following inequalities.

LEMMA 2.1. If w is a weight function, then
0 lw(fi* f2)ll2 < [lwL(fr)w™ | w2,
lw(fo* fi)ll2 < lw™ L(f)w]| [[wfol2
whenever f1, fo are locally integrable functions on G such that the norms on
the right sides of the inequalities are finite.

Proof. By density, it is enough to prove inequalities (1) in the case that fo
is compactly supported and bounded (in fact, only this case will be needed
in what follows). The first inequality is immediate from the definitions.

To prove the second inequality, introduce for each locally integrable f
the function

(2) flo)=Flg™), geG.

By unimodularity, ||f||p = ||f|lp for all p, and in particular ||wf||2 = llwf]|2
because w(g) = w(g~1). Observe also that (fa * f1)~ = fi * fa. Therefore,

lw(fox fi)lla = llw(fa* f1)~ ll2 = llw(fi % f2)ll2 < [wL(fr)w ™| wfz]o:
But it is easily checked that wL(fl)w_l is formally adjoint to w L(f)w
with respect to the L? inner product, so that ||wL(f1)w ™| = [|w™ ' L(f1)w].
The lemma follows. =

We introduce some convenient (though possibly non-standard) terminol-
ogy. A modulus is a Borel measurable function p: G — [0, 00) such that

By(r):={9€G:olg) <1}
is a relatively compact subset of G for each r > 0. The Haar measure of B,(r)
will usually be denoted by V,(r) = dg(By(r)).
An admissible modulus is a modulus which is also locally bounded and
satisfies, for some cg > 1,

(3) olg)=0o(g™"), olgh) < cole(g) + o(h))
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for all g,h € G. We say that ¢ is subadditive if the inequality in (3) holds
with ¢y = 1. Obviously, if o is an admissible modulus, then e*? is a weight
function for all A € R.

Heuristically, we think of p(g) as the “distance” from g to e, and our
Gaussian estimates in this section will be formulated using g.

In passing, we mention that standard examples of admissible modulus
functions are (i) on a Lie group G, the Carathéodory modulus associated
with a list of generators of the Lie algebra (see [17, 16]), and (ii) on a
compactly generated group G, the modulus gy(g) = inf{n € N: g € U™}
where U = U™! C G is a fixed compact generating neighbourhood of the
identity e. There are many other examples relevant for analysis, for example,
“weighted” modulus functions on a Lie group corresponding to filtrations of
the Lie algebra (see [15, Section 4] and [9]).

The following lemma will be a crucial tool. Denote by I the identity
operator acting on functions over G.

LEMMA 2.2. Let w be a weight function and let o be a modulus on G.
For r > 0 write ||w||co,r = sup{w(g) : 0(g) < r}. If f is a locally integrable
function on G and wf € L?, then

lwfllz < sup  [w(I = L(g))fll2 + w]loos Vo(r) 2 |lw™ L( f)w]
9€G, o(g)<r

for all v > 0 (here, the right side is permitted to be infinite).

REMARK. In the unweighted case w = 1, the above inequality was
proved by the author in [6], where it is referred to as a convolution Nash
inequality. The reason for this name is that it differs essentially from stan-
dard Nash inequalities (see [16] for example) by replacing the L' norm of f
with the convolution norm ||L(f)|. Thus, it seems natural to refer to the
inequality of Lemma 2.2 as a weighted convolution Nash inequality.

Proof of Lemma 2.2. Let r > 0 be given. If V,(r) = 0 then we interpret
Vo(r)~1/2 = 00, s0 let us assume that V,(r) > 0.

