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Abstract. The Bott—Chern cohomology groups and the Bott—Chern Laplacian on
differential forms of mixed type on a compact foliated Kéhler manifold are defined and
studied. Also, a Hodge decomposition theorem of Bott—Chern type for differential forms
of mixed type is proved. Finally, the case of projectivized tangent bundle of a complex
Finsler manifold is discussed.

1. Introduction and preliminaries

1.1. Introduction. The importance of Hodge theory both in Rieman-
nian and complex geometry is beyond question. On the other hand the
study of geometry and cohomology of hermitian foliations was initiated by
I. Vaisman [Va7ll Va73, [Va77] and the Hodge theory for basic forms, in
both transversally riemannian and kahlerian cases, was intensively studied
by A. El Kacimi Alaoui et al. [E-K| [E-K-G| [E-K-H|. We also mention that
in |Zh06] a Hodge decomposition theorem on Kéhler-Finsler manifolds is
obtained. Recently, M. Schweitzer [S] developed a Bott—Chern cohomology
theory on complex manifolds and obtained a Hodge type decomposition
with respect to the associated Bott—Chern Laplacian. Also, L.-S. Tseng and
S.-T. Yau [T-Y] presented a systematic study of cohomology and Hodge
theory of Bott—Chern type on symplectic manifolds.

The main goal of the present paper is to study a Bott—Chern cohomology
theory for differential forms of mixed type and some Hodge type decomposi-
tions for such forms on a compact foliated Kahler manifold. Firstly, follow-
ing [Va7ll Va73] and [Va77] we give a short review of decompositions of the
classical operators d, x,d, L, A and C for forms of mixed type on compact
foliated K&hler manifolds. Next, we define the Bott—Chern and Aeppli coho-
mology groups of these forms, discuss the Bott—Chern and Aeppli Laplacian,
and prove some Hodge type decomposition theorems for differential forms

2010 Mathematics Subject Classification: Primary 53C12, 57R30; Secondary 55N34,
32C36, 53B40.

Key words and phrases: foliated Kéhler manifold, cohomology, Hodge—Bott—Chern theory,
complex Finsler structure.

DOI: 10.4064/cm137-1-6 [89] © Instytut Matematyczny PAN, 2014



90 C. IDA

of mixed type. The methods used here are similar to those applied in [S]
and [T-Y], and are closely related to those used in [Va77]. Finally, it is
shown that such Hodge decompositions of Bott—Chern type hold for differ-
ential forms of mixed type on the projectivized tangent bundle of a complex
Finsler manifold.

1.2. Preliminaries. Let us begin with a short review of complex ana-
lytic foliated manifolds and set up the basic notation and terminology. For
more details, see [Va7ll Va73l, [Va77].

DEFINITION 1.1 ([Va77]). A complex analytic foliated structure F, briefly
c.a.f., of complex codimension n on a complex (n+m)-dimensional manifold
M is given by an atlas {U, (2%, z%)}, with a, b, ... running in {1,...,n} and

w,v,... running in {n+1,...,n+ m}, such that for every U,,Ug € U with
Us NUg # () one has, besides analyticity, 0z /0z4 = 0.

The leaves of F are locally given by 2% = const. Let T%°M be the
holomorphic tangent bundle of M, and T%' M = T1O0M the antiholomor-
phic tangent bundle. The tangent vectors of the leaves define the structural
subbundle DY = THOF of T1HOM with local bases 8, = {8/9z%} and the
transition functions (9zf/9z), and QYO F = TYOM/TIOF is the transver-
sal bundle with local bases defined by the equivalence classes [0/0z2] and
the transition functions (9z3/ 02%).

Generally, we shall say that objects depending only on leaves are foli-
ated; in particular, they may be c.a.f. For instance, f : M — C'is foliated if
0f/0z% = 0f/0z% = 0, and it is c.a.f. if moreover 0f/0Z% = 0. A differential
form is c.a.f. if it does not contain dz2,dz: and has local c.a.f. coeflicients.
A vector bundle on M is c.a.f. if it has c.a.f. transition functions (for in-
stance, the transversal bundle is so).

