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Abstract. Assume that k is a field of characteristic different from 2. We show that if
I’ is a strongly simply connected k-algebra of non-polynomial growth, then there exists a
special family of pointed I'-modules, called an independent pair of dense chains of pointed
modules. Then it follows by a result of Ziegler that I" admits a super-decomposable pure-
injective module if k£ is a countable field.

1. Introduction. According to Drozd’s fundamental tame-wild dicho-
tomy [D], the class of finite-dimensional algebras (over algebraically closed
fields) divides into two classes: tame and wild algebras. A lot of effort has
been put into understanding various aspects of representation type (see [Ri],
[SS2]). On the finite-dimensional level we have, in particular, results on the
shape of connected components of the Auslander—Reiten quiver or the com-
ponent quiver (see [Sk4], [Sk6]). On the level of infinite-dimensional modules,
a basic characterization of representation type is given in terms of generic
modules (see [CB]).

One may also hope to understand representation type in terms of the
behavior of some matrix reduction algorithms described, for instance, in
[GKM], [MZ].

The concept of growth of a tame algebra, introduced by A. Skowronski
[Sk2], yields a stratification of the class of tame algebras into domestic al-
gebras, polynomial growth algebras etc. The structure of the module cate-
gory depends very much on the growth properties of the underlying algebra.
The reader is referred to [PS1], [PS2|, [SZ] for geometric and homologi-
cal characterizations of polynomial growth strongly simply connected alge-
bras.
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One of the motivations of our research is to explain how the growth rate
is reflected on the level of infinite-dimensional modules. A hint, following
from results of [Pull, [Pr2], is to look at super-decomposable pure-injective
modules.

There are problems which can be reduced (using covering techniques and
geometric degenerations) to the class of strongly simply connected algebras,
this is one of the reasons why that class is of interest. An example of such
a problem is the classification of selfinjective algebras of polynomial growth
[Sk1]; see also the survey [SkT7].

Assume that R is a ring with a unit. By a module we usually mean
a left module. Recall that an R-module is super-decomposable if it has no
indecomposable direct summand. We refer to [K| (see also [HZ| and [JL|
Chapter 7]) for the concept of pure-injectivity.

The problem of existence of super-decomposable pure-injective R-mod-
ules is stated in [Z]. In the same paper M. Ziegler proves a fundamental
criterion for such modules to exist: if the ring R is countable, then R has
a super-decomposable pure-injective module if and only if the width of the
lattice of all pp-formulae is undefined (see [Z] and [Prll, Section 10.2| for the
definitions).

The case when R is a finite-dimensional algebra over a field is studied,
in particular, in [Pr1], [Pull, [Pu2], [H], [Pr2] and [KP].

In [Pr1] M. Prest considers the problem in connection with representation
types of finite-dimensional algebras and he proves that super-decomposable
pure-injective modules exist over strictly wild algebras (see [Prl, Theo-
rem 13.7]). In [Pul] G. Puninski proves that such modules exist over non-
polynomial growth string algebras over a countable field. In [Pu2] Puninski
refines this result and presents a “concrete” example of a super-decomposable
pure-injective module over a certain string algebra of non-polynomial growth.
The reader is referred to [Pu3| and [Pu4| for other applications of string com-
binatorics in investigation of infinite-dimensional modules. In [H] R. Harland
proves that super-decomposable pure-injective modules exist over tubular
algebras (see also [Pr2]). This is the first class of linear growth, although
non-domestic, tame algebras that is known to have super-decomposable pure-
injective modules.

In [KP|] we prove in particular that there exists a super-decomposable
pure-injective module over the garland of length 3 (see [Sill Definition 15.29]
and Section 4) if the base field & is countable and its characteristic is different
from 2.

The present paper applies the results of [KP] to show the existence of
super-decomposable pure-injective modules for all non-polynomial growth
strongly simply connected algebras (see [Sk5| and [Sk3|) over countable al-



SPI MODULES OVER SSC ALGEBRAS 181

gebraically closed fields of characteristic different from 2. One of the key
elements in the proof are criteria for tame representation type and polyno-
mial growth of strongly simply connected algebras given in [BPS| and [Sk5],
respectively.

The paper is organized as follows. In Section 2 we introduce the notation,
terminology and basic concepts of representation theory of finite-dimensional
algebras that we use.

In Section 3 we collect necessary facts concerning wide subposets of
modular lattices and generalized pointed modules. We introduce some nat-
ural generalization of the concept of an independent pair of dense chains of
pointed modules from [PPTI] (see also [KP]). This allows us to formulate a
sufficient condition for the existence of a super-decomposable pure-injective
module in the context we need (see Theorem 3.9). We also prove that fully-
faithful (i.e. full and faithful) exact functors preserve, in a certain sense
and under some additional assumptions, independent pairs of dense chains
of pointed modules and wide subposets of pointed modules (see Theorem
3.13). This fact is crucial to the subsequent sections of the paper.

In Section 4 we apply the main results of [KP| to prove the existence of
an independent pair of dense chains of pointed prinjective modules over the
garland algebra satisfying some additional conditions. We further apply this
result and Theorem 3.13 to prove the existence of an independent pair of
dense chains of pointed prinjective modules over the diamond algebra (see
[Si2] and [Si3]).

In Section 5 we define some special configurations of modules, called the
M’ -configuration and the N -configuration (see Definition 5.1). We prove,
in a bit more general context, that the existence of such configurations in
certain module categories implies the existence of fully-faithful exact func-
tors from the categories of prinjective modules over the garland or diamond
to the categories of modules over pg-critical algebras |[NS| (see Theorem
5.5).

Section 6 is devoted to showing that M’-configurations exist in module
categories over pg-critical algebras of type I (see Section 2 for the defini-
tion) and that N-configurations exist in module categories over pg-critical
algebras of type II (see Theorems 6.6 and 6.7). We recall that this fact
is essentially known from [Si3|. However, in order to make our paper self-
contained and more convenient to the reader, we provide explicit construc-
tions of M’-configurations and N -configurations in appropriate categories
of modules.

We stress that the results from Sections 5 and 6 follow the lines of the
proof that pg-critical algebras are of non-polynomial growth (see [Si3, The-
orem 2.2| and [Si2]).
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Applying Skowronski’s criterion of polynomial growth of strongly simply
connected algebras [Sk5|, in Section 7 we deduce the main results of the paper
concerning the existence of independent pairs of dense chains of pointed
modules and super-decomposable pure-injective modules for strongly simply
connected algebras of non-polynomial growth (see Theorems 7.1 and 7.2).

2. Notation and preliminary facts. Throughout the paper, k is a
fixed algebraically closed field. By an algebra we mean a finite-dimensional
associative basic k-algebra with a unit. If A is an algebra, we denote by
A°P the algebra opposite to A. By a module we usually mean a left module.
Clearly any left A-module is also a right A°P-module.

We denote by A-mod (mod(A), respectively) the category of finitely gen-
erated left A-modules (finitely generated right A-modules, respectively).

Recall that there exists a duality functor D : A-mod — A°P-mod defined
by D(M) = Homy (M, k) for any A-module M.

Assume that Q = (Qo, Q1) is a finite quiver with the set Qo of vertices
and the set @)1 of arrows. Given a € (1, the starting and the terminal points
of a are denoted by s(a) and t(«) respectively.

Assume that =,y € Q. By a path from x to y in () we mean a sequence
€1...¢, in @ such that s(c,) = z, t(c1) = y and s(¢;) = t(cig1) for 1 <
1 < n. We associate the stationary path e, to each vertex x € Qg and we set
s(ez) = tles) = .

Given a quiver @ = (Qo, Q1) we denote by kQ the path algebra of @ as
usual: the k-basis of kQ) is the set of all paths in @, and multiplication in
k(@ is induced by concatenation of paths.

A two-sided ideal I in kQ is called admissible if (Q1)" C I C (Q1)? for
some n € N, n > 2. If I is an admissible ideal in kQ, then the pair (Q,I)
is called a bound quiver and the associated quotient algebra kQ/I a bound
quiver algebra. Recall that any admissible ideal I is generated by a finite set
of relations (see [ASS| II]).

For x € Qo we denote by P(x), I(z) and S(x) the indecomposable pro-
jective, injective and simple modules, respectively, over the bound quiver
algebra kQ/I associated with the vertex x.

Assume that (Q, I) is a bound quiver. We denote by rep,(Q, I) the cate-
gory of finite-dimensional k-linear representations of (Q,I) (see [ASS, II1]).
If A =kQ/I, then there is a k-linear equivalence F' : A-mod — rep,(Q,I)
(see JASS] III, Theorem 1.6]). From now on we shall identify rep,(Q, I) with
A-mod. Our convention of composing paths is opposite to the one applied in
[ASS]. Consequently, representations of @) correspond to left modules over
“our” kQ.

Recall that a full subquiver Q" of Q is convez if for any path ¢;...c,
from a vertex x to a vertex y in @ we have s(¢;) € Q fori=1,...,n — 1.
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If Q' is a convex subquiver of @, I is an admissible ideal in kQ, and I’ =
INkQ', then the functor of extension by zeros O : rep;(Q', I') — rep,(Q, )
sends a representation (Va, Va)reqy.acq, of (Q',I') to the representation
(V, va)mer,ate, where Vy =V, forany y € Qj or y € Q) and f/y is zero if
y is a vertex or an arrow outside @'. It is easy to see that O is fully-faithful
and exact.

Recall that in the situation above the algebra k(Q’, I') is called a convex
subcategory of k(Q,I).

We now collect some facts concerning bipartite algebras and prinjective
modules which are used in the paper.

Assume that A and B are k-algebras and M = gM 4 is a B-A-bimodule.
A bipartite algebra (see [Sill 17.4]) is an algebra

s 1)

R =

gMy4 B

of matrices [#z 2] such that a € A, b € B and m € gM 4 with multiplication
given by the formula

[a 0} [a’ O}_{ aa’ 0}
m b m' V| |mad +bm' b

Observe that if R is a bound quiver algebra kQ /I, then there are convex
subquivers 4 and @ p of ) such that every vertex of () belongs to exactly
one of the subquivers Q4 or (), there are no oriented paths from Qg to @ 4,
and A =2 kQa/(INkQ4), B = kQp/(INkQE). Moreover, the bimodule g M4
can be identified with the vector subspace of kQ/I generated by the cosets
of the paths starting from )4 and terminating in @ p, equipped with the
natural bimodule structure.

Assume that
eA = and EB — ,
0 0 0 1p

ie. A=¥ ey Rey and B = egRep.