Following an idea of Robinson [16, p. 267], we consider the function
x = Vo(r)~11 B,(r)» Where 1g denotes the characteristic function of a subset
E C G. Observing that {, x = 1, we find the identity

wf =wlxxf)+ | dgx(g)w(l - L(g))f
G

and take L? norms on both sides. Applying (1) yields

lw(x )2 < llwxll2lw™ L wl < lw]loo, Vo(r) ™ lw™ L{f)w],

and the lemma follows easily. »
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In the following theorem, we consider a fixed function K € L? and obtain
Gaussian estimates for K(,), n € N = {1,2,...}, where Kpy=Kx*-xK
denotes the nth convolution power of K. Observe that, if one assumes that
the operator T' = L(K) is bounded in L?, then the K,,) = T" 'K are well
defined elements of L2.

THEOREM 2.3. Let K € L? be such that T = L(K) is bounded in L?.
Suppose p: G — [0,00) is an admissible modulus, and denote by Uy the
multiplication operator f — e ef for A € R. Assume there exist an even
positive integer M > 2 and constants w > 0, v € (0, 1] such that

(4) IUAK 2 < ceX”

for all X >0,

(5) |U\T"U_y|| < ce*™'n

forall A€ R and n € N, and

(6) [UAI — L(g))T"U_x|| < c(o(g)n= M) e

for all X € R, n € N and g € G such that o(g) < nYM . Suppose there are
a,D > 0 with Vy(r) > ar? for all r > 1. Then there exist ¢',b > 0 with

(7) K (ny(9)] < 'n=P/Me=blel)™ /m /O

for alln e N withn > 2 and g € G, and

(8)  |Kw(9) — K (91" 9)] < ¢(o(gr)n™ /M) PIM emtlelo)™/m
for alln € N with n > 3 and g,g1 € G such that o(g,) < n'/M.

1/(M-1)

REMARK. Davies [3, Section 4] establishes L? estimates of a type anal-
ogous to (5) and (6), for the semigroups generated by a large class of
divergence-form elliptic operators in R%. But for non-translation invariant
elliptic operators, such estimates are not in general sufficient to guarantee
Gaussian heat kernel bounds. We can therefore say that the group invariance
plays an essential role in Theorem 2.3, as well as in Theorem 2.7 below.

Proof of Theorem 2.5. We first observe that K, ,,) = T" K, so that

mn w IVIn
9) MUK myllz S NUNT"U_ANUAK iy ll2 < e ™ [UAK (1) |2

for all n,m € N and A > 0. By choosing m = 1 and recalling (4), it follows
that

(10) IUAK (o [l < /&X'

for all n € N and A > 0. This last bound lacks a desired factor of n—2/2M ),
but will be useful for small n.
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Let us fix an w’ > w, and define, for each n € N and \ > 0,
"NJUAK (1) ||2-

o I\M
Bar = D/ (2M) ,—w'>

Note that
(1) [ UNT = L(9) Knymyll2 < [UNT = L) T U]l UK gy |I2
< c(o(g)n VMY XN UNK (12

for all n,m € N, A > 0 and g € G with p(g) < nY/M_ Now in Lemma 2.2
put f = K(2,) and choose the weight function w = wy = e\ > 0. Then
by (11) with m = n, and because

- M
[wi LK gy Jwn || = [UAT>Uy|| < ce®™,
we obtain an estimate
(12) Bamr < c1(rn VMY B\ 4 oy (rn /M) =D 2w o2 )M

for all A > 0, n € N and r > 1 such that »r < n'/M. Fix ¢ € (0,1) small
enough so that
e’ <27 e <2 —w),

and fix kg € N with 250 > ¢=M If p > 2k0 then enlt/M > 1. Therefore, we
may choose r = en'/M in (12) to obtain

ﬁ2n ) < Qilﬂn 5+ 0265)\n1/M*2(w’7W))\Mn
for all n € N with n > 20 and all A\ > 0. Since

eanM < e(1+Mn) < 2(w' —w)(1 + M),

we have

Bonx < 27 B + c3 < max{B,., 2¢3}

for all n € N with n > 2% and all A > 0. This inequality implies, by
induction, that

Bk x < max{ Bk, y,2¢3}

for all £ € N with k > ko. But (10) shows that supyq Bgre , < 00, and
consequently there is a ¢4 > 0 such that

Bak x < ¢4
for all £k € N with k > kg and all A > 0. In other words,
(13) JUAE ll2 < can=D/ M)/ »n

whenever n = 2% with k € N, k > ko, and X > 0.