In the following, we suppose that M is hermitian with metric h. Then
the orthogonal bundle DY+ = TLOLF of TWOF ie. TWOM = DLOL g DLO,
which is differentially isomorphic to @°F, has local bases of the form

0 0 u 0

(1.1) 5.0 = 9aa ta@

(the index « of the coordinate neighborhood will be omitted) and we shall
use the bases {0q4,0,}, where 6, = 0/02%, to express various vector fields
of X(M). By conjugation, we have D%! = D10 = span{dy} and DO+ =
DLOL = span{dz}, and hence the decomposition of the complexified tangent
bundle of (M, F), namely TcM = D+ & D, where D+ = D10+ ¢ DO and
D = D" @ DY, The corresponding dual cobases are given by

(1.2) {dz%,02" = dz" + tidz", dz?, 0z" = dz" + t¥dz"}.

These cobases allow us to speak of the type (p1,p2,q1,q2) of a differential
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form by counting in its expression the number of dz%, dz%, §z" and 6z“,
respectively. Thus, we denote by

(QP1:P2,41,42 (M) — APvr2pL A A2 D
the set of all (p1, pe, q1, g2)-differential forms, locally given by

1
Y= m Z P Ay, BpyUgy Vs dzr1 A dzBe2 A §2Va A 57V
where we have put A, = (a1...ap,), Bp, = (b1...bp,), Uy, = (u1...uq),
Vo = (V1...0g,), dzt1 = dz® A --o N d2%1, dZPr2 = dZ0% Ao A dEY,
62V = 62 Ao Adz%a and 62V = §ZT A - A 57V,
These forms will be referred to as being of complex type (p1+q1, p2+q2),
foliated type (p1 + p2, q1 + q2) and mized type (p1,p2 + q1 + ¢2).
Throughout this paper we consider forms of mixed type and we denote
by APY (M, F) the space of all differential forms of mixed type (p,¢) on

(M, F). According to the above discussion we have (see also [B-C-I])

(1.3)

q
A (M F) = D arria M F) = D arFDt a4 (D, 0).
rh k=0

The metric can be locally expressed as
(1.4) h=hgdz" ®dz° + hyz02" @ 67

and its fundamental form is

(1.5) w=w+d", W= %hagdz“ Adzb, W= %hugéz“ A0z,
We also notice that the metric h is Kéhler (dw = 0) if and only if [Va73]:
(a) dehyg — dahg =0, (b) Ouhy — huwdafy =0,
(16) (C) 5ahuﬁ — hu@@ut}f == 0, (d) auhvﬁ - avhuﬁ = Oa
() O™ — 5at% =0, (f) POt — hygOst = 0.

On the manifold M, we can consider the classical scalar product and
the operators d, *,d, L, A, C', with respect to forms of complex type [M-K];
following [Va77], we will present the decompositions of these operators with
respect to the mixed type.

Let us assume that the manifold M is compact. The operator d has an
obvious decomposition (see [Varll Va73]),

(1.7) d=p+\+v

into three parts of the respective mixed types (1,0), (0,1) and (2, —1).

It is easy to see that in the Kéhlerian case condition (L.6)(e) implies
v = 0. Hence the differential forms on a foliated Kdhler manifold are orga-
nized into a double cochain complexr by means of mized types.
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We denote by 279(M) the set of all (p,q)-forms of complex type on
(M, F). In order to recall the Hodge star operator x for differential forms
of complex type, according to [Ko87, p. 60], we choose (1,0)-forms (1, ...,
¢t e 2YO(M) locally forming a unitary frame field for the holomorphic
cotangent bundle (T%°M)* so that

(1.8) h:ZCa@)Za and w:izca/\fa.