A left R-module X is pMa-prinjective (see [PS]) if e4 X is a projective
A-module and ep X is an injective B-module. We denote by prin ,,, (R) (or
prin,, (R), or prin(R)) the category of all M s-prinjective R-modules.

It is well known that any R-module can be identified with an R-triple

(aX' X" ox : pMg ® 4 X' — gX")

where 4 X’ is an A-module, g X" is a B-module and ¢x : pMA®4 X' — X"
is a B-module homomorphism.

A morphism from (X', X" ox : M@ X' — X") to (Y, Y" oy : M®Y’
— Y") is a pair (f1, f2) such that f; : X’ — Y’ is an A-homomorphism,
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fo: X" = Y" is a B-homomorphism and fopx = ¢y (idys ® f1). Therefore
the R-triples form a category. It is easy to see that the category of R-modules
and the category of R-triples are equivalent.

Thanks to the adjointness formula, we can also consider triples of the
form (X', X" ¢ : X’ — Homp(M, X")).

It is clear that if X is a prinjective R-module, then X can be identified
with a triple (X', X", ¢ : M ® X' — X") such that X’ is a projective
A-module and X" is an injective B-module [Si2].

Now we recall some special classes of bipartite algebras needed in further
considerations.

Assume that A is an algebra and M is a left A-module. For any n > 1,
M" = M ®---® M has a natural structure of an A-k"™-bimodule. The

n

algebra
pMRO 0
A 0 -
<[ A o]s B
DM™ k" SN
DM 0O - k

is the n-point coextension of A by M. If n = 1, then we set [M,1]A =
[M]A.

The Gabriel quiver Qa4 of the algebra [M,n]A consists of the Gabriel
quiver Q4 of A and n additional vertices x1,...,z, which are the terminal
points of some arrows starting in Q4. Moreover,

I(x;)/soc(I(x;)) = I(x;)/S(xi) = M

forany i =1,...,n.
Assume that B is an algebra, N is a left B-module and m > 1. The
algebra

6800
Emo0
NN IEB

is the m-point extension of B by N. If m = 1, then we set B[N, 1] = B[N].
The Gabriel quiver Q g, of the algebra B[N, m] consists of the Gabriel
quiver @Qp of B and m additional vertices y1, ..., ¥y, which are the starting
points of some arrows terminating in @ g. Moreover, rad(P(y;)) = N for any
1=1,...,m.
Assume that A is an algebra, N is a left A-module, ¢ > 1 and L; is the
path algebra of the canonically oriented Dynkin quiver

AAY)=1—-2—--- >t
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Observe that

k0O - 0
kkO - 0
Lo [RER -0
Kk o k

Assume that N = {(n,0,...,0); n € N} is an A-L;-bimodule isomorphic
to N as a left A-module with the right structure of Li-module defined in
the following way: (n,0,...,0) -l =[no0.. 0]l for any n € N, | € L;, where
the right hand side is a matrix product. We shall use the matrix notation
[N 0 ...0] for the module N.

The t-linear extension of A by N is, by definition, the algebra

FRI00

L 0 e

A[N,Lt}z[]\; A}ﬁ SR
NGO04

The Gabriel quiver Q z(y,z,] of the algebra A[N, L] consists of the Gabriel
quiver Q4 of A and the canonically oriented Dynkin quiver A(A;) attached
to @4 by some arrows i, ...,7s starting from the vertex 1 and terminating
in Q4. We can visualize the Gabriel quiver Q 4y, in the following way:

QaN,L,) =

We shall now define some special 2-point coextensions of ¢-linear exten-
sions, which we call D, o-extensions.

Assume that A[N, L] is a t-linear extension of an algebra A by a mod-
ule N, and L is an A[N, Ly]-module corresponding to the triple (£,0,0)
where

L=Fk5kS - Sk
Assume that G; is the canonically oriented Dynkin quiver A(Dyy2), i.e.

t+1

Gy

I
—_
[\
w
~

N\

+2
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for t > 2 and
2
Gi1=1
3
The algebra
AN.L] O A[N,L] 0 0
A[N, Gy = [L‘,Q](A[N,Lt]):[ PR }& DL kO
DLODL kdk —
DL 0 k
kKO- 0000 kKO- 0000
kk - 0000 kk - 0000
Sl ik kooo| = | kk k000
NO - 0A0O0 kk - kkOO
kk - kEO0OkO kk - kKOkO
kk - kEO0OOK NO - 000A

is the Dy o-extension of A by N.

The Gabriel quiver Q 4n,g,) of the algebra A[N, G| consists of the Gabriel
quiver Q4 of A and the quiver G; attached to Q) 4 by some arrows d1, . .., ds
starting from the vertex 1 and terminating in Q4. We can visualize the
Gabriel quiver Q 4y g, in the following way:

Assume now that A = kQ/I is a triangular algebra (or k-category), which
means that @ has no oriented cycles. Then A is strongly simply connected if
the first Hochschild cohomology group H'(C, C) of any convex subcategory
C of A vanishes (see [Sk3| for details).

In the theory of strongly simply connected algebras, and also in this
paper, a major role is played by hypercritical and pg-critical algebras (see
[Sk5], [Sk3]). We recall the definitions below. The reader is referred to [ASS]
for the background on tilting theory.

Assume that @ is a quiver whose underlying graph is one of the following
graphs: Ts, D, or E; for i = 6,7,8 (see for example [Sk3]). A hypercritical
algebra is a concealed algebra of type Q.
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Assume that H is a hereditary algebra of type ﬁn, T is a tilting H-
module without prinjective direct summands, and B = Endg(T)°? is a
representation-infinite tilted algebra. We denote by 7(T") the torsion class
induced by T

A pg-critical algebra of type I is an algebra A = B[M,Gy], t > 1, such
that:

e M =Hompg(T,S) where S is an indecomposable regular H-module of
regular length 1 lying in a tube of rank n — 2 such that S € T(T),

e any proper convex subcategory of A, viewed as a k-category, is of poly-
nomial growth.

A pg-critical algebra of type II is an algebra {2 = B[N] such that

e N = Hompg(T, R) where R is an indecomposable regular H-module of
regular length 2 lying in a tube of rank n — 2 such that R € T (7)),

e any proper convex subcategory of (2, viewed as a k-category, is of
polynomial growth.

A pg-critical algebra A = B[M, G| of type I is thus, in our notation and
terminology, a D;4o-extension of the algebra B by the module M. Clearly
this is consistent with [NS]|, [Sk5] and [Sk3|. A pg-critical algebra 2 = B[N]
of type II is a one-point extension of the algebra B by the module N.

A pg-critical algebra is a pg-critical algebra of type I or II.

Recall that hypercritical algebras are strictly wild and have been com-
pletely classified by quivers and relations (see [U]). In turn, pg-critical al-
gebras are tame of non-polynomial growth (see [Sk5, Proposition 2.4]) and
have been completely classified by quivers and relations in [NS].

The following theorem collects the fundamental results of [BPS| and
[Sk5], and shows the importance of hypercritical and pg-critical algebras
in the theory of strongly simply connected algebras. It is also crucial for our
paper.

THEOREM 2.1. Assume that A is a strongly simply connected algebra.

(1) A is wild if and only if it is strictly wild; and A is strictly wild if and
only if it has a convex hypercritical subcategory [BPS, Corollary 1].

(2) A is wild or tame of non-polynomial growth if and only if it has a
convex pg-critical subcategory [SkB, Theorem 4.1]|. m

Observe that the conditions (1) and (2) of the above theorem imply that
a tame strongly simply connected algebra A is of non-polynomial growth if
and only if A has a convex pg-critical subcategory.

3. Wide posets of generalized pointed modules and a sufficient
existence condition. Assume that R is a ring with a unit. This section
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is devoted to presenting a sufficient condition for the existence of a super-
decomposable pure-injective R-module in terms of some special family of
pointed finitely presented R-modules, called an independent pair of dense
chains of pointed R-modules. This condition can be considered as a general-
ization of [PPT1l Proposition 5.4].

We start with some preliminaries on modular lattices.

Recall that a poset (K, <) is a lattice if for any z,y € K there are
zAy,z+y € K such that z Ay = inf{z,y} and = + y = sup{z, y}.

A lattice (K, <) is modular if x > z implies (zAy)+z = xA(y+2) for any
z,y,z € K. A lattice (K, <) is distributive if (x Ay)+z=(x+2)A(y+ 2)
for any z,y,z € K. Observe that by |Gl 1.4, Lemma 10| this condition is
equivalent to z A (y + 2) = (z Ay) + (z A z) for any z,y,z € K. It is clear
that any distributive lattice is modular.

Assume that (P, <) is an arbitrary poset and p,q € P. We write p < ¢
if p < q and p # q. If neither p < ¢ nor q¢ < p, we say that p and ¢ are
mcomparable.

DEFINITION 3.1. Assume that (K, <) is a lattice. A wide subposet of
K is a subposet P of K such that for any p < ¢ € P there are incom-
parable elements 1, p2 € P with p < 1,02 < g and o1 A 2 < @11 <
1 < w12 < 01+ 2 and 1 A 2 < o1 < Y2 < Y22 < 1 + @2 for some
P11, P12, P21, P22 € P.

The inequalities from the definition above can be visualized as follows:
q

Note that 11 and @21 may coincide with @1 A o (and with p). Similarly,
12 and @92 may coincide with @1 + 2 (and with g).

Observe that if P is a sublattice of K, then P is a wide subposet of K
if and only if for any p < ¢ € P there are incomparable elements q1, ¢ € P
such that p < q1,¢92 < ¢ and

P N@<qgt+qgpq.
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One can show that a lattice K contains a wide subposet if and only if
the width of K is undefined or, according to another convention, the width
of K is equal to infinity (see [Prll, Section 10.2|, [Pul] and |Z] for details).

Our aim is to present a sufficient condition for a modular lattice to contain
a wide subposet.

We call any countable dense chain without end points a Q-chain. Al-
though it is clear that any Q-chain is isomorphic as a poset to the poset Q
of rational numbers, we work with the more general definition for technical
reasons.

Assume that (K, <) is a lattice. The following definition generalizes the
notions of [PPT1, Proposition 5.4| to the case of arbitrary lattices.

DEFINITION 3.2.

