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A CONSTRUCTION OF THE HOM-YETTER-DRINFELD CATEGORY

BY

HAIYING LI and TTANSHUI MA (Xinxiang)

Abstract. In continuation of our recent work about smash product Hom-Hopf alge-
bras [Colloq. Math. 134 (2014)], we introduce the Hom-Yetter-Drinfeld category YD via
the Radford biproduct Hom-Hopf algebra, and prove that Hom-Yetter—Drinfeld modules
can provide solutions of the Hom-Yang-Baxter equation and ZYD is a pre-braided tensor
category, where (H, 3, S) is a Hom-Hopf algebra. Furthermore, we show that (AEH ,a®f)
is a Radford biproduct Hom-Hopf algebra if and only if (A, «) is a Hom-Hopf algebra in
the category ZYD. Finally, some examples and applications are given.

1. Introduction. The motivation to introduce Hom-type algebras
comes from examples related to g-deformations of Witt and Virasoro al-
gebras, which play an important role in physics, mainly in conformal field
theory. Hom-structures (Lie algebras, algebras, coalgebras, Hopf algebras)
have been intensively investigated in the literature recently: see [2,[3}5,(8-
111/16-19,24-32]. Hom-algebras are generalizations of algebras obtained by a
twisting map, which have been introduced for the first time by Makhlouf and
Silvestrov [18]. Here associativity is replaced by Hom-associativity; Hom-
coassociativity for a Hom-coalgebra can be considered in a similar way.

Yau [24}28] introduced and characterized the concept of module Hom-
algebras as a twisted version of usual module algebras, and the dual version
(i.e. comodule Hom-coalgebras) was studied by Zhang [31]. Based on Yau’s
definition of module Hom-algebras, Ma-Li-Yang [11] constructed smash
product Hom-Hopf algebras (A H, a® ) generalizing Molnar’s smash prod-
uct (see [13]), gave the cobraided structure (in the sense of Yau’s definition
in [27]) on (A H, a® (), and also considered the case of twist tensor product
Hom-Hopf algebras. Makhlouf and Panaite [16] defined and studied a class
of Yetter—Drinfeld modules over Hom-bialgebras and derived the construc-
tions of twistors, pseudotwistors, twisted tensor product and smash product
in the Hom-case in [17].

Yetter—Drinfeld modules are known to be at the origin of a very vast
family of solutions to the Yang-Baxter equation. Let H be a bialgebra, and
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A a left H-module algebra and a left H-comodule coalgebra. Radford [20]
gave a construction of a bialgebra (called a Radford biproduct bialgebra) by
combining the smash product algebra A# H with the smash coproduct coal-
gebra Ax H. Majid |14}/15] made the following conclusion: A is a bialgebra in
the Yetter—Drinfeld category gyD if and only if Ax H is a Radford biprod-
uct. The Radford biproduct plays an important role in the lifting method
for the classification of finite-dimensional pointed Hopf algebras (see [1]).

In this paper, we introduce the Hom-Yetter—Drinfeld category gY]D) via
the Radford biproduct Hom-Hopf algebra, and prove that the Hom-Yetter—
Drinfeld modules can provide solutions of the Hom-Yang—Baxter equation.
Furthermore, we show that (AEH ,a® ) is a Radford biproduct Hom-Hopf
algebra if and only if (A, «) is a Hom-Hopf algebra in the category gY]D).

This article is organized as follows. In Section 2, we recall some defini-
tions and results which will be used later. Let (H, ) be a Hom-bialgebra,
and (A,a) a left (H,S)-module Hom-algebra and a left (H, J)-comodule
Hom-coalgebra. In [11], the smash product Hom-algebra (Af H, o ® () was
constructed. In Section 3, we first define a smash coproduct Hom-coalgebra
(AoH,a® ) (see Proposition 3.1), then derive necessary and sufficient con-
ditions for (A H,a® ) and (Ao H,a® ) to be a Hom-bialgebra, which is
called the Radford biproduct Hom-bialgebra and denoted by (AEH ,a® )
(see Theorems 3.3, 3.6). In Section 4, we introduce the Hom-Yetter—-Drinfeld
category YD (see Definition 4.1,4.2), which is different from the one de-
fined by Makhlouf and Panaite [16], the one defined by Chen and Zhang [5]
and the one defined by Liu and Shen [9]. We also prove that Hom-Yetter—
Drinfeld modules can provide solutions of the Hom-Yang—Baxter equation
in the sense of Yau’s definition in [26,29,30] (see Proposition 4.3) and that
AYD is a pre-braided tensor category (see Theorem 4.7). Furthermore, we
deduce that (AEH ,a® () is a Radford biproduct Hom-Hopf algebra if and
only if (A, ) is a Hom-Hopf algebra in the category YD (see Theorem 4.8),
which generalizes Majid’s result [14}/15]. In the last section, some examples
and applications are given.

Throughout this paper we freely use the Hopf algebra and coalgebra
terminology introduced in [6,2123].

The authors have been informed by the Editor that paper [4] related to
the subject of our paper is accepted for publication.

2. Preliminaries. Throughout this paper, we follow the definitions and
terminology of [7,/11,124,26,31], with all algebraic systems supposed to be
over the field K. Given a K-space M, we write idys for the identity map
on M.

We now recall some useful definitions.
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DEFINITION 2.1. A Hom-algebra is a quadruple (A, u,14,a) (abbr.
(A,«)), where A is a K-linear space, 4t : A® A — A is a K-linear map,
14 € A and « is an automorphism of A, such that

(HA1) a(ad’) = ala)a(d), a(ly) =14,
(HA2) a(a)(d'd”) = (ad)a(a”), ala = 1aa = a(a),
for all a,a’,a” € A. Here we use the notation u(a ® a’') = ad’.
Let (A,a) and (B, 3) be two Hom-algebras. Then (A ® B,a ® ) is a

Hom-algebra (called the tensor product Hom-algebra) with multiplication
(a®b)(d @V) =ad @b and unit 14 ® 1p.

DEFINITION 2.2. A Hom-coalgebra is a quadruple (C,A,ec,3) (abbr.
(C,5)), where C is a K-linear space, A : C - C® C, e¢c : C — K are
K-linear maps, and S is an automorphism of C, such that

(HC1) B(c)1 @ B(c)2 = Ble1) ® Blez), ec o B =ec,

(HC2) B(c1) @ ca1 ® coa = c11 @ c12 ® B(ca), ec(er)ea = creo(c2) = B(c),
for all ¢ € A. Here we use the notation A(c) = ¢; ® ¢o (summation implicitly
understood).

Let (C,«) and (D, ) be two Hom-coalgebras. Then (C ® D,a ® f3) is a
Hom-coalgebra (called the tensor product Hom-coalgebra) with comultipli-
cation A(c® d) = ¢1 ® dy ® ca ® do and counit ec @ ep.