Let us remove the restriction on n in (13). By applying (9) with m = 2%,
k > ko, and adjusting the value of ¢4, we can easily see that (13) holds for
all integers n > 2k0 and all A > 0. In case 1 < n < 2k0, a bound of the
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form (13) follows immediately from (10). Therefore, a bound of the form
(13) holds for all n € N and A > 0.

The technique of obtaining Gaussian estimates (7) from the inequality
(13) is essentially well known. First use (3) to observe that

DK (my(9)] < § dh e K ) (h)| e D K (0 g)|
G
< NUeon Ky l[21UeoaA K () |2

for n,m € N and A > 0. Then choose m =n or m = n+ 1, apply (13), and
set X = 7(o(g)/n)"M=1 for a suitable small 7 > 0.
Similarly, one has

e)\g(g)’K(n+ ( ) K(n+m (gl )| < HUCO)\(I L(gl))K(n H HUC())\K m)||2

Thus, by applying (13) and (11), we can deduce estimates (8) for n > 3,
under the condition that o(g;) < kn'/M for some small constant x € (0, 1).

Finally, in case xn'/™ < o(g;) < n'/M by (3) there is ¢ > 0 with
o(g7 )™ > ¢ 1o(g)™ — cn. Hence, in this case estimates of the form (8)
follow directly from (7). The proof of Theorem 2.3 is complete. =

REMARK 2.4. It is a useful technical remark that, if p is subadditive,
then the hypothesis (6) in Theorem 2.3 can be replaced by the alternative
form

(14) I(Z = L(@)UNT"U-x|| < elolg)n /M) e
for n € N, g € G with o(g) < n'/M. To see this, note the general identity
(e”(I = Lg))e " F)(h) = f(h) = f(g™ h) +[1 — eV M) (g~ 1)

for g, h € G and functions f and ¢ on G. This leads, via the bound |1 —e*| <
|s|el*l, s € R, to an inequality

(15)  [le”(I = L(g)e™" 12
< (I = L(g)fllz + 1T = L(g)) ¢ lloe! THOWlex | 1.

Now if (14) holds, then it is not hard to deduce (6) by setting ¢ = g in (15)
and adjusting the constant w. Note that ||(I — L(g))e|lcc < 0(g) since p is

assumed subadditive. We leave further details to the reader.

The next result is a well known consequence of the Gaussian esti-
mates (7).

COROLLARY 2.5. Assume the hypotheses of Theorem 2.3, and suppose
that ¢~ rP < Vo(r) < erP? for all ¥ > 1. Then there exists ¢ > 0 with
1T [lp—p < ¢
uniformly for all1 <p < oo andn € N, n > 2.
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Proof. A standard integration of the Gaussian estimates (7), using a
volume doubling bound V,(2r) < c'Vp(r), r > 1, yields [|[K,)l1 < ¢ < o0
for all n > 2 (compare, for example, [17, p. 111]). The result follows since
1T llp—p = LK @) llp—p < 1K1 =

REMARK 2.6. It should be noted that Theorem 2.3 often has a converse,
so that in many cases the hypotheses of Theorem 2.3 are necessary conditions
for Gaussian estimates.