(1) A primitive element of K is an element | € K such that | =1} + I2
implies [ =y or [ = Iy for any l1,ls € K.
(2) An independent pair of Q-chains in K is a pair (£, K) of Q-chains in
K such that:
(a) = Ay is primitive for any x € £ and y € K,
by x Ay # 2’ ANy and x Ay # x Ay for any © # 2/ € L and
y#y €k

Observe that (b) implies that if x € £ and y € K, then x and y are
incomparable. Indeed, if z < y, then A y = x. Since there is ¥’ € K such
that y < 1/, we get

rAy=aAyANy)=@Ay) Ay =z Ay,
which contradicts (b).

Assume that (K, <) is a lattice and X is an arbitrary subset of K. The
lattice Gen(X) generated by X is the intersection of all sublattices of K con-
taining X. Obviously Gen(X) is the smallest sublattice of K containing X.

Assume that (K, <) is a modular lattice. We shall now outline the argu-
ment that the lattice Gen(£ U K) is wide if (£, K) is an independent pair of
@Q-chains in K. Our proof is based on the following criterion due to G. Punin-
ski (see [PPT2|, [Pul] and [Pu2]).

PROPOSITION 3.3. Assume that (K, <) is a modular lattice and Ly, Lo
are Q-chains in K. Assume that

() aNb<z+4+y ifandonlyif a<zxzorb<y
for any a,x € L1 and b,y € La. Then the lattice Gen(Ly U Ly) is wide.

Proof. 1t follows from [PPT2, Lemma 5.4] (see also Section 2 of [Pu2])
that (%) implies that Gen(L; U L) is isomorphic to the lattice L1 ® Lo freely
generated by Lj and Ls (see |G| and [Pul] for the definition). Therefore, by
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the arguments from [Pull, Corollary 3.2|, we conclude that Gen(L; U Lo) is
wide. =

The literal formulation of [Pull Corollary 3.2| states that the lattice
L1 ® Lo has infinite width. This only implies that L; ® Lo contains a wide
subposet. However, the fact that L ® Lo itself is wide is an easy consequence
of the proof of [Pull, Corollary 3.2].

In the following theorem we generalize [PPT1) Proposition 5.4] to arbi-
trary modular lattices.

THEOREM 3.4. Assume that (K, <) is a modular lattice. If (L,K) is
an independent pair of Q-chains in K, then the lattice Gen(L U K) is
wide.

Proof. 1t is enough to show that the condition (*) from Proposition 3.3
is satisfied. Recall that by the classical theorem of G. Birkhoff the lattice
Gen(L U K) is distributive (see [G], IV.1, Theorem 13]).

Assume that a Ab < x + y for some a,z € L and b,y € K. Then
anNb=(aNb)N(x+y) = (aAbAz)+ (aANbAy) and thus aAb=aAbAx or
aANb=aAbAy since a Ab is primitive. Consequently, aAb <z or aAb < y.

Assume in turn aAb < z and a > x. Then aAb < xAb, aANb > x Aband
hence a A b = x A b, which contradicts the independence of the pair (£, ).

It follows that aAb < x implies a < x and similarly aAb < y implies b < y.
Consequently, a Ab < x +y implies ¢ < x or b < y, and since the converse is
obvious, the condition (x) is satisfied. Hence the lattice Gen(£ U K) is wide
by Proposition 3.3. =

We shall now apply Theorem 3.4 to the lattice of generalized pointed
modules. This will give us a handy version of Ziegler’s criterion for the exis-
tence of super-decomposable pure-injective module in terms of independent
pairs of Q-chains (see |Z, Lemma 7.8 (2)] for the original version of the
criterion).

Assume that R is a ring with a unit and © is a finitely presented R-
module. By a ©-pointed R-module (or a generalized pointed R-module) we
mean a pair (M, xpr) where M is a finitely presented R-module and xjs :
© — M is an R-module homomorphism. If @ = R, then x s is uniquely de-
termined by the element /(1) of M. If this is the case, we identify (M, xar)
with (M, xa (1)) and call it a pointed R-module.

Assume that (M, xys) and (N, xn) are ©-pointed R-modules. By a ©-
pointed R-homomorphism from (M, xar) to (N, xn) we mean an R-homo-
morphism f : M — N such that fyy = xn. In this case we also write
fo (M, xm) = (Nyxn). If f: M — N is an isomorphism, we call f :
(M, xnm) — (N,xn) a O-pointed isomorphism and the corresponding ©-
pointed modules (M, xas) and (N, xn) are said to be ©-isomorphic.
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It is easy to see that an R-homomorphism f : M — N is a pointed
homomorphism from (M, m) to (N,n) if and only if f(m) = n. If this is the
case we call f: (M, m) — (N,n) a pointed homomorphism.

Let Pg be the set of all @-isomorphism classes of @-pointed R-modules.
Let = be the relation on Pg defined by (M, xn) = (N, xn) if and only
if there exist pointed homomorphisms f : (M,xn) — (N,xn) and g :
(N, xn) — (M, xnr)- It is clearly an equivalence relation and the quotient set
PE = PY /= is a poset with respect to the relation < defined by (M, yar) <
(N, xn) if and only if there exists a pointed homomorphism f : (N, xn) —
(M, xar). We denote by (S, xs) the =-class of a ©-pointed R-module (S, xgs).

It is known (see [Pr] for example) that the poset P§ is a modular lattice
with respect to the operations @ and * defined below.

Assume that (M, xar), (N, xn) are ©-pointed R-modules. A ©-pointed
R-module (M @ N, xpen) where x pyan (1) = (xar(l), xn (1)) for any I € O is
the pointed direct sum of (M, xar) and (N, xn). We set (M, xar)® (N, xn) =
(M @& N, xmon)-

Assume that M % N is the pushout of x s and xp, that is,

M s N =M & N/{(xu(l), —xn(D); I € 6.

Moreover, let epy : M — M « N and ey : N — M % N be the R-module ho-
momorphisms given by €j;(m) = (m,0) and ey(n) = (0,n) for any me M
and n € N. The ©O-pointed R-module (M x N, xa«n) where xpny =
emMxm = enXn is the pointed pushout of (M, xpr) and (N, xn). We set
(MaxM) * (N7XN) - (M*N7XM*N)

We have

Sup{(M7XM)’ (Nv XN)} = (M@N,XM@N%
inf{(M7XM)? (Nv XN)} = (M*Nv XM*N)'

Recall that if © = R?, then the lattice Pg is equivalent to the lattice of all
pp-formulae with t free variables (see [Prl]).

We are now ready to present a version of Ziegler’s criterion in terms of
independent pairs of Q-chains in 731?.

THEOREM 3.5. Assume that R is a countable ring with a unit and ©
is a finitely presented R-module. If there exists an independent pair (L, K)
of Q-chains in Pg, then there exists a super-decomposable pure-injective R-
module.

Proof. Since Pg is a modular lattice, Theorem 3.4 implies that Gen(LUK)
is wide. Hence P§ contains a wide subposet and it follows from [PPI]
Theorem 7.1, Proposition 7.2| that there exists a super-decomposable pure-
injective R-module. u
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Our next aim is to present a sufficient condition for the existence of an
independent pair of Q-chains in Pg. The following two definitions are crucial.

Assume that R is a ring with a unit and © is a finitely presented R-
module.

DEFINITION 3.6. Assume that C'is a Q-chain. A dense chain of @-pointed
R-modules is a family (Mg, xu,)qec of ©-pointed R-modules such that:

(a) the endomorphism ring Endr(M,) is local and xp, # 0 for any
qeC,

(b) there exist ©-pointed homomorphisms jig.q : (Mg, Xa1,) = (Mg, XM, )
for any q < ¢’ € C,

(c) the pointed modules (Mg, xn,) and (Mg, Xn,,) are not isomorphic
for any q # ¢' € C.

DEFINITION 3.7. An independent pair of dense chains of ©-pointed R-
modules is a pair (Mg, Xa1,)qecy > (Nt, X, )tec,) of dense chains of ©-pointed
R-modules such that:

(a) the endomorphism ring Endp (M, * Ny) is local for any ¢ € Cy, t € Cy
where (M * Nt Xagen,) = (Mg, Xat,) * (Ney X, )

(b) the pointed module (Mg, x1,) * (N¢, xn,) is not ©-isomorphic to
(Mg, xn,,) * (Nes X, ) or to (Mg, X, ) * (N, X, ) for any ¢ # ¢' in
Cy and t # t' in Cs.

We show that an independent pair of dense chains of @-pointed R-
modules induces an independent pair of Q-chains in Pg.

PROPOSITION 3.8. Assume that (Mxa) and (N,xn) are ©-pointed
R-modules such that the endomorphism rings Endr(M) and Endg(N) are

local and xar, xn # 0.
(1) If (M, xnm) = (N, xn), then (M, xar) and (N, xn) are ©-isomorphic.
(2) (M, xn) is a primitive element of Pg.

Proof. (1) Since (M, xu) = (N, xn), there are pointed homomorphisms
[ (M, xnm) — (N,xn) and g : (N,xn) = (M, xar) such that fxar = xn
and gxn = xum- Then xn = fxu = flgxn) = (fg)xny and xur = gxn =

9(fxam) = (9f)xar, hence (idy — fg)xy = 0 and (idar — gf)xa = 0. This
implies that idy — fg and idy; — gf are not invertible since xas, xn # O.

Because the rings Endg(M) and Endgr(N) are local, we conclude that fg
and gf are invertible. It follows that f and g are also invertible and thus
(M, xnr) and (N, xn) are O-isomorphic.

(2) Assume that (M, xa) = (S, xs) ® (T, x7) = (S & T, xser) for some
pointed modules (S, xs) and (T, x7). We show that (M, xar) = (S, xs) or
(M, xn) = (T, x)-
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Assume that

f= [fs] (M, xar) = (S T, xser),
fr

9=1lgs gr]: (SOT,xser) = (M, xM)

are pointed homomorphisms. Then

[fSXM] _ [fs}x g = [Xs}
frxum fr M or xrl’

Xs
gsxs +9rxr =lgs 9r] [X ] = XM,
T

which implies that gs fsxar + g7 frxam = xar- It follows that (idys — (g9sfs +
grfr))xm = 0 and hence idy; — (gsfs + grfr) is not invertible, because
xm # 0. Since Endgr (M) is local, gs fs + gr fr is invertible and thus ggs fs is
invertible or g7 fr is invertible, because the sum of non-invertible elements
of a local ring is non-invertible.

Assume that ggfs is invertible. Then there exists a € Endgr(M) such
that ags fs = idys. Hence xar = agsfsxm = agsxs and so agg : (S, xs) —
(M, xar) is a pointed homomorphism. Since fg : (M, xa) — (S, xs) is also
a pointed homomorphism, we get (M, xpr) = (S, xs). Similarly, (M, xy) =
(T, xr) if gr fr is invertible. m

As an easy conclusion from our previous observations we get the following
generalization of [PPTI] Proposition 5.4].