DEFINITION 2.3. A Hom-bialgebra is a sextuple (H, u, 17, A, e,7) (abbr.
(H,7v)), where (H,u,1,7v) is a Hom-algebra and (H,A,e,v) is a Hom-
coalgebra, such that A and e are morphisms of Hom-algebras, i.e.

A(hE) = AWAM), A(lg) =1y ® 1y,
e(hh') = e(h)e(h), e(lg) = 1.
Furthermore, if there exists a linear map S : H — H such that
S(h1)he = h1S(he) = e(h)lg and  S(y(h)) = y(S(h)),

then we call (H, u, 1y, A,e,v,5) (abbr. (H,~,S)) a Hom-Hopf algebra.

Let (H,~) and (H’,~") be two Hom-bialgebras. A linear map f : H — H’
is called a Hom-bialgebra map if f oy =" o f and at the same time f is a
bialgebra map in the usual sense.

DEFINITION 2.4 (see (24, 28]). Let (A, 8) be a Hom-algebra. A left (A, §)-
Hom-module is a triple (M, >, o), where M is a linear space, > : AQM — M
is a linear map, and « is an automorphism of M, such that

(HM1) a(a>m) = p(a) > a(m),

(HM2) B(a) > (' >m) = (ad’) > a(m), 14 >m = a(m),
for all a,a’ € A and m € M.
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Let (M,>p,an) and (N,>n,an) be two left (A, 5)-Hom-modules.
Then a linear morphism f : M — N is called a morphism of left (A, B)-
Hom-modules if f(h >y m) =ht>y f(m) and apro f = foan.

REMARKS. (1) It is obvious that (A, p, 8) is a left (A, §)-Hom-module.

(2) When 8 =idy and « = idyy, a left (A, 5)-Hom-module is the usual
left A-module.

DEFINITION 2.5 (see [24,28]). Let (H, #) be a Hom-bialgebra and (A, «)
a Hom-algebra. If (A,>, @) is a left (H, §)-Hom-module and for all h € H
and a,a’ € A,

(HMAT1) B2(h) > (ad’) = (h1 > a)(hg > a'),

(HMA2) hi>14 =eg(h)lg,

then (A, >, ) is called an (H, 3)-module Hom-algebra.

REMARKS. (1) When a = idg and S = idy, an (H, $)-module Hom-
algebra is the usual H-module algebra.

(2) Similar to the case of Hopf algebras, Yau [24,28] concluded that
(HMA1) is satisfied if and only if 114 is a morphism of H-modules for suitable
H-module structures on A ® A and A.

(3) The smash product Hom-Hopf algebra (Al H, a® f3) is different from
the one defined by Chen, Wang and Zhang [3], since here the construction of
(AfB,a®p) is based on the concept of the module Hom-algebra introduced
by Yau [24}28], while two of conditions [3, (6.1), (6.2)] are the same as in
the case of Hopf algebra.

DEFINITION 2.6 (see [31]). Let (C, 8) be a Hom-coalgebra. A left (C, /5)-
Hom-comodule is a triple (M, p, ), where M is a linear space, p : M —
C ® M (write p(m) = m_1 ® mg, Ym € M) is a linear map, and « is an
automorphism of M, such that

(HCM1) a(m)_1 ® a(m)o = B(m_1) ® a(my),
(HCM2) B(m—_1) ® mo—1 ® mog = m_11 ® m—_12 @ a(myg),
ec(m-1)mo = a(m),
for all m € M.
Let (M,p™ ay) and (N, pV,ay) be two left (C, 3)-Hom-comodules.
Then a linear map f : M — N is called a map of left (C, 3)-Hom-comodules
if f(m)-1® f(m)o =m—_1 ® f(mo) and apro f = foan.

REMARKS. (1) It is obvious that (C, A¢, 8) is aleft (C, 8)-Hom-comodule.

(2) When 8 = id4 and o = idyy, a left (C, 8)-Hom-comodule is the usual
left C-comodule.
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DEFINITION 2.7 (see [31]). Let (H, /) be a Hom-bialgebra and (C, ) a
Hom-coalgebra. If (C, p, ) is a left (H, 8)-Hom-comodule and for all ¢ € C,

(HCMC1) 2(c—1) ® co1 @ coz = c1-102—1 ® €10 ® €20,

(HCMCQ) 6716()(60) = 1H60(C),
then (C, p, «) is called an (H, )-comodule Hom-coalgebra.

REMARKS. (1) When a =id4 and 8 = idy, an (H, $)-comodule Hom-
coalgebra is the usual H-comodule coalgebra.

(2) Similar to the case of Hopf algebras, Zhang [31] concluded that

(HCMC1) is satisfied if and only if A is a morphism of H-comodules for
suitable H-comodule structures on C' ® C' and C.

DEFINITION 2.8 (see [11]). Let (H, /) be a Hom-bialgebra and (C, «) a
Hom-coalgebra. If (C, >, a) is a left (H, 3)-Hom-module and for all h € H
and c € A,

(HMCI) (h > 0)1 ® (h > 0)2 = (hl > 01) ® (hz > 62),

(HMC2) ec(h > c¢) = en(h)ec(c),
then (C,>,«) is called an (H, §)-module Hom-coalgebra.

REMARK. When a = id¢ and § = idy, an (H, §)-module Hom-coalgebra
is the usual H-module coalgebra.

DEFINITION 2.9 (see [25]). Let (H, /) be a Hom-bialgebra and (A4, a) a
Hom-algebra. If (A, p, ) is a left (H, 3)-Hom-comodule and for all a,a’ € A,

(HCMAL) p(ad’) = a_1a’_4 @ apay,

(HCMA2) p(14) =1 ® 14,

then (A, p, «) is called an (H, B)-comodule Hom-algebra.

REMARK. When a = id4 and f = idy, an (H,)-comodule Hom-
algebra is the usual H-comodule algebra.

DEFINITION 2.10 (see [11]). Let (H, ) be a Hom-bialgebra and (A, >, «)
an (H, f)-module Hom-algebra. Then (A H,a® ) (A H=A® H as a
linear space) with multiplication
(a®@h)(d @K) =a(hi>a (d) @B (h)I,
where a,a’ € A, h,h' € H, and with unit 14 ® 1y, is a Hom-algebra; we
call it a smash product Hom-algebra.

REMARK. Here the multiplication of a smash product Hom-algebra is
different from the one defined by Makhlouf and Panaite in [17, Theorem 3.1].

DEFINITION 2.11 (see |1L|15,|16]). Let H be a bialgebra and M a linear
space which is a left H-module with action > : HQM — M, h®m — h>m,
and a left H-comodule with coaction p: M — H ® M, p(m) = m_1 ® my.