To be more precise, suppose that the admissible modulus g is subaddi-
tive, and that P < Vg(r) < CTD, r > 1. Then we claim that the Gaussian
estimates (7) and (8) imply estimates of the form

UAT"U_y|[pp < e,
U — L(g)T"U—xllp—p < ¢ (0(g)n= /M )reern

whenever A € R, p € [1,00] and o(g) < n'/M. In particular, when p = 2 we
recover (5) and (6).
To prove this claim, one observes that U\T"U_, has an integral kernel

Kna(g,h) = 9K (gh™ e e
for g, h € G, so that
1 _
K (g, h)] < eMOWhD 1K ) (gh™h)]

by the assumed subadditivity of o. (In fact, here subadditivity could be re-
placed by a weaker condition |o(g) — o(h)| < c10(gh™!) for all g,h € G.)
Then the estimates on ||U\T"U_,||,—p follow by a standard integration ar-
gument from the Gaussian estimates (7). Similarly, one derives estimates
on Uyx(I — L(g1))T™U_, using the estimates (8). We omit further details. m

We will now give an analogue of Theorem 2.3 for small time Gaussian
estimates. The following result differs from Theorem 2.3 in that one does
not assume the existence of a convolution kernel, but only of a (right invari-
ant) semigroup of bounded operators in L2. The existence of a kernel K; is
deduced in the conclusion.

THEOREM 2.7. Let tg € (0,00) and suppose {Ti}o<i<t, is a family of
right invariant, bounded operators in L?, with Ty ; = TsT; whenever s,t,
s+te (0,ty). Let p: G — [0,00) be an admissible modulus, which is con-
tinuous, subadditive and satisfies o(e) = 0. Set Uxf = e f for A € R.
Assume that M is an even positive integer, w > 0, and v € (0, 1], such that

IUNTU 5| < eeX™ || U = L(g))TU-_x|| < e(o(g)t~H/M)v e

for all t € (0,t9), A € R and g € G with o(g) < tYM. Suppose there are
a,D > 0 with Vy(r) > ar? for all r € (0,1). Then there exist functions
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K € L2N L% with Ty = L(Ky) and Ky s = Ky Ks when s,t, s+t € (0,t0).
Moreover, there are ¢/, b > 0 such that

1K (g)| < 't~ P/Me=ble@)™ /1)
[Ki(g1 ') — Kilg)| < ¢ (o(g)t /M) e PIM emblelo)™ /i
for all t € (0,ty) and g,g1 € G such that o(gy) < t'/M.

1/(M—1)
M

Proof. The proof is a variation of the proof of Theorem 2.3, and we only
outline the main ideas. The key point is to establish an estimate

(16) |UNTIU_y|[1a < ct= P/ M) g2
for some w’ > w and all ¢t € (0,t9) and A > 0. To do this, suppose that A > 0
and f € C.(G) with ||Uyf]|1 <1, and put
I\ M
By = tP/ M= X T T f .

To establish (16), we will bound 3; by a constant independent of ¢, A and f
(subject to the above conditions on A and f). One checks, using the subad-
ditivity of p, that |[U_x\L(f)Ux|l < [[Uxf|l1 < 1. The right invariance of T}
implies that L(T.f)fe = TyL(f) fo for arbitrary fo € C.(G). We thus have

|UAL(T) O < NUANTOAU-AL(TA| < ce X,

Now apply Lemma 2.2 to the function T} f, with w = e*@ and r = t'/M ¢
(0,1) for a fixed € > 0, and note that

_ M
IUAI = L(@)Tef|| < (lg)t™ /M) e 2| UNT, o f |12
whenever o(g) < (t/2)'/M. Provided that ¢ is chosen sufficiently small, this

yields an estimate
By <27 By 9 + 1 < max{Bys,2c1}

for all t € (0,tg), where c; is independent of A and f. Because Uyf € L2,
one has
lim B < lim 7/ CMO[UNTLU_A | U S]]z = 0.

It is then easy to see that 3; < 2¢; for all t € (0,tp), and (16) follows.