For each ordered set of indices 4, = {ai,...,q,}, we write (4» = (¥ A
.. ./\C%)ZA” — Zal A-- -/\z% and denote by Apim—p = {pt1,-..,ntm} a
complementary ordered set of indices. We might as well assume that a1 <
-+ + < Qutm although this is not essential. The star operator % : 2P9(M) —
Qrtm=antm=p(A) is defined as a linear map (over 2°(M) = 2°9(M))
satisfying

(1.9) (¢ NTPY) = e(Ap, By)(Brim—a AT

where e(Ap, By) = (_1)(n+m)p+(n+m)(n+m+2)/2U(ApAn+m—p)U(Ban—l—m—q)-
Here o(ApAni+m—p) denotes the sign of the permutation (ApAnfm—p)-
Next, we shall consider the dual operator x defined by composition of x
with complex conjugation, that is, x : 2PI(M) — QTM=PrtmM=a(A) is
given by *p := xp = *@.
The sign in is chosen so that

wn—i—m

—By _ =Bq ‘n+m a A FX
(110) (A AT AR ACT) =D CUNC =

-B =B,
If o = ﬁ ZSOAquCAP AC " and ¢ = ﬁ ZwAPECAP A ¢ are two (p, q)-
forms of complex type on (M, F) then
_ 1 —\ w
) o150 = (535 X oa T ) o
The inner product in the space of (p, ¢)-forms of complex type on (M, F)
is given by setting

(1.12) (o) = | o AR

M

n+m

Now, * sends forms of mixed type (p,q) to forms of mixed type (n — p,
n+2m — q). If we write ¢, € AMI (M, F) as ¢ = @] _, pthg—n and
P = 69%:0 Ypth,g—h, Where the subscripts indicate the complex type of the
respective terms, then their scalar product is given by

q
(1'13) <907 ¢> = @(@p—o—h,q—ha wp—o—h,q—h)'

h=0
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As in the classical theory [Ko87, [M-K], it follows that

(1.14) F)lo = (—1)48¥%p, § = —xdx,

hence

(1.15)  d=p "+ XN +v", pu'=—%ux, N =-F\%, V" =—%v%,
where the summands have mixed types (—1,0), (0,—1) and (-2, 1), respec-
tively, and in the kahlerian case v* = 0. From we have L = L' + L,

where L’ denotes left exterior multiplication by w’ and has mixed type (1, 1),
and similarly L” has mixed type (0,2). It also follows that

(1.16) A=A +A" AN=-=xL% AN =—-xL"%,

where the summands have mixed types (—1,—1) and (0, —2), respectively.
The operator C': 2*(M) — 2P9(M) is defined by Cp = 3 iP"%p, 4

for any ¢ = > pq € £2°(M), where the subscripts indicate the com-

plex type of the respective terms. If ¢ is of mixed type (p,q) with ¢ =

@2:0 ©p+h,q—h, Where the subscripts indicate the complex type of the re-
spective terms, then

q
(1.17) Cop =1 @(_1)h¢p+h,q—hv
h=0

which shows that C preserves the mixed type and C~! = (—=1)P=9C. We
have

ProprosiTION 1.1 ([Va77]). On a compact foliated Kdhler manifold the
following relations hold:

(1.18) Ay —pA + AN =\ = —C7I\*C,
(1.19) Ay —pA" =0, AX=2A =—-C"u*C.
If we apply the above formulas to a homogeneous form of mixed type
(p,q) and use ([1.17]) we obtain
(1.20) Ap—pA + AN = AA" =i\, AN A = —ip*.
PROPOSITION 1.2. If (M, F,w) is a compact foliated Kdhler manifold,
then

(1.21) =2 =+ =0, =X = N+ Nt =0,
(1.22) PN 4 A =0, uA* + X = 0.