48 H.Y.LI AND T. S. MA

Then M is called a (left-left) Yetter—Drinfeld module over H if the following
compatibility condition holds, for all h € H and m € M:

(YD) him_1 ® (hg > mo) = (hl > m)fth (% (hl > m)o.
When H is a Hopf algebra, then (YD) is equivalent to
(YD)/ hlm,lsH(hg) X (hz > mo) = (h > m),1 & (h > m)o.

3. Radford biproduct Hom-Hopf algebra. In this section, we mainly
generalize the Radford biproduct bialgebra of |20, Theorem 1] to the Hom-
setting.

Dual to Definition 2.10, we have:

PROPOSITION 3.1. Let (H, 3) be a Hom-bialgebra and (C, p, o) an (H, [3)-
comodule Hom-coalgebra. Then (Co H,a® ) (CoH =C ® H as a linear
space) with comultiplication

Acor(c®h) =c1 ® ca 187 (h1) ® o H(c0) @ ha,
where ¢ € C, h € H, and with counit ec ® g1, is a Hom-coalgebra; we call
it a smash coproduct Hom-coalgebra.

In fact, dual to [11, Theorem 3.1], we have

PROPOSITION 3.2. Let (C,Ac,ec,a) and (H,Ag,eq, ) be two Hom-
coalgebras, and T : C ® H - H ® C (write T(c® h) = hr ® ¢, Ve € C,
h € H) a linear map such that for allc € C and h € H,

a(c)r ® B(h)r = a(er) ® B(hr).
Then (CorH,a®B) (CorH = C®QH as a linear space) with comultiplication
Acor(c®h) =c1 @B (h)r ® o (car) ® ha,

and with counit ec®epr, becomes a Hom-coalgebra if and only if the following
conditions hold:

(C1) eu(hr)er = eu(h)alc), hrec(er) = B(h)ec(c),

(C2) hr1 @ hre ® afer) = B(B7 (h1)r) ® hat ® crv,

(C3) B(hr) ® alc)r1 ® a(c)r2 = hre @ afer) @ afcar),
where c€ C,h € H and t is a copy of T.

We call this Hom-coalgebra a T-smash coproduct Hom-coalgebra.

REMARKS. (1) Letting T'(c®h) = c_1h®cp in Cop H, we get the smash
coproduct Hom-coalgebra C' ¢ H.

(2) Here the comultiplication of a T-smash coproduct Hom-coalgebra is
slightly different from the one defined by Zheng [32]. And the conditions
(C1)—(C3) are simpler than the ones in [32].
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THEOREM 3.3. Let (H, 3) be a Hom-bialgebra, (A, ) aleft (H, 5)-module
Hom-algebra with module structure > : H ® A — A and a left (H,pS)-
comodule Hom-coalgebra with comodule structure p: A — H ® A. Then the
following are equivalent:

. (AEH, pag; 1Aa®@ 1y, Ao, eA®en, a® ) is a Hom-bialgebra, where
(A H,a® pB) is a smash product Hom-algebra and (Ao H,a ® f3) is
a smash coproduct Hom-coalgebra.

e The following conditions hold (for all a,b € A and h € H):

(R1) (A, p, ) is an (H, 3)-comodule Hom-algebra,

R2) (A, >, «) is an (H, f)-module Hom-coalgebra,

R3) €4 is a Hom-algebra map and AA(lA) =14® 14,

R4) AA ab = a1(62(a2 1) > o (bl)) (ago)bg,

R5) hiB(a—1) ® (6%(h2) > ag) = (52(’11) > a)-1hs ® (6*(h1) B> a)o.
In this case, we call thls Hom-bialgebra a Radford biproduct Hom-bi-

algebra and denote it by (A H,a®p).

(
(
(
(

Proof. (<) It is easy to prove that € ,;,, = €4 ® ey is a morphism of
O

Hom-algebras. Next we check A Al = A 4og is a morphism of Hom-algebras
as follows. For all a,b € A and h,g € H, we have
A (@@ h)(b®g))
= (a(hi> a7 (O)h ® (alhs > a7 (h)))2—187 (B (h2)g9)1)
©a " ((a(h > a7 (b)))20) @ (87" (h2)g)2
THET (> o 0) @ (> a” <b>>>2 1(B72(h21)5™ (1))
®a " ((a(h > a™'(h)))20) @ B (h22)g2

= (B (am) > a” 1<<h1 <>>1>>
® (@™ (az) (hy > o <>>> 1(B72(h21)B (1))
®a ! ((a _l(azo)(fHDOé L())2)0) ® B (h22) g2
T2V a1 (B2 (az—1) > a7 (b > a7 (D))
( (az) 1(h1>04 Y(1))2—1)(B2(h21)B~ " (91))
a~ (o™ (az0)o)a ™ ((h1 > a7 (0))20) ® B (ha2) g2
= < 2(a2-1) > (hum L(b1)))
( “(a)- 1(h12>a Y(02))-1) (872 (h21)B " (g1))
a oM azo)o)a ! ((h2 > a ' (b2))0) ® B! (ha2)ge
e < 2(a2-1) > o (1 > a7 (b))
< 1<a2>1 <<h12>a L(b2)) 1 (B~ (h21)))
“aNaz)o)a (ki > (52))0) ® B (ha2)go
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(HC2)

(HC1)

(R5)

(HCMl_),(HCl)

(HCM?2)

(HA2)

(HC2)

(HM1)

(HM2)

(HA1)

and AAEH

a1(B*(ag—1) > o~ (5(h1) ~H(b1)))
( “az0)-18~ 1((5 (h211)>04 b )) 18~ 3(h212)))91
a~!(a M ago)o)a (B~ (h211)>a '(b2))0) ® 8" (ha2)g2
al(ﬁz( az1)>a (B ( ) >a (b ))
( “Haz0) 1 B7H(BA(B (h21)) - 52)) 187 3(h21) Na1
a~!(a M az0)o)a (B2 (B> (hai ) )Da '(b2))o) ® B (ha2)g2
al(ﬂz(az )>a” (B (h1)>a Y(b1)))
( (a20)-18~ (B~ (h21)) (e (b2)-1)))on
a oM az0)o0)a (B2 (B3 (ha1)2) & o (b2)o)
a1(B*(az—1) > a ' (B(h1) > o' (b1)))

® (B (ag0-1)B7" (B (ha11)ba—1))gn

® a2 (as0)a  (ha1a > o (bao)) ® B (h22)ge
a1(B(ag—11) > a ' (B(h1) > (b))

® (B (ag—12)B7" (B~ (ha11)ba—1))g1

®a az)a  (hata > a (b)) @ B (ha2)go
a1(B(az—11) > a ' (B(h1) > a " (b1)))

® (87" (a2-12)B7"(han1)) (b2-18~ " (91))

@ o ag)a  (hata > a (b)) @ B (ha2)go
a1(B(az—11) > a (11 > a ' (b1)))

® (B8~ (az—12)872(h12)) (b2—18"*(g1))

®@a ! (ag)a (B(har) > ' (ba)) @ B (ha2)go
a1(B(az—11) > (B~ (h11) > a?(b1)))