THEOREM 3.9.

(1) Assume ((Mg, X0, )qecys (Nt XN, )tecn) is an independent pair of

dense chains of ©O-pointed R-modules. Then ((Mq’XMq)qecl’

(Nt; XN, )iec,) 18 an independent pair of Q-chains in PE.

(2) Assume that R is a countable ring with a unit and © is a finitely
presented R-module. Ifthere exists an independent pair (Mg, X1, )qeCh »
(Nt, XN, )tec,) of dense chains of ©-pointed R-modules, then there
exists a super-decomposable pure-injective R-module.

Proof. (1) is an easy consequence of Proposition 3.8, and (2) follows from
(1) and Theorem 3.5. =

We shall apply Theorem 3.9 only to the situation when R is a finite-
dimensional algebra over a field k and all the modules My, N; are finite-
dimensional R-modules. In this case we can replace locality of endomorphism
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rings from Definitions 3.6 and 3.7 by indecomposability of the correspond-
ing modules. Moreover, if R is a bound quiver k-algebra, then clearly R is
countable if and only if & is.

We will make use of the following technical lemma. We omit its (routine)
proof.

LEMMA 3.10. Assume that ((Mg, X, )qecy (Ne, XN, )tecs) is an indepen-

dent pair of dense chains of ©-pointed R-modules, © is a finilely presented
R-module and 7w : © — © is an epimorphism such Xy, ™ = Xu,, XNT = XN,
for some R-homomorphisms X, o — My, Xn, - O — N, for any q € Cy
and t € Cy. Then ((My, X, )qec:, (N, XN, )tec,) 5 an independent pair of
dense chains of @-pointed R-modules. u

We are now heading to the proof that fully-faithful right-exact or exact
functors preserve, in a certain sense and under some additional assumptions,
independent pairs of dense chains of pointed modules and wide posets of
pointed modules.

Assume that R, S are rings, R is a full subcategory of R-mod closed under
direct sums, direct summands and isomorphic images, and F' : R — S-mod
is a covariant functor. Moreover, let © be a finitely presented R-module
such that © € ob(R) and F(O) is a finitely presented S-module. If (M, x )
is a ©-pointed R-module such that M € ob(R), we set xpr) = F(xm)
and

Then, by our assumptions, F'(M, xar) is an F(©)-pointed S-module. We re-
call that if © = R, then a @-pointed module (M, x /) is identified with the
pointed module (M, xas(1)). Therefore we set F'(M, m) := F (M, x ) where
Xm : R — M is a homomorphism defined by x(1) = m, for any pointed
R-module (M, m).

In this paper we consider right-exact functors and exact functors in the
following sense. A functor F' : R — S-Mod is right-exact (ezact, respec-
tively) if for any exact sequence of R-modules X — Y — Z — 0 (0 —
X =Y — Z — 0, respectively) such that X,Y,Z € ob(R), the induced
sequence F(X) - F(Y) - F(Z) -0 (0 - F(X) —» F(Y) = F(Z) — 0,
respectively) of S-modules is exact.

Observe that in general, that is, when R is not an abelian category, the
exactness of the functor F' does not imply that F' is right-exact.

Let us fix a finitely presented R-module @. From now on we consider
functors F' : R — S-Mod such that ©® € ob(R) and F(O) is a finitely
presented S-module. This implies that F(M, xps) if a well defined F(O)-
pointed S-module for any ©-pointed R-module (M, xas)-



SPI MODULES OVER SSC ALGEBRAS 195

PROPOSITION 3.11. Assume that R is a full subcategory of R-mod closed
under direct sums, direct summands and isomorphic images, F' : R — S-mod
is an additive functor and (M, xnr), (N, xn) are ©-pointed R-modules such
that M,N,M = N € ob(R) where (M, xn) * (N,xn) = (M * N, Xpr«n)-

(1) If the functor F : R — S-mod is right-exact, then

as @-pointed modules.

(2) If the functor F : R — S-mod is exact and the module © is semi-
simple, then F((MaXM) * (NaXN)) = F(M’XM) * F(N7XN) as ©-
pointed modules.

Proof. (1) follows easily from the fact that right-exact functors commute
with finite colimits (see for example [Pop| and [Rol). More precisely, assume
that o : M - M @ N and 8 : N - M & N are defined by a(m) = (m,0)
and B(n) = (0,n) for any m € M and n € N. If n = axa — Bxn, then
M x N = Coker(n) and thus there exists an exact sequence

(%) OLMaeNSM*N =0

such that xa«n = eaxy = €8x n. Since (x) is an exact sequence in R and
the functor F' is right-exact, the sequence

(%) FO) 2 ror e Ny 29 P« NY S 0
of S-modules is exact. Then the isomorphism F((M,xa) * (N,xn)) =
F(M,xum)* F(N, xn) follows by standard arguments.

Therefore to prove (2) it is enough to show that the exactness of (x)
implies the exactness of (#x*). Indeed, since @ is semisimple, the epimorphism
7 : @ — Im(n) given by 7(z) = n(z) for any € © splits. Consequently,
F(7) is an epimorphism and Ker(F'(¢)) = Im(F(u)) = Im(F(n)), where u is
the canonical embedding of Im(n) into M & N. =

LEMMA 3.12. Assume that R is a full subcategory of R-mod, F : R —
S-mod is a fully-faithful functor and (M, xar),(Nxn) are ©-pointed R-
modules such that M, N € ob(R). Then (M,xm) < (N,xn) if and only

Proof. This follows easily from the fact that F' : R — S-mod is a fully-
faithful functor. =

Clearly, under the conditions of the lemma, the equivalence m <
(N,xn) < F(M,xn) < F(N, xn) also holds.

THEOREM 3.13. Assume that R is a full subcategory of R-mod closed
under direct sums, direct summands and isomorphic images, © € ob(R) is a
finitely presented R-module and F : R — S-mod is an additive fully-faithful
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right-ezact functor or an additive fully-faithful exact functor. If F : R —
S-Mod is an additive fully-faithful exact functor, then we assume that the
module © is semisimple.

(1) If ((Mg,xnm,)qecy, (Nt XN, )tec,) is an independent pair of dense
chains of ©-pointed R-modules such that ©, My, Ny, Mg+ Ny € ob(R)
fOT‘ any q € Cl and t € CQ; then (F(Mq7XMq)q6017F(Nt7XNt)tECQ)
is an _independent pair of dense chains of F(O)-pointed S-modules.

(2) If {(Mp, xn,)}pep is a wide poset of O-pointed modules in PR such,

that My, M, * My € ob(R) for any p,q € P, then {F(My, X1,)}pep
is a wide poset of F'(O)-pointed modules in Py Fe.

Proof. (1) Since F is fully-faithful and additive, we have Endg(F'(M)) =
Endg(M) for any R-module M such that M € ob(R). So it follows directly
from Lemma 3.12 that F'(Mgy, X, )qec, and F(Ny, XN, )tec, are dense chains
of F(©)-pointed S-modules. Their independence is an easy consequence of
Proposition 3.11, Lemma 3.12, Proposition 3.8 and the assumption that F
is fully-faithful and additive.

(2) is an easy consequence of Lemma 3.12 and Proposition 3.11. =

If the category R is abelian, in particular if R = R-mod, then any fully-
faithful exact functor F' : R — S-Mod is also right-exact and we can simplify
the assumptions of Proposition 3.11 and Theorem 3.13. However, in this
paper we are interested in the case when R is a category of prinjective
modules. That category is not abelian in general.

Observe that the existence of an independent pair ((Mg, Xa,)qec,
(Nt, XN, )tec,) of dense chains of ©-pointed modules in R such that My* N, €
ob(R) for any ¢ € C7 and t € Cy does not imply the existence of a wide poset
{(My, x11,) }pep of ©-pointed modules in Pg such that M, M,*M, € ob(R)
for any p,q € P.

Indeed, we only know by Theorems 3.4 and 3.9 that the lattice

Q Gen(( q?XMq)qec (NtaXNt)teCQ)

is wide in Pg, but if (K, XK) € @, then K does not necessarily belong
to ob(R), since R is not closed under formation of pushouts in general.
Moreover, it is clear that the converse implication does not hold either. Hence
Theorem 3.13 allows one to prove the existence of a super-decomposable
pure-injective S-module in two different situations. Both of them appear in
the study of super-decomposable pure-injective modules.

4. Independent pairs of dense chains of pointed modules over
the garland G; and the diamond D. We recall from [Si2] and [Si3] that
the garland Gs of length 3 is the bound quiver k-algebra (k-category) kQ' /I’
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where
T11 12
ali BING Ba iaz
Q' = w9 T2
[
T31 T32
and

I' = (yia1 — 021, 6101 — 7281, y202 — 0132, 0202 — 71 32),
and the diamond is the bound quiver k-algebra (k-category) kQ"/I" where

Y1
v1 V4
v v3
= Y Y3 Y4 Ys
w9y w3
w1 w4
Ye

1
I" = (w1v1 + w33 + W4y, Wavg + W33 + Wavy).

Q//

and

Let us remark that our definition of the diamond algebra is slightly dif-
ferent from the one in [Si2], but the definitions coincide if the characteristic
of k is other than 2.

In this section we present a technical refinement of [KP, Theorem 6.3];
in that result we proved the existence of independent pairs of dense chains
of pointed modules over G3. This refinement allows us to prove the existence
of a certain independent pair of dense chains of pointed modules over D by
using Theorem 3.13(1).

We stress that the results of this section are fundamental to our proof
of the existence of super-decomposable pure-injective modules for strongly
simply connected algebras of non-polynomial growth.

Let us start with the observation that the garland G3 and the diamond
D can be treated as bipartite algebras of the following form:

A 0 As 0}

Q3=[M B,

} and pg[

where
Al = (exyy + €y + €aoy + €100)G3(€a1y + €a1p + €20y + €200)s
Bi = (€xy) + €23,)T3(€xs, + €35),
M = (s + €r35)G3(€xy; + €a1y + gy + €asy)s
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Az = ey, Dey,,
Ba = (ey, + ey, + €y, + ey + eys)D(ey, + eyy + ey + €y + eye),
N = (ey, + €ys + €ys + €ys + €y5)Dey,

The algebra A; is the path algebra of the quiver

11 x12
Oql Br B2 laz
21 €22

We have B; & k@ k and the Bi-A;-bimodule M is a direct sum of two copies
of the right A;-module M’ where we identify M’ with the representation

The algebra As is isomorphic to k, the algebra By is the path algebra of

the quiver
Y2 Y3 Ya Ys
w2 w3
w1 w4
Yo

and the Bs-As-bimodule A as a left Bo-module is identified with the repre-

sentation
k k k k
f1 fa
]{52

where f1 = fo = [[1)], f3 = [:H and fy = [(1)] Since any left module
over a k-algebra is a right k-module in a natural way, we identify the above
representation with the bimodule V.

