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A RICCI FLAT PSEUDO-RIEMANNIAN METRIC
ON THE TANGENT BUNDLE OF A RIEMANNIAN MANIFOLD

BY

NECULAI PAPAGHIUC (Iasi)

Abstract. We consider a certain pseudo-Riemannian metric G on the tangent bundle
TM of a Riemannian manifold (M, g) and obtain necessary and sufficient conditions for
the pseudo-Riemannian manifold (7'M, G) to be Ricci flat (see Theorem 2).

1. Introduction. The tangent bundle TM of a Riemannian manifold
(M, g) can be organized as a Riemannian or a pseudo-Riemannian manifold
in many ways. The most known such structures are given by the Sasaki
metrics (see [13], [1], [7]) and the complete lift type pseudo-Riemannian
metrics (see [15], [14], [8]), both defined on T'M with the help of g.

A slight generalization of the Sasaki metric is the special natural lift of g
to T M considered by V. Oproiu [10] (for the definition of the natural lifts of
g to TM see [4], [5], [3]). A Riemannian metric G on T'M has been defined by
using the Levi-Civita connection of g and two smooth real-valued functions
u(t),v(t) depending on the energy density only and such that u(t) > 0 and
u(t)+2tv(t) > 0 for all t € [0, 00). He has also considered an almost complex
structure J on T'M, related to the metric G and has studied the conditions
under which (T'M, G, J) is a Kéhler Einstein manifold. Note that in [10], the
author excludes some important cases which appeared, in a certain sense, as
singular cases. These singular cases have been studied by V. Oproiu and the
present author in [11], [9], [12]. Note also that one of the important cases
studied in [11] is when the Riemannian metric G on T'M is defined by using a
certain Lagrangian L on the base manifold (M, g) depending on the energy
density only (i.e. the case when v(t) = u/(¢)). On the other hand, in [§],
V. Oproiu has studied a pseudo-Riemannian structure on the tangent bundle
of a Lagrange manifold M, considering the pseudo-Riemannian metric G on
T M as being the complete lift of a quadratic form defined by the Lagrangian
L considered.
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In the present note, inspired by [10] and [8], we consider a new pseudo-
Riemannian metric G of natural lift type on TM (so that it is no longer
obtained as the complete lift by using a Lagrangian on M ). This new metric
G is defined by using also the Levi-Civita connection of the Riemannian
metric g and two smooth real-valued functions u(t), v(t) such that u(t) > 0
and u(t) + 2tv(t) > 0 for all ¢ € [0,00). Next, we study necessary and
sufficient conditions for the pseudo-Riemannian manifold (T'M,G) to be
Ricci flat. The main result is: The pseudo-Riemannian manifold (7'M, G) is
Ricci flat if and only if the base manifold (M, g) is Ricci flat and the functions
u and v which appear in the expression of G are related by v = «’. By using
some known results from Lagrange geometry (see [8], [11]), it is shown that
the condition v = v’ is equivalent to the fact that the pseudo-Riemannian
metric G considered on T'M is the complete lift of a quadratic form defined
by a certain Lagrangian L on M (see Theorem 2).

The manifolds, tensor fields and geometric objects we consider in this
paper are assumed to be differentiable of class C*° (i.e. smooth). The well
known summation convention is used throughout this paper, the range for
the indices i, j, k, [, h, s, 7 being always {1,...,n}. We denote by I'(T'M) the
module of smooth vector fields on T M.

2. The pseudo-Riemannian metric G on TM. Let (M,g) be a
smooth n-dimensional Riemannian manifold, n > 1, and denote its tan-
gent bundle by 7 : TM — M. Recall that T'M has the structure of a
2n-dimensional smooth manifold induced from the smooth manifold struc-
ture of M. A local chart (U, ) = (U,z!,...,2™) of M induces a local chart
(r71U),®) = (+—YU),z,...,2",y*,...,y") of TM in the usual way, in
particular for y € 7=1(U) the coordinates 3° are given by

.0
y=>y_y 5t

This special structure of T'M allows us to introduce the notion of so-
called M-tensor field on it (see [6]). An M-tensor field of type (p,q) on TM
is defined by sets of functions

i1 ip ) . .
le__jq(a:,y), Wy ey lpy Jlyeeondqg=1,...,1,

assigned to any induced local chart (77(U),®) on T M, such that the trans-
formation rule is that of the components of a tensor field of type (p,q) on
the base manifold. Note that any ordinary tensor field on the base manifold
may be thought of as an M-tensor field on T'M, having the same type and
with the components in the induced local chart on T'M equal to the local
coordinate components of the given tensor field in the chosen local chart on
the base manifold. In the case of a covariant tensor field on the base mani-
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fold M the corresponding M-tensor field on T'M may be thought of as the
pullback of the initial tensor field by the smooth submersion 7 : TM — M.