® (B (a—12)B"2(h12))(b2—18" (1))
®a(ag)(ha1 > a2 (b)) ® B (ha2)ge
a1((az—1187" (h11)) > o (1))

® (B (a—12)B 2 (h12))(b2—18" (1))
®aHag)(ha1 > a 2(by)) @ B~ (ha2)ge
a1((az—187 " (h1))1 > o (b))

® B (az—187 (h1))2) (ba—18"(g1))

®a (ago)(ha1 > a2 (b)) ® B! (h22)g2

(a1 ® az—187(h1) ® o (az) @ ha)

x (b1 @ ba—1871(h1) ® a1 (byg) ® ha)
AAEH(a(@h)AAEH(b@g),

(1a®1y)=14® 1y ® 14 ® 1y can be proved directly.
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(=) We only verify that conditions (R4) and (R5) hold; the others hold
similarly. As A ;. = Ayop is a morphism of Hom-algebras, for all a,b € A
and h,g € H we have

ar((ag—187 (h1))1 > @ (b1)) ® B ((ag—187 " (h1))2) (2187 (g1))
® o (ago)(har > (b)) ® B (ha2)go
= (a(h1 > a7 (0))1 @ (a(ha > @™ (9))21 87 ((B7 (h2)9)1)
® o ((a(hr > a7 1(b)))20) ® (87" (h2)g)2.
Applying id4 ® ey ®id 4 ® e to the above equation and setting h =g = 1y

we get (HB). (HYD) can be obtained by applying e4 ® idyg ® idg ® e to
the above equation and settinga =14 and g=1g. =

REMARKS. If @ =id4 and 8 = idgy, then we get the well-known Radford
biproduct bialgebra of |20, Theorem 1].

(2) Theorem 3.3 is different from the one defined by Liu and Shen [9],
because the Hom-smash product there is based on the concept of module
Hom-algebra in [3] and ours is based on Yau’s [24,28].

COROLLARY 3.4 (see |11]). Let (A,a),(H,B) be two Hom-bialgebras,
and (A, >, ) an (H, §)-module Hom-algebra. Then the smash product Hom-
algebra (A H,a® B) endowed with the tensor product Hom-coalgebra struc-
ture becomes a Hom-bialgebra if and only if (A,>,«) is an (H,3)-module
Hom-coalgebra and

hi®ho>a=hy®hy>a.

Proof. Let the comodule action p be trivial, i.e. p(a) = 1y ® a(a) in
Theorem 3.3. »

COROLLARY 3.5. Let (C,«), (H, 3) be two Hom-bialgebras, and (C, p, )
an (H, 8)-comodule Hom-coalgebra. Then the smash coproduct Hom-coalgebra
(CoH,a® ) endowed with the tensor product Hom-algebra structure becomes
a Hom-bialgebra if and only if (C, p,«) is an (H, )-comodule Hom-algebra
and

hc_1 ®co=c_1h® cg.

Proof. Let the module action > be trivial, i.e. h > ¢ = eg(h)a(c) in

Theorem 3.3. =

THEOREM 3.6. Let (H,[3,Sg) be a Hom-Hopf algebra, and (A, «) be a
Hom-algebra and a Hom-coalgebra. Assume that (AEH, a® B) is a Radford
biproduct Hom-bialgebra defined as above, and S4 : A — A is a linear map
such that Sa(a1)as = a1Sa(az2) = ea(a)lgy and a0 Sq4 = Sa o0 a. Then
(AEH, a® B, SAEH) is a Hom-Hopf algebra, where

Spep(a®h) = (Su(a—187" ()1 > Sa(a™*(ao))) @ B~ (Su(a—167" (h))2).
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Proof. We can compute that (AEH ,a® 3,8 5 ,) is a Hom-Hopf algebra
as follows. For all @ € A and h € H, we have

(Spz g *id g )@@ R)

= (Su(a1-187 (az-187" (1)) > Sa(a(ax)))

X (B71(Su(ai—18(az—187 1 (h1)))2)1 > a2(az))
® B B (Su(a1-18 " (az—187 (h1)))2)2) he
(S8~ (a1-1a2-1)B~ " (h1))1 > Sala?(aw)))

(5 (SH(B Ya1-1aa- 1) (h1))2)1 > a3 (ag))
® BB SH(B (a1-102-1)B7" (h1))2)2)ha
(Su(B(a—1)B"(h1))1 > Sala™?(an)))

X (B71(Su(Bla—1)B~ (h1))2)1 > @ *(ao2))
@ BB (Su(B(a—1)B87" (h1))2)2)he
(871 (Su(B(a—1)B" (h1))11) > Sa(e*(ao1)))

x (B71(Su(Bla—1)B~ (h1))12) > a *(apz))
® B~ (Su(Bla—1)B~" (h1))2)ha
MRS (B(Su(Bla1)B (R D)) B (Sa(e™*(ao)a™*(a02)
® BN (Su(B(a—1)B" (h1))2)hs
(B(Su(B(a—1)B"(h1))1) > 1aca(ao))

® B (Su(B(a—1)B " (h 1)))

(B(Su(h1)1) > 1aca(a)) © B~ (Su(h1)2)he

MY Taa(e) @ Su(ha)he = <1A®1H>6A< Jer(h)

(HA1),(HA2)

(HCMC1)

(HC1),(HC2)

(HA1)

(HCMC2)

and
(idAgH*SAgH)(CL(@h)
= a1((aa_187 (h) > o (S (e Hax) 187 (hy))

1
> Sa(e?(a " (a)o))))
® B ((az—187"(h1))2)B~ (Su(a™ (azo) B~ (h2))2)
"2V ai((a- 1B () & (B (Su (e (az0) 187 (ha))1)
DSA( (04 (a20)0))))
® B ((az—187(h1))2) B (SE(a™ 1(0120) “1(ha))2)

(HM2),(HA1)

a1 (B~ ((ag—187" (1)) 1Su (o (a0) -1 ( 2))
> SA( 2(
® B~ ((az—1871 (h1))2Su (o (az0)-1871 (h2))2

1)
a™!(az)o)))
)
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(HC1)

a1(B~ ((az—187" (7)) Su (o (az0) 187" (ha))1
> Sa(a™?(a" (az0)o0)))

® B ((az—18"(h1))SH (e (a20)_1ﬁ—1(h2)))

Y 4 (87 ((az—187 () SE (B (ago-1)B " (h2)))15>Sa (a3 (az00)))
® B ((a2-187" (M) Su (B~ (a20-1) 5" (h2)))2

ME A (5787 (az—n) BT () Su (B (az-12) 87 (h2))s

> Sa(a?(a)))
®@ BB (az-11)87 (M) St (B~ (ag-12)87" (h2)))2
" ai (1 > Sala*(a%0)))en (as-1) @ uen (h)
2 (g > SalaYa2))) ® 1gepn(h)
"2 018 a(az) ® 1gen(h)
= (la®1lg)ea(a)eg(h),

while

S yi (@) ® B(h)
= (Su(a(a)-1h)1 > Sa(a*(ala)y))) ® A (Sk(ala)-1h)2)