It follows from the above considerations that

A1 0 0 o0
Gs=2 M k O and D%L\[ B]’
M 0k 2

hence the algebra Gj is a two-point coextension of the algebra A; by the left
Aj-module DM’ and the algebra D is a one-point extension of the algebra
Bs by the left By-module N (see Section 2 for the definitions).

We assume the above notation for the rest of the paper and we set
prin(Gs) = priny,(Gs) and prin(D) = priny (D).
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The following theorem is a consequence of [KP, Corollary 7.1(a)] and
Lemma 3.10.

THEOREM 4.1. Assume that char(k) # 2. There exists a semisimple G-
module © and an independent pair (Mg, X37 JgeLis (Nt; X5, )teLs) of dense
q

chains of ©-pointed Gs-modules such that the modules O, Mq, N, and Mq*ﬁt
belong to prin(Gs) for any q € Ly and t € Ls.

Proof. It follows from [KP, Corollary 7.1(a)| that there exists an inde-
pendent pair ((Mq, ﬁlq)qeLl, (Nt, Nt)teL,) of dense chains of pointed modules
over Gz such that M and N, belong to prin(Gs) for any ¢ € Ly and t € Lo.
The fact that M « Ny also belongs to prin(Gs) is an easy consequence [KP|

Corollary 7.1(a)] (see Section 5 of [KP] for details). From the same result we
have

() Mg € (exq + 69032)]\7(1 and 7y € (egq + ewm)ﬁt

where e,,, and e;,, are primitive orthogonal idempotents associated with
the vertices x3; and x30, respectively, of the quiver @' of the algebra Gs.

We set © = P(x31)® P(x32) where P(z31) and P(x32) are simple projec-
tive Gz-modules associated with the vertices x3; and x39, respectively. Hence
the module @ is semisimple and prinjective. Since © is a direct summand of
Gs as a Gz-module, there is a canonical epimorphism « : G3 — 6.

Assume Xir, : Gs — Mq and X, : Gs — N, are defined by Xﬁq(l) =my
and x5 (1) = ng. Then (*) implies that there are Gs-homomorphisms 55]\7(1 :

© — M, and )?ﬁt : @ — N; with X\qu = X1, and X\Ntw = Xg,-
It follows from Lemma 3.10 that ((Mqai\]’\\jq)qELp(Ntvjeﬁt)tELz) is an
independent pair of dense chains of ©-pointed Gz-modules. =

THEOREM 4.2. Assume that char(k) # 2. There exists a semisimple D-
module = and an independent pair (Mg, Xnm;)qer,> (Nis Xny)ter,) of dense
chains of Z-pointed D-modules such that the modules =, My, N{ and M, N{
belong to prin(D) for any q € L1 and t € Ls.

__Proof. We know from Theorem 4.1 that there is an independent pair
((Mq,XM )geLs (Nt,XN )teL, ) of dense chains of ©-pointed Gz-modules where

O = P(x31)® P(x32) such that the Gs-modules O, ]\Jq7 N; and Mq*Nt belong
to prin(@s) for any q € Ly, t € Lo.

By [Si2, Theorem 5.2 there exists a fully-faithful exact functor F :
prin(Gs) — prin(D). A detailed analysis of the proof of that theorem yields
F(O) = S(y2)®S(y3) where S(y2), S(y3) are simple modules associated with
the vertices ys,y3, respectively, of the quiver Q" of the algebra D. For the
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convenience of the reader we present an explicit description of a functor with
these properties in the Appendix.

We set = = F(O). Since prin(Gs) is a full subcategory of Gs-mod closed
under direct sums and direct summands, and the module @ is semisimple,
we conclude from Theorem 3.13(1) that

((Mév XM(;)QELU (Nt/a XN{)tELQ) = (F(MQ7 X\Mq)qeh ’ F(Nt7 ?Nt)teLQ)

is an independent pair of dense chains of =-pointed D-modules.

Obviously =, M, and N; are objects of the category prin(D) for any
q € Ly and t € Ly. Since F' : prin(Gs) — prin(D) is an exact functor and ©
is semisimple, it follows from Proposition 3.11(2) that

(MéaXMé)*(Nt{,XN{) = F(Mq’i\]’\}fq)*F(NtaX\ﬁt) = F((Mm;(\]’\}fq)*(NtaS(\ﬁt))‘

This implies that M+ Ny = F(Mq) «F(Ny) = F(Mq «Ny) and hence M * Ny
also belongs to the category prin(D). =

5. M’-configurations and N -configurations of modules. Assume
that A[M, G| is a Dy4o-extension of the algebra A by the A-module M and
B[N] is a one-point extension of the algebra B by the B-module N (see
Section 2 for the definitions).

In this section we show that the existence of some special families of mod-
ules, which we call M’-configurations and N -configurations in A-mod and
B-mod, respectively (in line with the notation introduced in Section 4), im-
plies the existence of fully-faithful exact functors prin(Gs) — A[M, G¢]-mod
and prin(D) — B[N]-mod. Our approach is based on ideas of D. Simson as
presented in [Si2] and [Si3]. The main result of the section can be considered
as a very special case of [Si2, Theorem 3.12| or [Si3] Theorem 3.1].

We start with the following crucial definition of M’-configuration of mod-
ules (of type I and type II) and N -configuration of modules. We stress that
these are analogues of the garland of modules and the diamond of modules,
respectively, introduced in [Si3] and [Si2].

Recall from Section 4 that

A 0 0 0
Gs= |M'" k 0| and D%{ ]
N By
M 0 K

DEFINITION 5.1. Assume that A and B are k-algebras.

(1) An M’-configuration of type I (or M’-configuration) in A-mod is
a tuple (X7y,..., Xy, M) of A-modules such that End4(X;) = k for
¢t = 1,...,4 and there are A-homomorphisms f;; : X; — Xj for
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j<2<iand h; : M — X; for i = 1,...,4 satisfying the following
conditions:
=2k if j <2<,
(a) Homa(X;, X;) = { <fzj> J > '
0 otherwise,
(b) hl 75 0 for i = 1, . .,4 and HOIIIA(.Z\47 flj)(hl) = f”hl = h]' for
j<2<i.

(2) An M’-configuration of type II in A-mod is a tuple (X1, ..., X4, M)
of A-modules such that End4(X;) =2 k for i = 1,...,4 and there are
A-homomorphisms f;; : X; = X for j <2 < ¢ and h; : X; — M for
i =1,...,4 satisfying:

Y2 kif <2<,
(a) HomA(Xi,Xj) _ { <fzj> J > .
otherwise,
(b) HOInA(Xi,M) = <hl> =~ k and HOmA(fij,M)(hj) = hjfij = hi
for j <2 < i.

(3) An N -configuration in B-mod is a tuple (Y1, ..., Y5, N) of B-modules
such that Endp(Y;) = k for ¢ = 1,...,5 and there are B-homo-
morphisms g; : Y5 = Y;, h; : N = Y; fori,j =1,...,4 and hi b2
N — Y5 satisfying:

Vk o ifi=5, j=1,...,4,
(&) HmnBO@YQ——{<%> if 4 J

0 otherwise,

(b) Homp(N,Y;) = (h;) = k for i = 1,...,4, Homp(N,Y;) =
(hi, h2) = k? and

Homp (N, g1)(h3) = gihs = hi,  Homp(N, g1)(h3) = g1h3 =0,
Homp(N, g2)(hi) = gahi = ho,  Homp(N, g2)(h3) = g2h2 =0,
Homp(N, g3)(hs) = gshs = —hs, Homp(N, g3)(h3) = gshg = —ha,
Homp(N,g4)(h3) = gahy =0,  Homp(N, gs)(h3) = gah3 = ha

Observe that the conditions (1)(a) and (2)(a) of the above definition can
be visualized in the following way:

]

where we draw an arrow from X; to X if and only if Homa(X;, X;) # 0.
Similarly, the condition (3)(a) can be visualized as
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Ys

7 N

Y1 Yo Y3 Yy
with an arrow from Y; to Yj if and only if Homp(Y;,Y;) # 0.
PROPOSITION 5.2. Assume that A and B are k-algebras.

(1) Assume that (X1,...,X4, M) is an M'’-configuration of type II in
A-mod and let X = X1 ® --- ® Xy4. There exists an isomorphism
End4(X)°P = Ay of algebras and an isomorphism DHom (X, M) =
M’ of right Ai-modules. Consequently,

End 4 (X)°P 0 }

DHom (X, M) ® DHoma (X, M) k®k|

(2) Assume that (Y1,...,Ys, N) is an N -configuration in B-mod and let
Y =Y1®---®Ys5. There exists an isomorphism Endp(Y)°P = By of

algebras and an isomorphism DHomp(N,Y) = N of left Ba-modules.
Consequently,

ggg[

k 0
B [DHomB(N, Y) EndB(Y)OP]'
Proof. By direct calculations. =

In the following theorem we show that there exist fully-faithful exact
functors prin(£) — A-mod and prin(K) — 2-mod where £, A are certain
two-point coextensions and K, {2 are certain one-point extensions. This can
be considered as a special case of [Si3, Theorem 3.1] or [Si2, Theorem 3.12],
adjusted to our purposes.

THEOREM 5.3.
(1) Assume that A is a k-algebra and X, M are left A-modules. If
A
A= [ “1.
DMae DM kdk
[ [ End4(X)°P 0
| DHomyu(X, M) ® DHom(X, M) k@ k]’

then there exists a fully-faithful exact functor F : prin(£) — A-mod.
Thus if there are A-modules X1, ..., X4 such that (X1,..., X4, M) is
an M'-configuration of type II, then there exists a fully-faithful exact
functor prin(Gs) — A-mod.
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(2) Assume that B is a k-algebra and Y, N are left B-modules. If

B [k 0} B [ k 0
N BJ ~ |DHomp(N,Y) Endg(Y)P]’

then there exists a fully-faithful exact functor G : prin(K) — (2-mod.
Thus if there are B-modules Y1,...,Ys such that (Yi1,...,Ys,N) is
an N -configuration, then there exists a fully-faithful exact functor
prin(D) — 2-mod.