It follows from the case A = 0 of (16), and the right invariance of T,
that there is a kernel K; € L? with T} = L(K) and || K¢||2 = ||T¢||1—2. Then
the operator U T:U_) has an integral kernel given by

KM (g;h) = 40K (gh)e e
for g, h € G, and

1/2
sup ( dg | K7 (g:)P) " = [UATU- 12
heG * 4
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Taking h = e in the last expression, we infer from (16) that
UxK¢l|2 < ct—D/(2M) W' A\t

for all t € (0,t9) and A > 0. The remainder of the proof follows the proof of
Theorem 2.3.

Theorem 2.7 has the following corollary which is analogous to Corol-
lary 2.5. The proof is standard and is omitted.

COROLLARY 2.8. Assume the hypotheses of Theorem 2.7, and suppose
there exist c1, pu > 0 with
Vo(r) < cyrPetr

for all v > 0. Then there is ¢’ > 0 with
1 Tellp—p < [ Eelh < ¢
for all t € (0,tp) and p € [1, 0].

REMARK 2.9. One can extend the estimates of Theorem 2.7 to large
values of ¢, by using the semigroup property.

To see this, let us assume the hypotheses of the theorem, and set ¢; =
27y, If t > tg, we write t = nt; + s with n € N, 0 < s < ¢, and define T}
by

T, = (T}, )"Ts.

Then T; = L(K;) where, by definition, K; = (K¢, )(n) * Ks. One has Ty Ty =
Ty for all t, ¢’ > 0. Moreover, there is a o > 0 such that an estimate of the

form
|Ki(g)] < ct=D/Meote=ble(a)™ /)!/ =)

holds for all ¢ > 0. Of course, since ¢ > 0 this bound does not give very
precise control of || K|l for large ¢, but it is nevertheless of interest when
o(g)M /t is large.

To prove this bound on K, it suffices to get suitable estimates on
U\K¢||2, t > to, A > 0, and these may be obtained by writing

UK |2 < [UNTU_A|(JUAT3, U= |))" MUK, |2,

where t = nt1 + s with n € N, 0 < s < t1. We leave further details to the
reader.

3. Complex second order operators. In this section, we present a
new proof of the Gaussian estimates for second order subelliptic operators
with complex coefficients, on a Lie group of polynomial growth (see [10, 7]).
In fact, our proof will apply to arbitrary unimodular Lie groups.

Thus, in this section let G denote a connected unimodular Lie group
with Lie algebra g. To each x € g we associate a right invariant vector field
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X = dLg(x): as an operator, dLg(z) = lim;—t ! (L(exp(tx)) — I) where
exp: g — G is the exponential map.

Let a1,...,aq € g be a list of elements which algebraically generate g,
and set A; = dLg(a;). We consider, as in [10] or [7], a subelliptic differential
operator of the form

d/
H=-— Z Cl'inAj
e
on G, where the c;; are complex constants which are assumed to satisfy
Re}_, ; cijfizj > pl€|? for some p > 0 and all £ € C%. The most studied
case (see [17, 16]) is where ¢;; = d;; for all i, j, in which case H = — ), A?
is called a sublaplacian.

Note that H can be precisely defined using the theory of sectorial forms

(see [14]), as the sectorial operator in L? associated with the quadratic

form Q(f) = 320y § cis A FAF for f € L? with A;f € L%, i € {1,...,d'}.
Then standard reasoning shows that H generates a holomorphic contraction
semigroup T; = e~ in L2 and |[HT;|| < ct~! for all t > 0 (see, for example,
[7, Section II.2]).

If H is a sublaplacian, then the general theory of Dirichlet forms shows
that T} is a contraction semigroup in LP for all 1 < p < oco. But for general
complex coefficients ¢;;, this theory is not applicable and the study of H
seems more difficult.

Let 0 = pa denote the standard Carathéodory modulus on G associated
with Aj,..., Ay (see [17, 16]). We will see that it is not difficult to verify
the hypotheses of Theorems 2.3 and 2.7.