M2 (SH(Bla—1)h)1 & Sala™ (a0))) ® B (Sk(Bla1)h)2)
(@ ® B)(S gz (@@ h)),

finishing the proof. =

COROLLARY 3.7 (see [11]). Let (A,a, Sa),(H,B,Su) be two Hom-Hopf
algebras, and (A4 H,a ® B) a smash product Hom-bialgebra. Then (A H,
a® fB,Sapn) is a Hom-Hopf algebra, where

Sagrr(a® h) = (Su(h)1 > ™" (Sa(a)) ® B~ (Su(h)2).
Proof. Let the comodule action p be trivial, i.e. p(a) = 1y ® a(a) in
Theorem 3.6. =

COROLLARY 3.8. Let (C,a,Sc), (H,,Si) be two Hom-Hopf algebras,
and (C o H,a ® ) a smash coproduct Hom-bialgebra. Then (C'o H, a ® j3,
Scorr) is a Hom-Hopf algebra, where

Scer(c® h) = Sc(ozfl(C(O))) ® SH(C(,l)ﬁfl(h)).

Proof. Let the module action > be trivial, i.e. h > ¢ = eg(h)a(c) in
Theorem 3.6. m

4. Hom-Yetter—Drinfeld category. In this section, we give the def-
inition of a Hom-Yetter—Drinfeld module and also prove that the category



54 H.Y.LI AND T. S. MA

gY]D) of Hom-Yetter—Drinfeld modules is a pre-braided tensor category. Fur-
thermore, we show that (AEH ,a® () is a Radford biproduct Hom-bialgebra
if and only if (4, ) is a Hom-bialgebra in the category ZYD.

DEFINITION 4.1. Let (H,() be a Hom-bialgebra, (M, >, apr) a left
(H, p)-module with action >y : H® M — M, h ® m — h >y m, and
(M, pM  apr) aleft (H, B)-comodule with coaction pM : M — H @ M, m
m_1 ®mg. Then we call (M, >yr, pM, ans) a (left-left) Hom- Yetter-Drinfeld
module over (H, [3) if
(HYD) h1B(m-1)®(B%(h2)>armo) = (B7(h1) >arm)-1he @ (52 (h1) B> nrm)o
forall h e H and m € M.

REMARKS. (1) The compatibility condition (HYD) is different from con-
dition (2.1) in [16, Definition 2.1}, condition (3.1) in [5, Definition 3.1] and
condition (4.1) in [9, Definition 4.1].

(2) When g = idy, condition (HYD) is exactly condition (YD).

(3) Let (H,pB) be a Hom-bialgebra and K a field. Then (K,idg) is a
(left-left) Hom-Yetter—Drinfeld module over (H, () with the module and
comodule actions defined as follows: H ® K — K, h ® k — e(h)k and
K—-HK k—1g®k.

(4) When (H, 3,Sy) is a Hom-Hopf algebra, then the condition (HYD)
is equivalent to

(HYD)" (8*(h) >ar m)—1 @ (8*(h) >ar m)o
= B72(h118(m—1))Sk(h2) ® (8 (h12) > mo).
Proof. (=) We have
B72(h11B(m-1))S(he) @ (8 (h12) > mo)
T BT((B (> m))—1hi2) S(he) © (B (hay > m))o

(B%(hiy > m))-1)(B72(h12) 871 (S(ha))) ® (8% (h11 > m))o
(8%(h1 > m))-1)(B72(h21)B2(S(h22))) ® (B(h1 > m))o
(B%( )-1)(B2(ha1S(h22))) @ (8%(h1 > m))o
)>m)_1 ® (B4(h) > m)o.

(HA1),(HA2

(HEQ) 1

1

B
'Y
AY(
(HAL) 5

hi > m)
(HA2),(HC2)

(B (h
(<) We have
(8%(h1) > m)_1hy @ (8%(h1) > m)o
(52872 (hn) 11 B(m1))S (B2 (hn)2))ha @ (B3(B2(hn)12) B> mo)
TSV (BB (hin1) B(m—1))S(B2(h12)))ha @ (B(h112) > mo)
2(B7H(h11)B(m-1))S(B2(h21))) B (ha2) ® (B*(h12) > o)

(HC2),(HC1) (



HOM-YETTER-DRINFELD CATEGORY 55

(HA2),(HA1)

(B7H(B7 (P11)B(m-1))(B72S (ha1)haz) @ (6% (ha2) > mo)
= (BB~ (M) B(m-1)Lren (ha) ® (8°(hi2) > mo)

"M hy B(m 1) @ (B (ha) > mo).
Here we use >, S instead of >, Sp, respectively. =

DEFINITION 4.2. Let (H, ) be a Hom-bialgebra. We denote by ZYD
the category whose objects are all Hom-Yetter—Drinfeld modules (M, >y,
o™, ayr) over (H, B3); the morphisms are morphisms of left (H, 3)-modules

and left (H, 3)-comodules.

(HC1),(HC2),

In the following, we give a solution of the Hom-Yang—Baxter equation
introduced and studied by Yau [26}29}30].

PROPOSITION 4.3. Let (H, 3) be a Hom-bialgebra and (M, >y, p™, ang),
(N, >N, p, an) € BYD. Define the linear map

T™MN:MON — N®M, m®n»—>ﬁ3(m_1)>Nn®mo,

form € M and n € N. Then myrn o (apy @ ay) = (an @ ayp) o TaN,
and if (P,>p, pt',ap) € BYD, the maps 7 satisfy the Hom-Yang-Baxter
equation

(ap @ Tm,N) 0 (Tm,p ® an) o (apm @ TN, P)

= (Tn,p @ apr) o (an @ Tar,p) © (TM,N @ ap).