Proof. Relations ([1.21]) follow since d> = §% = 0, and ([1.22)) follows by
applying ((1.20) and the first equation in (1.19)). =

2. Bott—Chern cohomology of forms of mixed type. In this sec-
tion we define the Bott—Chern cohomology groups of differential forms of
mixed type on a compact foliated Kéahler manifold (M, F,w).
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Let AP? (M, F) be the set of all differential forms of mixed type (p, ¢) on
the foliated Kéhler manifold (M, F,w). According to the previous section
we can consider the following differential complexes:

The differential complex
(2.1) A ARITY M, F) S AR

mix mix

(M, F) 2 -

is called the A-complex of (M, F,w); its cohomology groups, defined in
[VaTl], are explicitly given by

ker{\ : AL (M, F) — ALLTH (M, F)}

99 1P M,JT" _ mix mix .
( ) mlx,)\( ) 1m{)\ . Aﬁ’nq):l(_/\/[,]:) — A&?X(Mv]:)}

The differential complex

(2.3) APTHTN M, F) 2 pgpa

mix mix

(M, F) 20 qrtbapg Fy @ AP (M, F)

mix mix
is called the Bott—Chern complex of (M, F,w); its cohomology groups
ker{p : AP Afn+1’q} Nker{\: Aﬁfx — /lp’(-]H}

mix ix mix

im{p : AP ha=t Ly gpa

mix mix }

(24) Hi po(M, F) =

are called the Bott—Chern cohomology groups of bidegree (p,q) of differential
forms of mized type on (M, F,w).

It is easy to see that the above discussion gives rise to the canonical
maps

(2.5)  Hpfl po(M,F) = HE (M, F),  HEL 5o(M,F) = HYL (M, F).

mix, A

Here H§+q(/\/l,.7-') denotes the (p + ¢)th de Rham cohomology group of
(M, F,w).

In the following, as usual [Al [Bi], we consider the dual of the Bott—Chern
cohomology groups, given by

ker{p\ : AP — APTLat1y

mix mix

}im{A: AR o AP

)
mix mix }

HPS (M, F) =
le’A( ) im{p : APTha AP

mix mix

called the Aeppli cohomology groups of differential forms of mixed type on
(M, F,w).

PROPOSITION 2.1. The exterior product induces a bilinear map
(26) A HPL L (M, F) x HES (M, F) = HEDEE (M, F).

mix, A mix,A

Proof. Let ¢, € AP (M, F). If ¢ is d-closed and ¢ is pA-closed then
A is uA-closed. Also, if ¢ is d-closed and v is d-exact then p A is d-exact
and if ¢ is pA-exact and 1 is pA-closed then ¢ A ¢ is d-exact.

For the last assertion, we have
PAY=pAN A = 5d[(A = I A+ (=PI A (u— N)¢]. w
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In particular, we have
HIII)an BC(M7'F) X H;LHXPXL"FQm q(M 'F)
— HEHN (M, F) = HPP2m(M, F).

mix,A

3. Bott—Chern Laplacian and Hodge decompositions of forms
of mixed type. In this section we define the Bott—Chern Laplacian for dif-
ferential forms of mixed type on a compact foliated Kahler manifold and we
obtain a Hodge type decomposition theorem with respect to this Laplacian.
The notions are introduced using the same technique as in [S] [T-Y].

It is easy to see that in the kéhlerian case the Laplace operator A =
do + 6d admits the decomposition A = A, + Ay, where

(3.1) Ay =pp* +p*p, A=A+ XA\
PROPOSITION 3.1. Let (M, F,w) be a compact foliated Kdhler manifold.
Then A, = Ay.
Proof. Using , we have
Ay = pi(AX=2A") +i(AN=2A)u
= ip AN —ip A+ iA A — idA'p
and
Ay = -Xi(Ap—pA + AN = XA") — (A — pA" + A" — XA")A
= —idMA 4 iIdpA — iIXA'XN — i A p\ +ip AN 4 XA N
= ip AN — ipAA + A Ay — XA . w
According to [Varl], Ay is an elliptic operator and the following Hodge
decomposition holds:

(3.2) AT (M, F) =ker Ay @ im A & im \*.