Recall that the Levi-Civita connection V of ¢ defines a direct sum de-
composition TTM = VT M & HT'M of the tangent bundle TTM into the
vertical distribution VI'M = Ker 7, and the horizontal distribution HT M.
The vector fields (9/0y!),...,0/0y™) define a local frame field for VT M,
and for HT'M we have the local frame field (§/6x!,...,5/6x™), where

o 0 n 0
szt fzt 0 gy’

and It (z) are the Christoffel symbols of g.

The distributions VI'M and HT M are isomorphic to each other and it
is possible to derive an almost complex structure on T'M which, together
with the Sasaki metric, determines an almost Kéhlerian structure on T'M
(see [1], [14]).

Consider now the energy density (kinetic energy)

h h k
Iio = Liky™,

t=2yl? = 39 (¥,9) = gi(x)yiy*, yerI(U),

of a tangent vector y, where g;,. are the components of ¢ in the local chart
(U, ). Let u,v : [0,00) — R be two smooth functions such that u(t) > 0
and u(t)42tv(t) > 0 for all ¢ € [0, 00). Then we may consider the symmetric
M-tensor field of type (0,2) on T'M with components (see [10], [9])

Gij = u(t)gij + v(t)goigo;,

where go; = gn;y". The matrix (G;;) is symmetric and positive definite and
has an inverse with the entries
1 v
R — Lkl Byt
w? u(u + 2tv) vy

where g* are the components of the inverse of the matrix (g;;). The com-
ponents H* (x,y) define a symmetric M-tensor field of type (2,0) on TM.
The following pseudo-Riemannian metric will be considered on T'M:

(1) G = QvayZd%] = 2(ugij + ngigoj)Vyidxj,

where Vy' = dy' + I’ ;dej is the absolute differential of 3* with respect to
the Levi-Civita connection V of ¢g. Equivalently, we have

b 90 g 0
(i) =0 o an)

a ¢ o 0
(o) =5 a) =6
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Observe that the system of 1-forms (dz!,..., dz", vyl ..., Vy") defines a
local frame of T*T M, dual to the local frame (§/0z',...,5/62™,0/0y!,. ..
., 0/0y™).
In the following we determine the Levi-Civita connection V of the pseudo-
Riemannian metric G defined by (1). To do this we need the following well
known formulas for the brackets of the vector fields 9/dy¢, §/dx":

o 0 o 6 0 5 5 0
[ay“ W] v [32/1 ’ 5963} oy’ [596“ 5963} Foig gy

where Rgij = Rzi]—yk and RZU are the local coordinate components of the
curvature tensor field of V on M.

Recall that the Levi-Civita connection V on the pseudo-Riemannian
manifold (7'M, G) is obtained from the formula

2G(VxY,Z) = X(G(Y,2)) + Y(G(X, 2)) — Z(G(X,Y)) + G([X,Y], Z)
—G([X,2],Y) - G(Y,2),X), X,Y,ZeI'(TM).

PROPOSITION 1. Let (M, g) be a Riemannian manifold. Then the Levi-
Civita connection V of the pseudo-Riemannian metric G defined by (1)
on TM has the following expression in the local adapted frame (0/0y", ...

.,8/8y",6/5m1 oo, 0/0x™):
o .0 6
Va/ay 8 P Qz]ayhv vé/éwia—y] sza h +P]16 ho

5,6 I B
va/ayiw_Pijéx—hv v6/5ziw_[‘ij5mh Slja h

where the components PZ’;, ”, Z define M -tensor fields of type (1,2) on
TM and are given by
u — v U v
pPh = O g — ——— g0ig0:"
i e <90 0; +2tvggy w20 01903Y" )
/ / !/ 2
h  u +wv n n VU —uv — v h
Y= ———(goi 0" 0L i —_———0i90:Y",
i Ty (9007 + 90;00) + +2t Tty T w(u + 2tv) 090
v
St = ¢"* Ryixi + ————— Rois
% g Ok]+u+2tv 0]0y7

Ryi; denoting the local coordinate components of the Riemann—Christoffel
tensor of V. on M and Roir; = Rlikjyl, Roijo = Rlijkylyk.