Proof. We only check the second equality; the first one is easy. For all
méEM,née N and p € P, we have
(ap ®@ Ty,N) o (Tar,p @ an) o (aar @ Tv,p)(M @ N @ p)

= (B(anm(m)-1) >p (8°(n-1) >pp)) © B2 (anr(m)o-1) > an(no)
® ar (m)oo
(B*(anr(m)—1) >p (84 (n-1) >p ap(p)))

®,83(04M( ) ) >N aN(no)®aM(m)og

(HM1)

(HOM1) (55(m 1)>p (54(71 1) >pap(p)) ® 54(7”0—1) >N an(no)
® ag (Moo)
FE2 (B4 (m_11) >p (B n_1) >p ap(p))) ® B m_12) >N an(ng)
® ajr(mo)
= (B mo11)B" (n-1)) B p 0(p)) @ B (mo12) By ax(n0) © oy (mo)
LY (B (monian(n)-1)) 2p aB(p)) © B m12) B an(n)o ® oy (mo)

(HA1)

(B*(B(m—11)B(an(n)-1))) >p ab(p)) ® B*(B(m_12)) >N an(n)o

® ajy(mo)



56 H.Y.LI AND T. S. MA

(HC1)

(B*(B(m-1)18(an(n)-1))) >p ab(p)) ® B*(B(m_1)2) >N an(n)o
® oy (mo)

(B2((B*(B(m-1)1) >N an(n)-18(m_1)2) >p ap(p))

® B2 (B(m-1)1) >N an(n))o ® ais(mo)

PRI (B2((B3(m11) Bx an(n)-1)B*(m_12)) B 0 (p))

® (8% (m-11) >N an(n))o ® af;(mo)

(B*((B*(m—1) >N an(n)-1)B%(mo-1)) >p ap(p))

X (ﬂ4(m_1) >N aN(n))o X OzM(m()())

(B*((B*(m-1) >N an(n))-1) >p (B°(mo-1) >p ap(p)))
® (B (m—1) >N an(n))o @ ar(moo)

(B*(an (B3 (m_1) >N n)_1) >p (B°(mo—1) >p ap(p)))

(= aN(ﬂS(m_l) >N n)o & aM(moo)

— (TN7P®05M)O(04N®TM7P)O(TM7N®ap)(m®n®p). ]

(HYD)

(HCM2)
(HM2)

(HM1)

LEMMA 4.4. Let (H,B) be a Hom-bialgebra and (M,>yr, p™, anr),
(N,>n, pV, an) € BYD. Define the linear maps

DyueoNn : HOIMRIN —- M N, h®m®nn—>(h1>Mm)®(h2>Nn),
and
PMEN M eN - H®M® N, m®nr—>ﬁf2(m_1n_1)®m0®n0,

forh€ H,me M andn € N. Then (M @ N,>nen, pPMON, ay @ ay) is
a Hom-Yetter—Drinfeld module.

Proof. Tt is easy to check that (M ® N,>yen,an @ ay) is an (H, )-
Hom-module and (M & N, pM®N a3 @ ay) is an (H, 3)-Hom-comodule.
Since for h € H, m € M and n € N, we have

(8%(h) > pen (m®n))-1he @ (8% (h1) > men (m @ n))o
= ((B(h)r>arm) @ (B%(ha)2 >N n))-1hy
® ((8%(ha)1 >a m) @ (82(h1)2 > m))o
= BB (m)1 >y m) -1 (B (h1)2 > n)-1)B%(ha))
® (B%(h1)1 >ar m)o ® (B2(h1)2 > n)o
P 372 (8((8% (har) B ar m)-1) (B2 (ha) B n)-18(ha)))
® (B%(h11) > m)o ® (B2(hi2) >N 1)o
B2(B((B%(h1) >ar m)—1)((B*(ha1) >N n)—1h22))
® (B%(h1) > m)o @ (B%(ha1) B>y n)o

(HO2)
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(e 5_2( ((B*(h1) >ar m)—1)(ha18(n-1)))

® (8%(hn) >y m)o @ (87 (haz) >N 10)
= g 2(((B*(h1) s m)—1ho1) B2 (n—1)) ® (B°(h1) > m)o
® (8% (ha2) >N no)
B
® (B(
B~
(

hi)
B
ho
e 2(((B2(h11) >ar m)—1h12)B%(n1))
(8%(h11) >ar m)o @ (B (ho) >N "0)
2((h1B(m-1))B*(n_1)) ® (8*(h12) >a mo) ® (8*(h2) >N no)
B72(h11)B ™ (m-1))n—1 @ (B%(h12) >a mo) @ (B*(he) >N no)
B7H ) (B (m-1)B7 (n-1)) © (8% (lna) & mo)
® (B*(h2) >N no)
hi(B~Hm-1)B~ (n-1)) ® (8% (ha1) s mo) @ (8% (ha2) >N no)
WL hy B8 (mo1n1)) ® (B3 (ho)1 B ar mo) © (8% (he)2 B no)
= hiB((m®@n)_1) ® (8°(he) >men (m@mn)),

condition (HYD) holds. Therefore (M ® N, >yen, pPMEN ay @ ay) is a
Hom-Yetter-Drinfeld module. =

LEMMA 4.5. Let (H,B) be a Hom-bialgebra and (M, >, p™, ang),
(N,>n, pV,an), (P,>p,pf,ap) € EY]D). With notation as above, define
the linear map

(HYD)
(HA1)

(HA2)

(HC2)

aunp: (MON)®P - M® (N® P),
(m®n)®@p— ayt(m) @ (n®ap(p)),

form € M, n € N and p € P. Then ay n,p is an isomorphism of left
(H, B)-Hom-modules and left (H, 3)-Hom-comodules.

Proof. Same as the proof of [16, Proposition 3.2]. m

LEMMA 4.6. Let (H,B) be a Hom-bialgebra and (M, >y, p™, any),
(N,>n, p, an) € EYD. Define the linear map

cun :M@N - N@M, men— (82(m_1) >y ay'(n) ®ay (mo),

where m € M and n € N. Then cyr,n is a morphism of left (H, 3)-Hom-
modules and left (H, 3)-Hom-comodules.

Proof. Forall he H, m € M and n € N, firstly,
(an ® aym) o cp,n(m @ n)
= an(B*(m-1) >y ay'(n) @ mg
=0 (B3(m_1) >N n) ®mg
PEY (B2 (anr(m)-1) B ay!(an(n) © ay (anr(m)o)

= CMNO© (apm ® ay)(m®n),
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secondly,

e (h >pen (m@n)) = ey ((hy >y m) @ (hg >x 1))
= (B*((h >pm)— 1)>N04N (ha >N 1)) ® oy ((hy >ar m)o)
PEY (B ((h o m) 1) B (B (he) By oyt (n) ® agf (b Barm)o)
(B((h1 =ar m)-1)B7 (h2)) Bn 1) ® gy ((hy >ar m)o)
B((hy > p m)-1872(ha)) &y 1) ® oy} ((ha > m)o)
BB (h)1B(m_1)) >n 1) ® ay} (B3(B72(h)2) > mo)
(B7%(h )(m—1)>>Nn)®aM(53(/3 (h2)) >m mo)
(871 (h1)B%(m_1)) > n) ® ay] (B(ha) Bar mo)
(B (h1)B%(m_1)) >N n) @ (hy Bar ayf (mo)
Y (e (B2 (mo1) By ay' () @ (ha Bar agf (mo))

= heyew (B2(m_1) by ay!(n) ® ayf (mo))
= h>nemcu,N(m@n);

(HM2)

(HAD)

(HC1)

(
(
(
(HYD) (
(8
(
Y

IIz I

(1M

Iz

finally,

NeM g cu,N)(m@mn))