We now define the Bott—Chern Laplacian for differential forms of mixed
type (p,q) by
(3.3) ARG = BAA) + 1+ A
This operator is self-adjoint, i.e. (ABS o, 1) = (p, ABC ). For a form ¢ €
APE (M, F) we have

(AR5, 0) = (A (LA @ + p* e + A Mg, @)
= ((A) @, (uA) ) + (e, o) + (A, Ap)
= [[(uA)*elI* + lluel® + [ Aell?,
where |¢||2 = (¢, ). Thus, we obtain

PROPOSITION 3.2. ABS » = 0 if and only if (u\)*¢ = up = Ap = 0.
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We denote the space of ABS -harmonic (p,q)-forms of mixed type by
,Hr%l(i]x,BC (M’ f)

Following the ideas of [T-Y], we now show that H* (M, F) is finite-
dimensional by analyzing the space of its harmonic forms. Firstly, we intro-
duce a related elliptic fourth-order differential operator:

ABC * ok * ok * * * * * *
(3.4) ABS — AN N A Nt A AN 4 NN+
This operator has the same kernel as AEE(. Indeed,

0 = (¢, Apice) = e P Il + (1A @12+ A P+ M P+ A |

and the three additional terms clearly do not give any additional conditions
and are automatically zero if one requires that up = Ap = 0. Essentially,
the presence of the second-order differential terms ensures that the spaces
ker AEEX and ker Agg( coincide. We notice that such a fourth-order differ-
ential operator is considered in [E-K-GJ for basic forms on transversally
kahlerian foliations. We have an analogous result for the operator ANES(

PROPOSITION 3.3. If (M, F,w) is a compact foliated Kdhler manifold,

then
ABC — Ay Ay 4 4+ A

mix

Proof. Using (|1.21)) and (1.22)), by direct calculation one gets

ABC — I 4 N+ N N 4 AN+ XA 4 it
= AN A NN A AN gt NN A XX g
= (4 ) AN+ XN + NN+ ptp
= A AN+ XA+ i = ANANH N A+ p e

THEOREM 3.1. Let (M, F,w) be a compact foliated Kdihler manifold.
Then

(i) dimH2L [ (M, F) < 0o;

(ii) There is an orthogonal decomposition

(35) AP (M,F) = HPL 5o (M, F) @ im(p) @ (imp* + im A7),

mix
(iii) There are canonical isomorphisms

Hﬁfi}x,BC(Mﬂ}—) = HIII);?X,BC(M“]:) = 1l (M,]:)

mix,\

Proof. (i) Because only the highest order differential contributes to the
principal symbol of a Laplace operator, by the calculations of AE]iCX from
ANBC

Proposition 3.3, it follows that the principal symbol of AP~ is equal to that

of the square of the operator Ay, so it is positive. AES( is thus elliptic and
hence its kernel, H2? o (M, F), is finite-dimensional.
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Assertion (ii) then follows directly by applying elliptic theory. For (iii),
using the decomposition of (ii), we have
(3.6) ker(p+ A) = Hmlx oM, F) @im(u).
Indeed, for a form ¢ € AP (M, F) given by ¢ = ¢ + pAd + p*01 + A\*6a,
where ¢ € Hmlx po(M, F), we have pip = Ap = 0 if and only if
0= (01, u(p 01 + X"02)) + (G2, A\(1™ 01 + A\*62))
= (W61 + A", 61 + A"02) = [[p"61 + >\*92||2>

which gives p*61 +A*62 = 0, i.e. the desired decomposition (3.6)). Thus every
cohomology class of H 7 BC(M F) contains a unique harmomc represen-

tative and Hixd po (M, F ) HYE pe(M, F), proving the first isomorphism
of (iii). Furthermore, we have

(3.7) ker ABC = ker Ay

mix

Indeed, if ¢ € ker Aﬁi then by the calculations of Aﬁg( from Proposi-
tion 3.3,

0 = (p, AREe) = 1 Aol + lluel® + 1],
which says that ¢ € ker Ay. Conversely, if ¢ € ker Ay, then by Proposi-

tion 3.1, ¢ € ker Ay, hence \p = pup = 0 and so ¢ € ker Amlx Finally,
similarly to the above we have Hmlx WM, F) = Hf;uqx L (M, F), and now the

second isomorphism of (iii) follows from (3.7). =

COROLLARY 3.1. If (M, F,w) is a compact foliated Kdhler manifold,
then HY (M, F) is finite-dimensional.