The curvature tensor field K of the Levi-Civita connection V is de-
fined by

K(X, Y)Z =VxVyZ -VyVxZ— V[X’Y]Z, XY, Z e F(TM).
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By straightforward computations we obtain

K(éi“ 5iﬂ) = XXXk’L] sor Y (leku T lekOlJy )%7
K(%v %)_ = XXYkiij K(a?,m azﬂ)_ = YYszg Sz
K(aiyi’a?ﬂ)ay _YYYk};Jayh’ K(aiyivafca) Szk _YXXI};@]&(;
K(aiyi’ 521) = YXYIQ; Szh

where the components XXX,W, XXYk”;J, YYX,?U, YYY,!:J, YXX,}JM,
YX Yk define M-tensor fields of type (1,3) on TM and are given by

XXXJ =Rl + W(R0]0k5 — Roiord"),

XXYIWJ - Rkw + QOkROzJ e Roiy" m(ngROOz gkiRgo]')
- %(90;’9%3801 — goigor Rio;)»

YYX[,; = %W(QOJ'QM — goigik)y" + %(gik%‘ — 950}
+ %(Qoz‘gowf — gojgord}"),

YYY = T (o) (90i90k0] — gojgowo]') + %(Quﬁf — girol),

Y XX} = Ry + Lg0iRi; + Wztmgmﬁykoyh — ar%io Rowijy"
- %kaoéz‘h + %gikRSOJ‘ + %QOZ‘QMRSOP

v(u’

VXY = %(Quﬁf — gK00) + W%(goz‘goms? — 90j Yoo

a—2uv(u’ —v)
+ Tu(urzm)

X [ 4 90i90k0) — w5 90igiky" — mgoz‘goggo;@yh]?
(2)  a = 2u(u+2tv)u” —3u(u)? — 2uv’ + 3uv? — dtuu'v’ — 2t(u')*v + 2t0°.

From the above formulas, we get the Ricci tensor S(Y,Z) = trace(X —
K(X,Y)Z),

( a9\ _ i i (1—n)(u —v)
S(B_yj’ W) - YYYkn‘j - YXYk:ji = urotw Y9jk

u+2tv
+ e 6 ok
(3) 2u2 (u+2tv) J05J0k>
1
S(507: 5or) = YX X[ + XXX}, = 2Rj), + %Rowk,
o &\ _ 5 _
S(a57 52%) = S(50% 507) = 0,

where R;j denote the local components of the Ricci tensor field of g.
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By (3), the pseudo-Riemannian manifold (7'M, G) is Ricci flat (i.e. Ein-
stein and with vanishing scalar curvature) if and only if the following con-
ditions are satisfied:

(4) Hv=v, (i)a=0, (i) R =0.
From (2) we see that (4)(i) implies (4)(ii). The condition (4)(iii) says that
the Riemannian manifold (M, g) is Ricci flat.

In the following, we give a geometric interpretation of the condition (4)(i)
by using a Lagrangian function L : TM — R,

(5) L=\ u(t)adt,

where u : [0,00) — R is a smooth function such that u(t) > 0 for all ¢ > 0
(see [11]). Usually in Lagrange geometry (see [2], [7], [8]), the symmetric
M-tensor field of type (0,2) on T'M is defined by the components
2
) 5= o
Yy oy

REMARKS. (i) In [11], V. Oproiu and the present author have proved that
the usual nonlinear connection determined by the Euler—-Lagrange equations
associated with the Lagrangian L defined by (5) coincides with the nonlinear
connection defined by the Levi-Civita connection V of g (see Proposition 1
of [11]).

(ii) Taking into account remark (i), it follows that the condition (4)(i) in
the expression (1) of G is equivalent to the fact that the pseudo-Riemannian
metric G defined on T'M coincides with the pseudo-Riemannian metric A€,
where h¢ is the complete lift of the quadratic form h = G;;(z,y)dz'dz’
(see [8]).

(iii) By using the results obtained by V. Oproiu [8] and the above re-
marks, the pseudo-Riemannian metric G = 2Gj; Vyid:nj , where G;; are de-
fined by (6) (i.e. G is the complete lift of the quadratic form h = G;;dz'dx?),
we see that (T'M, G) is Ricci flat if and only if the base manifold (M, g) is
Ricci flat.

Thus, we obtain the main result of this paper

= ug;; + U/gOing-

THEOREM 2. Consider the pseudo-Riemannian manifold (TM,G),
where G is given by (1). Then the following three assertions are equivalent:

(i) The pseudo-Riemannian manifold (TM,G) is Ricci flat.
(ii) The Riemannian manifold (M, g) is Ricci flat and the functions u(t)
and v(t) are related by the condition v = u'.

(iii) The base manifold (M, g) is Ricci flat and the pseudo-Riemannian
metric G is the complete lift of the quadratic form h = Gy;(z,y)dxdxl,
where the components Gy;(x,y) are defined as in the usual Lagrange geome-
try by (6), considering on the base manifold the Lagrangian L defined by (5).
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manuscript and pointing out some unclear expressions from the initial ver-
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