Proof. The assertions follow from [Si3l Theorem 3.1] applied to suitably
chosen categories K and L (we refer to the notation from [Si3]) and from
Proposition 5.2. For example, to obtain (1) we set K (resp. L) to be the
smallest additive category containing the A-modules (X;,0,0),i=1,...,4
(resp. the simple projective A-modules annihilated by A). The case of (2) is
similar. m

Assume that A is an algebra, N is a left A-module, ¢ > 1 and L; is

a path algebra of the canonically oriented Dynkin quiver A(A;). We recall
from Section 2 that the ¢-linear extension of A by N is the algebra

=[]

where N=[N 0 ... 0]isan A-Li-bimodule. Let

AN, Gl = [A[N,Lt] 0 ]

DL DL kok

be the Dy o-extension of A by N. Here £ denotes the A[N, L;J-module cor-
responding to the triple (£,0,0) where
L=FkSkS . Lk

LEMMA 5.4. Assume that A is an algebra, M is a left A-module and
(X1,...,X4, M) is an M’'-configuration of type I in A-mod. There exist
A[M, Li]-modules X1, ..., X4 such that (X1,...,X4, L) is an M’-configura-
tion of type II in A[M, L;]-mod. Hence there exists a fully-faithful exact
functor prin(Gs) — A[M, G¢]-mod.

Proof. Since (Xi,..., X4, M) is an M'-configuration of type I, we have
Enda(X;) = k for ¢ = 1,...,4 and there are A-homomorphisms f;; :
X; = Xjforj <2<idiand h; : M = X;, h; # 0, for i = 1,...,4 such
that
(fig) =k ifj <2<,

0 otherwise,
and Homa (M, fi;)(hi) = fijhi = h; for j < 2 < 4. Note that the L;-

HOHIA<XZ',X]') = {
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module Hom4 (M, X;) corresponds to the representation Homa(M, X;) —
0 — -+ — 0 of the quiver A(A;). Let ¢; : L — Homu (M, X;) be an
L;-homomorphism determined by the vector space homomorphism k& —
Homy (M, X;) such that 1 — h;. We set

X; = (£, X;, 0 : £ — Hom (M, X;)).

We can visualize the representations corresponding to the modules )?Z and
L in the following way:

D)
|
S/

We set ﬁ] = (idg, fij) - X; > )?j, hi = (idz, 0) : X; — L. It is easy to see
that these are A[M L;]-module homomorphisms. Since Endg (£) = k, we get
HomA[MLt](Xz,E) (h ) = k. Obviously HomA[MLt](fw, )( i) = h fz]—h

We show that HomA[M,Lt](X“X]) = <flj> for j < 2 < i. Indeed, if 0 #
g € HomA[M’Lt]()N(i,)ij), then g = (Aidg, pufij) for some A, p € k, because
Endp(£) = k and Homy (X, X;) = (fij). Hence Ah; = Homa (M, pfi;)(hi)
= pfijhi = phj, so A = p since h; # 0. This 1mpheb that g = )\f” <ﬁ]>
Similarly, End g, Lt}(X) = k and Homyppy 1, (Xz,X ) = 0 for ¢ # j such
that the condition j < 2 < 4 is not satisfied.

The above arguments show that the tuple ()?1,...,)?4,2) is an M'-
configuration of type II in A[M, L;]-mod and hence Theorem 5.3(1) yields a
fully-faithful exact functor prin(Gs) — A[M, G¢]-mod. =

We summarize our considerations from this section in the following the-
orem. From now on we abbreviate the term M’-configuration of type I to
M’ -configuration.

THEOREM 5.5.

(1) Assume that A is an algebra and M is a left A-module. If there exists
an M'-configuration (X1, ..., X4, M) in A-mod for some A-modules



SPI MODULES OVER SSC ALGEBRAS 205

X1,...,Xy, then there exists a fully-faithful exact functor
prin(Gs) — A[M, G¢]-mod.

(2) Assume that B is an algebra and N is a left B-module. If there exists
an N -configuration (Y1,...,Ys,N) in B-mod for some B-modules
Yi,...,Ys, then there exists a fully-faithful exact functor

prin(D) — B[N]-mod.
Proof. (1) follows from Lemma 5.4, and (2) from Theorem 5.3(2). m

6. M’-configurations and N -configurations in categories of mod-
ules over pg-critical algebras. Assume that A = B[M, G| is a pg-critical
algebra of type I and 2 = B[N] is a pg-critical algebra of type II (see Sec-
tion 2 for the definitions). This section is devoted to showing that there exist
B-modules X, ..., X, and Y3,...,Y5 such that (Xy,..., Xy, M) is an M'-
configuration in B-mod and (Y7,...,Ys, N) is an N-configuration in B-mod.
Therefore Theorem 5.5 will imply that there exist fully-faithful exact func-
tors prin(Gs) — A-mod and prin(D) — 2-mod.

The proof of the existence of the above configurations in appropriate
module categories is rather long and divided into two main parts. In the
first part, which consists of Lemmas 6.1 and 6.2, we prove the existence of
such configurations when B is a fixed hereditary algebra of type D,,, namely
the path algebra of a canonically oriented Euclidean quiver of type ﬁn. In the
second part we apply tilting theory (see Lemmas 6.4 and 6.5) to generalize
the previous result to an arbitrary tilted algebra B = Endy(T)°" where
H is a hereditary algebra of type D,, and T is a tilting H-module without
prinjective direct summands (see Theorems 6.6 and 6.7).

This section follows the idea of the proof that pg-critical algebras are of
non-polynomial growth (see [Si3, Theorem 2.2|). In order to make the paper
self-contained, we present suitable configurations of modules explicitly, in
full detail.

We start by introducing the notation. Assume that n > 4 and .FTIJL is the
path algebra of the canonically oriented Euclidean quiver of type Dy, that
is, H,, = kA(D,,) where

2 n+1
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Assume X, Y € H,-mod and ¢ € Homp (X,Y). In what follows we iden-
tify X and Y with representations of the quiver A(@n) The homomorphism
¢ : X — Y is identified with the sequence (¢1, ..., ¢nt1) of linear homomor-
phisms ¢; : ¢, X — €Y, ¢; = @le,x fori =1,...,n+ 1, where ej,...,ept1
are primitive idempotents of the algebra ﬁn associated with the vertices of
A(]ﬁn) If ;X = k% and e;Y = kb for some natural numbers s;,t;, then
we identify the homomorphism ¢; with its matrix in appropriate standard
bases.

Recall from [SSI, XII, Theorem 2.1] that the algebra H, is of tubular
type (2,2,n —2). Hence the regular part of its Auslander—Reiten quiver I i,

consists of two tubes %A(D”) and 7'0? (D) of rank 2, one tube TIA(D")
n — 2, and the remaining tubes in I” A(D,) A€ homogeneous.

of rank

In the following lemma we show that for any tube 7 of rank n—2 in I'y

there is a regular H,-module M € T of regular length 1 and preinjective
H,-modules X7, ..., Xy such that (Xi,..., X4, M) is an M’-configuration.
Note that for n = 4 we have three tubes of rank n — 2 = 2 and for n > 5 we
have one tube of rank n — 2 > 3.

LEMMA 6.1.

(1) Assume n = 4. The tuple (X1, ..., X4, M) of Hy-modules is an M’-
configuration, where

k 0 k 0 k 0
NS NS NS
k le k X2 k
/N N /N
0 k k k 0 0

M:

k2 k k 0

\[6] Vs

\£01]/
? =9
/N
k k

X3 = ol x
3 [(1)]/145 \El 1 4

k k
Moreover, the module M is regular of reqular length 1 and lies in the
tube To?(D") of rank n — 2 = 2 in the quiver I'y and the modules
X1,...,Xy are preinjective. _

(2) Assumen = 4. The tuple (X7,..., X}, M") of Hy-modules is an M’-
configuration, where
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k L k k L k k ) 0
N N N
M= (—1w= = X =
/" N\ /N /N
0 k 0
k2 [10] k k [ k
\01/[11] \0 [11]
Xs=Xa= ) K g Ki=g K
o N
k k 0

Moreover, the module M’ is reqular of reqular length 1 and lies in the
tube %A(D") of rankn —2 =2 in I'y , and the modules Xi,..., X}
are preinjective. B

(3) Assume that n > 4. The tuple (X7,..., X}, M") of Hy-modules is

an M'-configuration, where

k k

\1 1/4
1 1 1 1

M" = k—sk—sk—>...—>k

A ™

k k

and X{ =1(1), X =1(2), X{ = I(n—1), X}/ = I(n). Moreover,
the module M" is regular of regular length 1 and lies in the tube
TlA(D”) of rank n — 2 > 3 in I'y; , and the modules X7, ..., X} are
preinjective, being injective.

Proof. (1) It is easy to check by direct calculations that Endy (X;) =k
fori=1,...,4 and Homﬁn(Xl,Xi) =0, Homﬁn(Xg,Xj) =0fori=2,3.,4,
j=1,3,4.

Observe that Hompg (X;, X;) = (fij) =k for j <2 < i where
far=(11],1,{11],0,1), f32 =([01],0,[01],0,0),
fa=(1,1,[11],0,1), fi2=(1,0,[10],0,0),

and Homg (M, X;) = (hi) =k fori=1,...,4 where
hi =(1,0,1,0,1), he = (1,0,1,0,0),
hy = ([1],0.[¥],0.1), ha = (1,0, [§],0.1).
Hence Homﬁn(M, f”)(hl) = fzjhz = hj, and (Xl,...,X4,M) is an MI-

configuration in H,-mod.
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The module M is regular of regular length 1 and lies in the tube TA(D"
of rank n —2 =2 in I'y by [SSI, XIII, Table 2.6].

The modules X1,..., Xy are preinjective, because 97 (dim(X;)) =« +
zh — x4y — 2L > 0 where Oz denotes the defect of the algebra H, and

dim(X;) = (2%,...,2%) is the dimension vector of X;, for i = 1,...,4 (see
[SS1L XI, XIII, Lemma 1.3]).

(2) Name the arrows in the quiver A(Dy) in the following way:

1 2
N
AN
/N

4 5

A(Dy) =

The homomorphism 7 : Hy — Hy of algebras (or k-categories) defined by
n(a) =a,n(B) = B,n(y) = 0, n(d) = is an isomorphism. This isomorphism
induces a k-category isomorphism 7, : H;-mod — Hy-mod. Since Ne(M) =
M’ and ne(X;) = X/ for i = 1,...,4, the tuple (X},..., X}, M') is an
M'-configuration in Hy-mod by (1).