= B(B*(m-1) >y ay'(n)-1a}) (mo)-1)

(p

® (B%(m-1) >N ay (n))o ® ayf (mo)o
TS (B (me) by aN1<n>> ~H(mo-1))
(/32<m 1) BN ay' (n))o @ ayf (moo)
(HOM2) “2((B(m_11) >N aNl(n)) “H(m_12))
( m_11) >y ay'(1n))o ® mg
Y BB (BT moh) B ag! (n) 187 (moa)o)
®(62(5 H(m-1)1) Bx ay' (n))o @ mo
TR BB moBlay! () 1)) ® (B(87 (mo1)2) By ey (m)o) @ mo
WAL 373 (m_11) 87 (ot (n)-1) ® (B2 (m_12) By ay' (n)o) ® mo
TS B mon)B A ) © (57 (mer2) b oy (no)) @ my
NS 52 mo1)B 2 (n1) @ (B72(mo-1) B 0 (n0) @ a3/ (moo)
Y2V B (miny) ® (B2 (mo-1) B ay'(no)) ® ajf (meo)

=  ({d®@ecyn)(B % (m_1n_1) ®mo® ng)
(id @ cprn) 0 pPMON (m @ n).
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Thus cpr,n is a morphism of left (H, 8)-Hom-modules and left (H, 3)-Hom-
comodules. m

REMARK. The pre-braiding (cas,n) differs from the one in [16, Proposi-
tion 3.3].

THEOREM 4.7. Let (H, () be a Hom-bialgebra. Then the Hom- Yetter—
Drinfeld category EY]D) 1$ a pre-braided tensor category, with tensor product,
associativity constraints, and pre-braiding defined in Lemmas 4.4, 4.5 and
4.6, respectively, and with the unit I = (K,idg).

Proof. The proof of the pentagon axiom for aysn,p coincides with the
proof of [16, Theorem 3.4]. Next we prove the hexagonal relation for ey n.
Let (M,>ar, pM, anr), (N, >N, pN,an), (P, >p, pP' ap) € EYD. Then for
allme M, ne€ N and p € P, we have

((dy @ ear,p) © (an,m,p) © (em,v ®@idp))((m @ n) @ p)

= ay' (B (m-1) >y ay'(n) @ (B2 (ay (mo)-1) >p p)
® apr (A (mo)o))
ay (B2 (m_1) >n ay'(n))

(HCM2) g

® ((
ay' (B(m-11) >y ay'(n) @ ((B(m_12) DPP)®04M (mo
"=Vt (Bmor)1 By oyt (n) @ ((B(m
PEY (B (gt (m) 1)1 By ayt(n)
® ((8%(epf (m)-1)2>p p) @ ayf (m)o)
= (an,pm o cpmNeP © apN,p)((M®n)® p),

(HOM1)

and
((ear,p ®idn) o (ay'y, p) o (idar © enp))(m @ (n @ p))
= (Bam(m)=1) Bpap(B2(n_1) Bp ap'(p) ® ayf (an(m)o))
® ay’ (no)
MEY (B anm(m)—1) Bp (B(n1) Bp api(p) ® ayf (aar(m)o))
® ay’ (o)
"EY (Blanr(m)-1)B(n-1)) > p ap(p) @ ayf (anr(m)o)) @ ay?(no)
LAY (b ((anr (m)—1n-1)) B p ap2(p)) @ agf (an(m)o)) @ an?(no)
= (a§,11\4,N O CM@N,P © aﬁ,N,p)(m ® (n ®p)),

finishing the proof. m
By Theorems 3.3, 3.6 and 4.7, we can get the main result in this paper.
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THEOREM 4.8. Let (H, 3) be a Hom-bialgebra, (A, o) a left (H, 5)-module
Hom-algebra and a left (H, B)-comodule Hom-coalgebra. Then (AEH, HARH
1a® 1y, Asor,eARemy, a® B) is a Radford biproduct Hom-bialgebra if and
only if (A, «) is a Hom-bialgebra in the Hom- Yetter—Drinfeld category gY]D).

Proof. This is obvious if we compare conditions (R4) and (R5) in The-
orem 3.3 with condition (HYD) in Definition 4.1 and the definition of the
pre-braiding cys v in Lemma 4.6, respectively. m

REMARKS. (1) If @ = id4 and § = idy in Theorem 4.8, then we get
Mayjid’s conclusion about the usual Radford biproduct and Yetter—Drinfeld
category.

(2) (AEH, pagas 14 @ g, Ao, ea @ e, a® B’SAEH) is a Radford bi-
product Hom-Hopf algebra if and only if (A, «, S4) is a Hom-Hopf algebra
in the Hom-Yetter—Drinfeld category EYD.

5. Applications. In this section, we give some applications of the above
results.

EXAMPLE 5.1. Let KZy = K{1,a} be a Hopf group algebra (see [23]).
Then (KZs,idkz,) is a Hom-Hopf algebra.

Let To 1 = K{l,g,2,y | ¢ = 1,2° = 0,y = go, gy = —gy = =} be
Taft’s Hopf algebra (see [13]). Its coalgebra structure and antipode are given
by

Alg)=g®g, Alx)=zg+10z, Aly)=yel+gay,
E(g) =1, €($) =0, S(y) =0,
and
Slg)=9, S)=y, Sy =-=
Define a linear map o: 1o —1 — 15 —1 by

a(l)=1, alg)=g, alz)=kr, oy =ky
where 0 # k € K. Then « is an automorphism of Hopf algebras.
So we get a Hom-Hopf algebra H, = (15,1, a0 pg, _\, 11, _,, Ap, _, 00,
ety _,, ) (see [19]). By a direct computation we get:

LEMMA 5.1.1. With the notations above, define a module action > :
K70 ® Hy, — Hy by
Iz, > 1u, =1, lkz,>9=49,
1kxz, > = = kx, gz, >y = ky,
a>1ly, =1q,, a>g=y,
al>x = kx, aly=ky,
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Then (Hq, >, @) is a(KZ2,1d gz, )-module Hom-algebra. Therefore, (Ho§ K Zs,
a®idkz,) is a smash product Hom-algebra.

LEMMA 5.1.2. With the notations above, define a comodule action p :
H, — KZy® H,, by

lg, = 1kz, ® 1y, g—1lgz, ®g, z—ka®z, y—ka®y.
Then (Hy, p, ) is a left (KZs,idk7z,)-comodule Hom-coalgebra. Therefore,
(Ho it KZo,a ® idkz,) is a smash coproduct Hom-coalgebra.