Now, let us define the Aeppli Laplacian for differential forms of mixed
type (p,q) by
(3.8) A = " + AN+ ().

It is not elliptic, but the related operator
(3.9) Al = pp AN N A+ AN+ pA AT A A
is elliptic when (M, F,w) is a compact foliated Kéhler manifold.

Now, if we denote Hmlx AWM, F) = ker Aﬁlx, then by applying ellliptic

theory arguments, similar to those in Theorem 3. 1, we obtain

THEOREM 3.2. Let (M,F,w) be a compact foliated Kdhler manifold.
Then

(i) dimHpE A (M, F) < 0.
(ii) There is an orthogonal decomposition

(3.10) AP (M, F) = leA(./\/l F) @ (imp +1im N) @ im(A*u*).

mix
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(iii) There is a canonical isomorphism

Hid AWM, F) = HEE (M, F).

mix,A

COROLLARY 3.2. If (M, F,w) is a compact foliated Kdhler manifold,
then H?1 (M, F) is finite-dimensional.

mix, A

Finally, if ¢ € Hmlx go(M,F) then up = Ap = p*A*p = 0 if and
only if \*(x¢) = p*(*p) = pA(*¢) = 0, which holds if and only if xp €
Ho P ’:Hm_q(/\/l,]:), where we have used the relations \* = —%\% and
w* = —%u*. Thus, * gives an isomorphism

Hyl o (M, F) 2 Hip i (M, F).

4. The case of the projectivized tangent bundle of a complex
Finsler manifold. In this section it is shown that similar Hodge decom-
positions of Bott—Chern type are valid for differential forms of mixed type
on the total space of the projectivized tangent bundle of a complex Finsler
manifold.

Let M be an n-dimensional complex manifold and (2%), k = 1,...,n
the complex coordinates in a local chart U. The complexification of the
real tangent bundle TrM, denoted by TcM, splits into the direct sum
TYOM @ TO'M of the holomorphic tangent bundle 75°M and antiholo-
morphic tangent bundle 7% M. The total space of the holomorphic tangent
bundle 7 : TV9M — M is in turn a 2n-dimensional complex manifold with
(zk,nk), k =1,...,n, the induced complex coordinates in the local chart
7 Y(U), where n = n*8/9z* € T}°M.

A complex Finsler space is a pair (M, F), where F : T*°M — R, U {0}
is a continuous function satisfying the following conditions:

(i) L := F? is smooth on M := T'OM — {zero section};

(ii) F(z,n) > 0, and equality holds if and only if n = 0;

(iii) F(z,An) = |A|F(z,n) for any A € C (homogeneity);

(iv) the hermitian matrix (g;) is positive definite, where gz =
0?L/On'0n’ is the fundamental metric tensor, or equivalently, the
indicatrix I, = {n € To"M | gﬁ(z,n)niﬁj = 1} is strongly pseudo-
convex for any z € M.

Consequently, from (iii) we have

OL 4 _ OL 4 995 1, _ 995 4 i—j
— I, —0, g7 =L.
o' = o = o = 9517

(4.1)

Roughly speaking, the geometry of a complex Finsler space involves the
geometric objects of the complex manifold T1°M endowed with a hermitian
metric structure defined by 9ij-
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Let VYO(M) c TH9(M) be the holomorphic vertical bundle, locally
spanned by {9/0n*}, and VO (M ) be its conjugate, locally spanned by
{0/0F}. A complex nonlinear connection, briefly c.n.c., on M is defined
by a complementary complex subbundle to VlvO(M ) in Tl’O(M ), so that
TYO(M) = HYO(M) @ V1O(M). The horizontal subbundle H0(M) is lo-

cally spanned by
4] 0 ;0
— = — — N/ —
{ dzk 0k koni }’

where Ng(z, n) are the coefficients of the c.n.c., which obey a specific trans-
formation rule under changes of local charts such that