The module M’ is regular of regular length 1 and lies in the tube ’TA(D”

of rank n — 2 =2in I'y by [SSI, XIII, Table 2.6].
The modules X7, ..., X} are preinjective by (1) and the fact that 7, :
H4 mod —» H4 mod is an isomorphism.

(3) Since all the modules X/ are indecomposable injective, it is easy to
check that
Hom (X" X”) kit <2<y,
0 otherwise,

and Homp (M", X”) “kfori=1,...,4.

Let f31_( ) f41—( ) f32_(0’1’07"'a0)7 f42:
0,1,0,...,0) and obberve that fi; € Hom (X” X”) fori =3,4and j =
2.

Let h1 = (10 ) hg—(O,l,O ) h3— (1,...,1,0), h4:
(1,...,1,0,1) and observe that h; € Homp (M” X" fori=1,...,4.

It follows easily that Hompg (M”, f”)( i) = fijhi = h; and hence the
tuple (X7{,..., X/, M") is an ./\/l' configuration in H,-mod.

The module M” is regular of regular length 1 and lies in the tube 7;
of rank n —2 > 2in I'y by [SSI, XIII, Table 2.6].

The modules X7, ..., X} are preinjective since they are injective. m

(
1

A(Dy)
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In the following lemma we show that for any tube 7 of rank n—2in I'5
there is a regular H,-module N € T of regular length 2 and preinjective
H,-modules Y7, ...,Ys such that (Y7,...,Y5, N) is an N-configuration.

LEMMA 6.2.

(1) Assume that H = kQ is a hereditary algebra of type @4, where

Q=1_ 2 3 4
NE)%

The tuple (Y1,...,Ys, N) of H-modules is an N -configuration, where

N=Fk_ k k Kk
N

fOT fl = f2 = [(1]]7 f3 = [:%]7 f4 = [(1)] and Yl = 1(1)77Y5 =
I1(5). Moreover, the module N is reqular of reqular length 2 and lies
in the tube 7'1Q of rank 2 in the quiver I'g.

(2) Assume that

N=Fk_ k o o5 kK kE_ k b s kE kK
SN S

for g1 = g1=[§], 92 = [21], 95 = [V] and ho = ha = [§], n =
[j”, hs = [V]. There exist H-modules Y/, ..., Y, and Y{',..., Y/
such that the tuples (Y{,...,YZ,N') and (Y{,..., Y ,N") are N-
configurations. Moreover, the modules N', N" are reqular of reqular
length 2 and lie in the tubes 76Q, 7?.(3, respectively, of rank 2 in I'y,
and the modules Y{, ..., Y and Y{',...,Y!" are preinjective.

(3) Assume that n > 5 and H,, = kA(D,). The tuple (Y1,...,Ys,N) of
fIn—modules is an N -configuration, where

and N =

0 0
N= k‘—1>k—>0—>...—>0/
/! N
0 0
0 0
Y = 1\k—1>k—>0—>—>o/
k/ \0
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Yo = k—k—0—...—0

Y, = RIEEY P SRS U By

koLl k
k2 k
m M
Ys = \“2 m o83 (31 4
Ny A e e &
k2 k
00 1111
for = [8]. e = [§20h 2], = (308 e = 1101,
01
10 - ~
[8(1)], ne = [01]. (In the case n = 5, i.e. H, = Hs, we set ng =
00

[100] and mg =[010].) The module N is regular of regular length 2

and lies in the tube ﬂA(D”) of rank n — 2 in Fﬁn’ and the modules
Y1,...,Ys are preinjective.

Proof. (1) It is easy to check that (Y1,...,Ys, N) is an N-configuration.
Indeed, the modules Yi,..., Y5 are indecomposable injective and hence the
description of Endy (Y;), Hompg(Y;, Y;) and Hompg (N, X;) fori,j =1,...,5
is immediate.

The module N is regular of regular length 2 and lies in the tube ’TIQ of
rank 2 in I'y by [SS1, XIII, Table 3.12].

(2) Assume that
2 5 ~ 3
TSN

and let H = kQ. The homomorphisms w,£ : H — H of algebras defined
by W(OL) = «, W(ﬁ) = 57 W(’}/) = Ba W((S) =7 5(05) = 57 g(ﬁ) = 67

Q=1 4



SPI MODULES OVER SSC ALGEBRAS 211

&(v) = a, £(6) = v are isomorphisms. They induce k-category isomor-
phisms ws, & : H-mod — H-mod. Hence (we(Y1),...,we(Y5),wse(N) = N')
and (£e(Y71),...,&(Y5),&e(IN) = N”) are N-configurations and the modules
N’ N" are regular of regular length 2 by (1). Moreover, we have N' = Rgo) 2]
and N = REOO) [2] (see [SS1], XIII, Table 3.12]), so these modules lie in the
tubes 76Q, T respectively, of rank 2 in I'y. The modules we(Y;) and & (Y7)
are obviously injective for i =1,...,5.

(3) It follows by direct calculatlons that Endg (Y;) ®kfori=1,...,5.

From the location of the modules Y; in the prelnjectlve component of the
quiver I'y it is easy to see that Hom (Yl,Yj) =0fori#j,i<4,j<5.
This can also be checked by direct calculatlons

Let
= (0,[10],[1000],[11~1],0,...,0),
=([10],0,[0010],[]001],0,. O),
:([11] (1], [9988] 1100, [10],...,[10]71,0),
fa=(lo-1 1011, [ % ¢ . loto],[o1],...,[01],0,1)

and observe that f; € Homp (V5,Y;) for ¢ = 1,...,4. Direct calculations
show that Homp (Y5,Y;) = <fl) =k fori=1,. 4

Let
g1 = (07071)1)0)”'50)7 g2 = (0707_]—7_1)0)"'50)7
g3 = (0707[—11]a0a"'70)> g4 = (0303[—11]70,“-70)7

. 1 0 ) 0 0
gl = <0,0,[_01},[o},0,...,0>, ¢ = <0,0,[5],{0},0,...,0),
5 -1 01 Lo

and observe g; € Hompg (N,Y;) fori=1,...,4 and 93,92 € Homp (N Ys).
Direct calculations 5how that Homp (N, Y) (g;) 2 kfori=1,...,4 and
Hom z (N Y5) = (95, 93) = k*.

Note that f195 = g1, [193 = 0; f295 = g2, fagi = 0; fags = —g3, f3g3 =
—9g3; fag: =0, fag2 = g4. Hence (Y1,...,Ys, N) is an N-configuration.

The modules Y1, .. Y5 are prelnjectlve by [SS1l, XIII, Lemma 1.3] since
05 (dim(Y;)) = y1 + yh — — Y41 > 0 where dim(Y;) = (vi,.. .,yn_H) for
i=1,...,5.

The module N is regular of regular length 2 and lies in the tube 7'1A(D”)

of rank n — 2. Indeed, IV is the direct predecessor of F(l) and the direct

A(Dn)

successor of F2( ) which lie on the mouth of the tube 7; of rank n — 2

in I'y (see [SS1], XIII, Lemma 2.8]).
This ends the proof of (3) in the case n > 5. The proof n = 5 is similar. =
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In the two lemmas above we show the existence of an M’-configuration or
N-configuration in the categories of modules over fixed hereditary algebras
of type D,,. Now we shall generalize this result to an arbitrary tilted algebra
B = Endg(T)°® where H is a hereditary algebra of type D, and T is a
tilting H-module without preinjective direct summands.

We start with the following useful lemma.

LEMMA 6.3. Assume that C1 and Cy are k-algebras, C1 and Co are full
additive subcategories of C1-mod and Ce-mod, respectively, and F : Cy — Co
1s a fully-faithful additive functor.

(1) If (X1,...,X4, M) is an M’'-configuration such that Xi,..., X4, M
are objects of C1, then (F(X1),...,F(Xy), F(M)) is an M'-configu-
ration.

(2) If (Y1,...,Y5,N) is an N -configuration such that Yi,...,Ys, N are
objects of C1, then (F(Y1),...,F(Ys), F(N)) is an N -configuration.

Proof. The assertion follows easily from the fact that F' : C; — Co is
fully-faithful and additive. m

Assume that A is an arbitrary k-algebra. We denote by K(A) the full
additive subcategory of A-mod generated by all regular and preinjective
A-modules. If T is a tilting A-module, we denote by 7 (T") the torsion class
associated with T'.

Assume that H = k(@ is an arbitrary hereditary algebra and a € Qg is
a sink in Q. We denote by T[a] = 7;S(a) @ @Dy, P(b) the APR-tilting
H-module and by S;7 = Homp (T[a], —) one of the reflection functors. Note
that Endy (T'[a]) = ko,Q where 0,@Q is the quiver with the same underlying
graph as () and where all the arrows of ) having a as source or as target are
reversed, while all the other arrows remain unchanged. We refer to [ASS] for
the setup of reflection functors.

LEMMA 6.4. Assume that H = kQ is a hereditary algebra of type Iﬁ)n and
(X1,...,X4, M) is an M’-configuration in H-mod such that the modules
X1,..., Xy are preinjective and the module M 1is reqular.

(1) The tuple
(Th (X1), -+, T (Xa), Ty (M)
is an M’-configuration in H-mod for any i € N. Moreover, the mod-
ules T4 (X1), ..., 7 (X4) are preinjective and the module Tl (M) is
reqular.
(2) The tuple

(St ... SH(X),..., 8 ... 8H(Xq), S ... 8 (M)

b 1t b 1t
is an M'-configuration in H'-mod where i1, . .., 1; is an admissible se-
quence of vertices in Q and H' = ko, .. .0, Q. Moreover, the modules



SPI MODULES OVER SSC ALGEBRAS 213

S;' . .S;I'(Xl), e ,S: . .S;(X4) are preinjective and SZ-': . S:(M)
s reqular.

(3) Assume that T' is a tilting H-module without preinjective direct sum-
mands, B =Endg(T)° and M € T(T). The tuple

(Hompg (T, X4),...,Homy (T, Xy), Hompy (T, M))
is an M'-configuration.

Proof. (1) It is known that the Auslander-Reiten translation 7z : H-mod
— H-mod between the stable module categories (here H-mod and H-mod
denote the factors of H-mod modulo projectives and modulo injectives, re-
spectively) induces a fully-faithful functor 7 : K(H) — K(H), and hence
(1) follows from Lemma 6.3. Obviously, the modules 74, (X1), ..., 74 (X4) are
preinjective and 75 (M) is regular, for any ¢ € N.