From the above two lemmas and a direct computation, we have

THEOREM 5.1.3. With the notations above, (Ho3KZs, p1g.4K7,, 11, @
1k7,, AH 0KZy EH, @ €K7,, @ ® idkz,) s a Radford biproduct Hom-bi-
algebra. Furthermore, (Ho" K Zs, a®idkz,, Sy “KZQ) is a Hom-Hopf algebra,

where SHQEKZQ is defined by
SHaiKzg(lHa ®1kz,) = 1u, @ 1kz,, SH&gKZ (lg, ®a) =1y, ®a,
SHagKZ2(9®1KZQ) ®1K227 Sh. U K7, (g®a)=g®a,
Shaixz, (¥ @ 1Kz,) = Su iz, (T ©a) =y 1Kz,
Suikz, U ® 1kz,) = —r®a, St ikz, W ®a) = -1 ® 1Kz,

EXAMPLE 5.2. Let KZy = K{1,a} be a Hopf group algebra as in Ex-
ample 5.1.
Let A = K{1,z} be a vector space. Define the multiplication 14 by

lz=z21=1z, 2%2=0,
and the automorphism §: A — A by
B(l)=1, p(z)=lz

for some 0 # [ € K. Then (A4, ) is a Hom-algebra.
Define the comultiplication A 4 by

As(1)=1®1, Ax(z)=1z2014+11®z, and ex(l)=1, e4(z)=0.
Then (A, 5) is a Hom-coalgebra. By a direct computation we get:

LEMMA 5.2.1. With the notations above, define a module action > :
K7y A— A by
1kz, B 1a =14, 1gz,>2=1Iz,
a1y =14, al>z=—lz.

Then (A,>, ) is a (KZs2,idk7z,)-module Hom-algebra. Therefore, (A4 KZs,
B ®idkz,) is a smash product Hom-algebra.
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LEMMA 5.2.2. With the notations above, define a comodule action ) :
A— KZs® A by

1a— 1gz, ® 14, z=la® z.
Then (A,v,B) is a left (KZ2,idkz,)-comodule Hom-coalgebra. Therefore,
(At KZs, B ®idkz,) is a smash coproduct Hom-coalgebra.

By the above two lemmas and a direct computation, we have

THEOREM 5.2.3. With the notations above, (AEKZQ, ALK Z2 1 A®1 K7, ,
A foKTys €A R ERT,, B®1dkz,) is a Radford biproduct Hom-bialgebra. Fur-

thermore, (AEKZQ, g ® idgz,, S

A“KZZ) is a Hom-Hopf algebra, where
S

ik, U8 defined by
Saiwz, (1A ©1kz,) =14 @ 1kz,,  Syppey,(14©0a) =1a®a,
SAQKZ2(Z®1KZ2):z®aa SAEKZQ(z(X)a):_Z@lKZT

REMARK. If B = idy, i.e., I = 1, then Example 5.2 coincides with the
biproduct BxH (which is isomorphic to Sweedler’s Hopf algebra T5 ) of [12,
Example 4.3].

In the following, let us recall the definition of a quasitriangular Hom-Hopf
algebra from [26] or [10].

A quasitriangular Hom-Hopf algebra is an octuple (H, u, 1g, A, €, S, B, R)
(abbr. (H, 8, R)) in which (H,u,1g,A,¢,S,3) is a Hom-Hopf algebra and
R =R'® R? ¢ H® H, satisfying the following axioms (for all h € H and
R=r):

(QHA1L) e(RYR? = R'e(R?) =1,

(QHA2) R'; ® R's ® B(R?) = B(RY) ® B(r!) @ R%r?,

(QHA3) B(R') ® R*1 ® R*y = R'r' @ B(r?) ® B(R?),

(QHA4) hoR' ® hiR? = R'hy ® R%ha,

(QHA5) B(R') @ B(R?*) = R' ® R2.

Let (H, 3,S) be a Hom-Hopf algebra and R = R' ® R? € H® H. Define

p':H - H®H, hw—h_1®hy=LF3R*® RN,

PROPOSITION 5.3. Let (H, 3, R) be a quasitriangular Hom-Hopf algebra.
Then (H, B, p™) is a left (H, 3)-comodule Hom-coalgebra and (H, jugr, p™, 5)
18 a Hom- Yetter—Drinfeld module.

Proof. We compute as follows:

B(h_1) ® B(ho) = B(B(R?))
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o (HCM1) holds. Now,

hon®@ho1Blhe) = BRI @B (R B(R'A)
WAL 33 (RY) @ —3<R2 ) ® B(R")B(h)
CEY AR @ B @ (r'RY)B(h)
"2 BARY) @ B2 @ B(rY) (R'D)
G2 BARY) @ (r2)®7" (R'h)
= B(h- 1)®ho 1 ® hoo,
thus we get (HCM2). Next,
B%(h—1) @ ho1 @ hoa = B7HR*) @ (R'h)1 ® (R'h)s
= B YR?))®@R'1h; ® R'shy
C2Y B 2(R%?) @ B(RYhy @ B(r!)hy
(QHAS), (HA1)

BER)B0) @ Ry @ rihy
= hi1—1h1-1 ® h1o ® hao,

therefore we obtain (HCMC1).
(HCMC?2) can be checked by using (QHAL).
Finally, we verify that (HYD) is satisfied:

(B%(h1) > g)—1ha ® (B2 (h1) > g)o = B> (R*)ha @ R*(*(h1)g)
Y27 B3 (RY)hy @ (B7Y(RY)A2(h1))B(g)
ML 53 (R233(h)) @ BN (RYBP (h)1)B(g)
B73(B3(h)1R?) @ B~1(B3(h)2RY)B(9)
h1B73(R?) @ (B82(h2) B~ (RY))B(9)
(h2)(B~ 1(Rl)g)
(h2)(R'g) = h1B(g-1) ® (8°(h2) ™ g0),

(QHA)
(HAL(HO1)

(HA?2)

= mp(RY)ep
(QI¥5) hlﬁ_Q(RQ) ® B3
finishing the proof. m

PROPOSITION 5.4. Let (H,(3,S) be a Hom-Hopf algebra, with the nota-
tions as above. If (H,B3,p™) is a left (H,3)-comodule Hom-coalgebra and
(H, g, p™, B) is a Hom-Yetter-Drinfeld module, then (H, [, R) is a quasi-
triangular Hom-Hopf algebra.

Proof. This is straightforward. =
By Propositions 5.3 and 5.4, we have:

THEOREM 5.5. With the notations above, (H, 3, R) is a quasitriangular
Hom-Hopf algebra if and only if (H, 3, p™) is a left (H,3)-comodule Hom-
coalgebra and (H, g, p™, B) is a Hom- Yetter-Drinfeld module.
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Dually, we have
THEOREM 5.6. Let (H,[3,S) be a Hom-Hopf algebra and o : HQ H — K

a bilinear map. Define >y : H® H — H by

h@gr hi>pg=o0(g, B >(h))ge

for h,g € H. Then (H,3,0) is a cobraided Hom-Hopf algebra (see [11,127])
if and only if (H,B,>p) is a left (H,)-module Hom-algebra and (H, >,
A, B) is a Hom-Yetter—Drinfeld module.
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