§ 029§
02k 92k 520
Obviously, we also have
o 027 0
ot ozF oyl
The pair {6/62%,0/0n*}, k = 1,...,n, will be called the adapted frame of
the c.n.c. By conjugation an adapted frame {§/§z% 0/07*} is obtained on
TOY (M ) The dual adapted bases are given by {dz*}, {6n* = dn* + N kdzj}
{dz*} and {07* = di* + le?cfj}, respectively.
According to [A-Pl [Ai Mu], a c.n.c. on (M, F') depending only on the
complex Finsler metric F' is the Chern—Finsler c.n.c. locally given by

CF, . .
(4.2) N} = ¢" 0y0m(L),
where (¢"7) is the inverse of (gjm), and it has an important property:
CF CF, CF,
(4.3) = 6y Ni—6; N = 0.

We will consider the adapted frames and coframes with respect to the
Chern—Finsler c.n.c. Slmllarly to , with respect to the adapted coframes

{dzF, dz", 0k, 60k} of T(CM a (pl,pg,ql,qQ) form ¢ on M is locally given
by
1
= oo lala ¥
p1-p2-q1:q2:
Such (p1, p2, q1, g2)-forms on complex Finsler manifolds are defined in [P-M].
See also [Zh09al, [Zh09b].

As in the preliminary subsection these forms may be viewed as being of
mixed type (p1,p2 + ¢1 + g2) (see also [I]), and we denote by AY? (M) the

(4.4) ImEquHf%(z,n)dzlm A dz7e2 A gnFa A ortlen

set of all differential forms of mixed type (p,q) on M.
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Now we suppose that the manifold M is compact. Note that there is
a natural C* = C — {0} action on M, and the associated projectivized
bundle is defined by P(M) = ]\7/((3* with the projection pys : P(M) — M.
Each fiber P,(T*OM) = P(T+°M) is isomorphic to the (n — ) dimensional
complex projective space P"!(C). The pull-back bundle p;; YTOM) is a
holomorphic vector bundle of rank n over P(M ). Thus, the local complex
coordinates (z,m) on TH°M may also be considered as a local complex co-
ordinate system for P(M ) as long as ', ..., n" is treated as a homogeneous
coordinate system for fibers. All the geometric objects on Tl’OM which are
invariant under replacmg n by An, A \ € C*, descend to P(M ). The reason

for working with P(M) rather than M is that P(M) is a compact complex
manifold with dim¢ P(M ) = 2n — 1 whenever M is a compact complex
manifold of dimension n (see [Ko75, [Ko96]). Also, due to [B-K], the natural
hermitian metric on M given by the Sasaki type lift of the fundamental
metric tensor 9i5>

Gy = Qi;dzi ® dz’ + gﬁéni ® 07,
descends to a nondegenerate metric
Gpan = 9742 ® d7 + (In L) 56n' @ 677

on the total space P(M), where (InL); = 0?InL/on'on’. See also [Adl

C-W]|. The corresponding fundamental form is Wpin = P(M) + wP ik
where
(4.5) wh — = /= 1g; A2 NdF, WY~ = 1(InL); =on' A 0T

P(M) P(M)

Let A (P(M)) be the set of all differential forms of mixed type (p, q)
locally given by which are invariant under replacing n by An, A € C*.

Now by ((4.3), the exterior derivative d on such forms admits a decom-
position d = A + p into parts of the respective mixed types (1,0) and (0, 1).
Thus, by the same technique as in the previous sections, we can define the
Bott—Chern and Aeppli Laplacian on AY? (P(M)), and we can prove that
similar Hodge decompositions of Bott—Chern type are valid for the differ-
ential forms of mixed type (p,q) on the projectivized tangent bundle of a
complex Finsler manifold.
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