(2) Assume that a € Qo is a sink in @, T[a] is the APR-tilting H-
module and A = Endy(T[a]) & ko,Q. Then T'[a] is postprojective and hence
K(H) C T(T[a]) and S (K(H)) € K(A) by [ASS, VIII, Theorem 4.5]. So
the restriction of the reflection functor S} : H-mod — A-mod to K(H)
induces a fully-faithful functor S : K(H) — K(A). Since X1, ..., X4, M are
objects of K(H), (2) follows from Lemma 6.3.

(3) Since the modules X; are preinjective over the hereditary algebra H
and the tilting module T does not have preinjective direct summands, we
have X; € T(T) = {X € H-mod; Ext},(T,X) = 0} for i = 1,...,4 (see
[ASS, Section VIII] for details). Consequently, X1,..., X4, M all belong to
T(T) and since the tilting functor Hompg (T, —) restricted to T(T') is an
equivalence, (3) follows from Lemma 6.3. m

LEMMA 6.5. Assume that H = kQ is a hereditary algebra of type D,
and (Y1,...,Ys,N) is an N -configuration in H-mod such that the modules
Y1,...,Ys are preinjective and the module N 1is reqular.

(1) The tuple
(1), ..., 7y (¥s), 75 (N)
is an N—conﬁgumﬂon in H-mod for any i € N. Moreover, the mod-
ules T (Y1), ..., 7 (Ys) are preinjective and the module Ty (N) is

regular.
(2) The tuple

(S SF(YD), o ST S (V)8 ... SH())

) Oy
is an N -configuration in H'-mod where i1,...,i; is an admissible
sequence of vertices in Q and H' = ko, ...0;,Q. Moreover, the mod-
ules S;F .. .SZ(Yl), L SEL .8} (Ys) are preinjective and the module
S;tr . .S;IF(N) is reqular.
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(3) Assume that T is a tilting H-module without preinjective direct sum-

mands, B = Endg(T)°P? and N € T(T). The tuple
(Hompg(T,Y1),...,Homyg(T,Ys), Homg (T, N))
is an N -configuration.
Proof. Analogous to the proof of Lemma 6.4. m
We are now ready to present the main results of this section.

THEOREM 6.6. Assume that H is a hereditary algebra of type I[Ajn, n >4,
T is a tilting H-module without preinjective direct summands, B=End g (T)°P

and M = Hompy (T, S) where S is an indecomposable reqular H-module of
reqular length 1 lying in a tube of rank n—2 such that S € T(T'). There exist

B-modules X1, ..., X4 such that (5517 ooy X4, M) is an M'-configuration in
B-mod.

Proof. Assume that @ is a quiver of type ﬁn, H = k@ and H, =
kA(Dy,). It follows from [ASS, VII, Lemma 5.1 that there is an admissible
sequence of vertices i1, ..., such that oy, ...0;, A(Dy,) = Q. Since the func-
tor SZT: .. .S;lr : H,-mod — H-mod is an equivalence between the categories
of regular modules over H and over ﬁn, we get S = Si': .. .SZ(U) for some

regular H,-module U of regular length 1 lying in a tube 7 of rank n — 2
in F~
If n = 4, then T is one of three tubes of rank n — 2 = 2 in the regular

part of I'y . If n > 5, thenT—TI D"

It follows from Lemma 6.1 that there is a regular module M7 € T
of regular length 1 and preinjective H,-modules X1 . X4 such that

(XlT,.. ,X],MT) is an M'’-configuration in H,-mod. Note that U =
T (MT) for some 7 € N.

We conclude from Lemma 6.4(1) that
(rg, (X)o7 (X]), 7 (MT) 2 U)

is an M’-configuration in H,-mod. Since 7'~ (XT) %I (X]) are prein-
jective and Tﬁ (MT) is regular, Lemma 6. 4( ) shows that

(S-St (XT))n S S (X)), S Sy (M7) 2= 8)

is an M’-configuration in H-mod.
Since S;' .. S+(T~ (X7)),....8; .. S+(T~ (X])) are preinjective, the

module SZ. S+(T~ (MT)) S is regular and S € T(T), we deduce the

assertion of the theorem from Lemma 6.4(3). =
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THEOREM 6.7. Assume that H is a hereditary algebra of type ]]S)n, n >4,
T is a tilting H-module without preinjective direct summands, B=FEnd g (T)°P
and N = Hompg (T, R) where R is an indecomposable reqular H-module of
reqular length 2 lymg in a tube of rank n—2 such that R € T(T). There exist
B-modules Yi, . ..,Ys such (Yl, LY, N) is an N -configuration in B-mod.

Proof. We consider two cases: n = 4 and n > 5. In both cases the
argument is analogous to the proof of Theorem 6.6, but we apply Lemma
6.2 and Lemma 6.5. =

7. Independent pairs of dense chains of pointed modules over
strongly simply connected algebras of non-polynomial growth. In
this section we apply the results of the previous sections to prove the two
main theorems of the paper.

THEOREM 7.1. Assume that k is a field such that char(k) # 2.

(1) Assume that A = B[M,Gy] is a pg-critical k-algebra of type I. There
exists an independent pair of dense chains of O -pointed A-modules
for some finite-dimensional A-module ©.

(2) Assume that 2 = B[N] is a pg-critical k-algebra of type II. There
exists an independent pair of dense chains of O -pointed 2-modules
for some finite-dimensional 2-module ©F.

(3) Assume that II is a hypercritical k-algebra. There exists an indepen-
dent pair of dense chains of O -pointed IT-modules for some finite-
dimensional IT-module O

Proof. (1) It follows by Theorem 6.6 that there are B-modules X1, ..., Xy
such that (X1,..., Xy, M) is an M’-configuration in B-mod. There exists a
fully-faithful exact functor 4 : prin(Gs) — A-mod by Theorem 5.5(1).

_Theorem 4.1 yields a semisimple Gz-module © and an independent pair
((Mq, X7, JaeL1 (Nt, X, )teL,) of dense chains of ©-pointed modules over Gs

such that O, Mq, N, and Mq * N, are objects of the category prin(Gs) for
any ¢ € Ly and ¢ € Ly. We set 04 = FA(O). Thus it follows from Theorem

3.13(1) that (fA( q’XM )qeLlafA(Nt,)A(ﬁt)teLg) is an independent pair of

dense chains of @4-pointed A-modules.

(2) Apply Theorems 6.7, 5.5(2), 4.2 and 3.13(1) in a similar way to the
argument for (1).

(3) The algebra IT is strictly wild since it has the same representation type
as a hereditary algebra of a wild quiver (see [SS2, XVIII, Theorem 4.1 and
[Ri]). Consequently, there exists a fully-faithful exact functor from A-mod
to II-mod for any k-algebra A. Thus the assertion follows from Theorem
3.13(1) and, for example, from (1) or (2). =
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THEOREM 7.2. Assume that k is a field such that char(k) # 2 and A is
a strongly simply connected k-algebra of non-polynomial growth.

(1) There exists an independent pair of dense chains of X-pointed A-
modules for some finite-dimensional A-module 3.

(2) Ifk is countable, then there exists a super-decomposable pure-injective
A-module.

Proof. (1) It follows from Theorem 2.1 that A has a convex hypercritical
or pg-critical subcategory C'. Hence there exists a fully-faithful exact functor
of extension by zeros J : C-mod — A-mod (see Section 2), and (1) follows
from Theorems 7.1 and 3.13(1).

(2) follows from (1) and Theorem 3.9(2). m

8. Appendix: from the garland to the diamond. In this section we
sketch an explicit construction of a functor F' : prin(Gs) — prin(D) satisfying
the requirements formulated in the proof of Theorem 4.2.

A left prinjective Gz-module V can be represented as

Vi Vo
1) 14 18]
VieVad Vs VieVadV,y
sz23)l if:;};:>x<::£i;if>l“ﬁ,z4>
|78 Vi

where v(j , ) = (Vg1 Vg2 vgg) and vy 2 Vi =V, for j = 3,4, =1,2,3,4
and x = %, +.
We define the representation F'(V) as follows:

VieVaeo Vs VoV

4 Vv
f1/ lfg/ fa
24

V3 @ Vi Vo Vi VieVzoVy Vo Vs Vy
[10] J{ [010]
[010]
[10]
V3
where

f1V=[O 0 -1 -1 0], fz)V:[O 0 -1 -1 0]7

Vsl Vx2 0 043 Vg vy1 vy2 0 wig vgg
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[t oo0o0 o0 o100 0
ff=1000 10/, ff=100100
0000 1 00001

It is immediate that F/(V) is a prinjective D-module.

Assume now that i : V. — W is a homomorphism of prinjective Gs-
modules. The homomorphism A : V — W can be identified with the tuple
(h1, ho, h(i2,3), h(1,2,4), P By ), where by : Vi — Wi fori = 1,2, hy : V; — W;
for j = *,+ and

—

h123) : Vi@ Va® Vs = W1 & Wa @ Wi,
hapa) Vi@ Va® Vi — W1 @ Wa @ Wy,

Since h : V — W is a homomorphism of representations, we have

hl 0 h13 hl 0 h14
hi123)= 10 ha haz|, hag4 =10 hy hoy
0 0 hg 0 0 M~y

for some h; : V; = W;, i =3,4,and hg : V; = Wy, s =1,2,t = 3,4.

We define F'(h) : F(V) — F(W) as follows:
F(E) = (f{L7 f£L7f£L’f£L’ fg’ féb)7
where fh : ey, F(V) — e, F(W) and
[h1 0 0  hiz hig]

0 he —hos 0 hoy
fi=lo o h 0o 0],

0 0 0 hy O

0 0 0 0 hy

= [ 0 - hs 0
f2 = ) 3 = 9
wyohag Dy wyohoz hy

|k iz hag ~|h2 —hoz hos B
fi=10 hy 0|, f=|0 hy 0|, f§=hs
0 0 h4 0 0 h4

LEMMA 8.1. The map F defined above extends to a full, faithful and
exact functor F : prin(Gs) — prin(D).
We omit the proof, which is mostly a straightforward calculation. Let us

only stress one detail in the proof of exactness. Namely, one has to show that
if a pair (h,g) of homomorphisms forms an exact sequence (which means
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that h is a monomorphism, g is an epimorphism and Im(h) = Ker(g)) in
prin(Gs), then (h;, gi) constitute an exact sequence of vector spaces for i =
1,2,3,4,%,+ (we use the notation introduced above).
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