Consider the set D consisting of all smooth bounded functions ¢: G — R
with || A;¢lec <1 forallie {1,...,d'}. Let Uy and U;ﬂ denote respectively
the operators of multiplication by e*¢ and e, for ¢ € D, A € R. From the
formula

(17) eV Ai(e7Vf) = Aif — (An)f,

one sees that U;\Z’H Ul_/j,\ is a differential operator which is a perturbation
of H by lower order terms. Moreover, some standard arguments then give
estimates of the form

IUYTLUY, || < et |AUYTUY, || < ot /2eA

uniformly for all ¢ > 0, A € R and ¢ € D (compare, for example, [7,
pp. 276-277] or [3]). Now recall an elementary inequality (see [16, p. 268])

(18) 17 = L(g)fll2 < olg (ZHA )"
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for g € G and f € L? such that A;f € L? i € {1,...,d'}. Using this
estimate, and then arguing as in Remark 2.4, one easily deduces a bound

UL = Lg)TiUY, || < clo(g)t™/?)e"

forall t >0, A €R, ¢ € D and g € G satisfying o(g) < t'/2.
But ¢ can be approximated by elements of D, by setting

U = (min{@vn}) * Pn,

where {¢pp }2°; C C°(G) is a suitable smooth approximation of the identity
for G, with ¢, > 0 and { ¢, = 1. It is not hard to show that v,, € D and
lim,, o0 ¥ (g9) = 0(g), where the limit is uniform over any compact subset
of G. If W is any bounded operator in L2, and fi, fo € C(G), then

S dg e* 9 (WU_f1)(g) f2(g) = Jim X dg (U WU £1)(g) F2(9).
o G

Therefore, a simple limiting argument gives the estimates
[UNTU-A|l < e, UM = L) TU-al| < ele(g)t™/)eX

for all t > 0 and o(g) < t'/2.

It is well known (see for example [17]) that there is an integer D’ > 1
such that ¢~ 1rP" < Vo(r) < crP’ for 0 < r < 1. We may apply Theorem 2.7
with M = 2 over any finite interval (0, tg), to deduce that Ty = L(K}), t > 0,
where the kernel K; satisfies

|Ki(g)| < ct—D'/2=bel9)?/t

for 0 <t < 1. Note that the proof of Theorem 2.7 also gives an estimate of
the form ||UxKy|2 < ct=P/4e*>*t X >0,0 <t < 1.

Suppose now that D > 0 with V,(r) > ar? for all r > 1. We can apply
Theorem 2.3, with K = K1, to get

(19) [Ki(g)| < et~ PI2embel@ e

fort € N={1,2,...}. The latter estimate is then easily extended to all t > 1
by using the semigroup property Ky = K;_ 4% K with s € N (or alternatively,
by arguing through the L? estimate ||U\K||2 < [|UxTi—sU_x|| [[UrKs||2)-

Note that the Gaussian estimate for small ¢ was given in, for example, [9].
The estimate (19) for ¢ > 1 is proved in [10] or [7] under the stronger
assumption that G has polynomial growth of order precisely D, that is,
PP < Vo(r) < crP for r > 1. The present proof is more direct than these
earlier proofs, since we do not need to exploit detailed structural properties
of G. Moreover, our proof displays a unified approach to the small and large
time estimates.
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Finally, let us briefly consider the case that G has exponential growth,
which means that for some a > 0 one has

Vo(r) > ae

for all » > 1. Then given any D > 0 one has an estimate of the form (19).
We can improve this by using the fact that, for G of exponential growth,
there are ¢,o > 0 with

1Ko < e
for all ¢ > 1; this bound is well known for a sublaplacian ([17, 16]) and is

proved in general in [6]. By writing |K:(g)| < |K:(g)|*||K¢|| 3¢, we find for
some b,c > 0 that

|Ki(g)] < ce bt o—belg)?/t

for t > 1. This estimate is apparently new for complex coefficients c;;.
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