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Abstract. Let G be a locally compact group with a fixed left Haar measure. Given
Young functions ¢ and ¢, we consider the Orlicz spaces L?(G) and L¥(G) on a non-
unimodular group G, and, among other things, we prove that under mild conditions on ¢
and 1, the set {(f,g) € L¥(G) x L¥(G) : f * g is well defined on G} is g-c-lower porous
in L?(G) x LY (G). This answers a question raised by Glab and Strobin in 2010 in a more
general setting of Orlicz spaces. We also prove a similar result for non-compact locally
compact groups.

1. Preliminaries and background. Throughout this paper, G denotes
a locally compact group with a fixed left Haar measure A. Also, let L°(G)
denote the set of all equivalence classes of A-measurable complex-valued func-
tions on G. For measurable functions f and g on G, the convolution

(f*g)(x) =\ FWaly™ =) dA(y)

G

is defined at each point € G for which the function y + f(y)g(y~'z) is
Haar integrable. If f x g(x) is defined for A-almost all z € G, then we say
that the convolution of functions f * ¢ is defined on G.

For each # € G the formula A\;(A) = A(Az) defines a left invariant
regular Borel measure A\, on G. Thus, the uniqueness of left Haar measure
implies that for each « € G there is a positive number, say A(x), such that
Az = A(x)A. The function A : G — (0, 00) defined in this way is called the
modular function of G. It is clear that A is a continuous homomorphism
on (G. Moreover, for every measurable subset A of G,

AATY = A@™) da(z);
A

for more details see [F] or [HR]. The group G is called unimodular whenever
A = 1. In this case, left Haar measure and right Haar measure coincide.
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For 1 < p < o0, classical Lebesgue spaces on G with respect to the Haar
measure A will be denoted by LP(G) with the norm || - ||, as defined in [HR].

We deal with a problem which has its origin in the 1960’s. Zelazko [Z1]
proved that if G is locally compact abelian group and p € (1, 00), then LP(G)
is closed under convolution if and only if G is compact. Independently Ra-
jagopalan [R] and Zelazko [Z2] asked if that statement holds for an arbitrary
locally compact group G—this was known as the LP-conjecture or Zelazko
conjecture. Several authors found the affirmative answer in special cases. The
LP-conjecture was finally settled by Saeki [S] in 1990; in the same paper one
can also find a brief history of the struggle with this hypothesis.

Rickert |RI| proved in 1967 that if G is a non-compact locally compact
group, 1/p+1/q < 1, then there are f € LP(G) and g € LY(G) such that
f * g does not exist. This result was reproved 40 years later in [ANR]. Note
that this observation implies the LP-conjecture for p > 2. Recently, Glab and
Strobin |[GS1| proved that the set of pairs (f,g) € LP(G) x L1(G) such that
f * g exists is small, namely o-porous, if 1/p+1/q < 1. They asked for which
pairs (p,q) the convolution f x g exists for every (f,g) € LP(G) x LI(G);
moreover, if the convolution does not exist for some pair, what is the size of
those pairs (f,g) € LP(G) x LY(G) such that f % g exists. The solution to
that problem is the following:

e If 1/p+1/q > 1 and G is unimodular, then f * g exists for (f,g) €
LP(G) x L1(G) (follows from Young’s inequality).

e If pe (1,00), g € [1,00) and G is not unimodular, then there is a pair
(f,9) € LP(G) x L4(G) such that f =g does not exist and the set of all
pairs for which the convolution exists is o-porous (proved recently by
the authors [AM]).

o If p=g =1, then f x g exists for (f,g9) € LP(G) x L1(G), where G is
any locally compact group.

e If p = ¢ € (0,1) and G is discrete, then f * g exists for (f,g) €
LP(G) x L1(G).

The aim of this paper is to draw a similar picture for a generalization of
LP spaces, namely Orlicz spaces.

Orlicz spaces are genuine generalizations of the usual LP-spaces. They
have been thoroughly investigated. We refer to two excellent books [KR]
and |RR] for more details. Also [M] and [Z]| provide some useful information
on the subject. Moreover, there have been generalizations and studies of
Orlicz spaces in several directions; see for example [K].

A function ¢ : R — [0,00] is called a Young function if ¢ is convex,
even, and left continuous with ¢(0) = 0; we also assume that ¢ is neither
identically zero nor identically infinity on R. A Young function ¢ is called
finite if p(x) < oo for all x € R. The Young function ¢ complementary to ¢
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is defined by
@(y) = sup{zly| — ¢(z) : © = 0} € [0, o]
for y € R; then (p, ) is called a complementary pair of Young functions.
We also need an inverse of a Young function. For a Young function ¢ and
y € [0,00) let
¢! (y) = sup{z > 0: p(x) < y}.

We say a Young function ¢ is Ag-reqular whenever there exist k£ > 0 and
xo > 0 such that ¢(2x) < kp(x) for all > xp, with xg > 0 if G is compact
and zg = 0 otherwise.

A Young function ¢ is said to be an N -function (or a nice Young function)

whenever

lim @:oo and hm@:&

T—00 T z—0 X
As an elementary example of an N-function we can consider ¢(x) = |z|P/p
for p > 1; then ¢(z) = |z|?/q, where 1/p+1/q = 1.

It is a consequence of [RR| Corollary 1.3.2] and [KR] p. 11] that ¢ is
finite-valued and vanishes only at the origin. Moreover, if ¢ is an N-function,
then so is ¢ and by |[RR] Proposition 2.1.1(ii)] we have
(1.1) r <o (2)p () <22
for all z > 0.

Let ¢ be a Young function. For each f € LY(G) we define

pe(f) =V oIf(2)]) dA(2).

G
Given a Young function ¢, the Orlicz space L?(G) is defined by

L?(G) = {f € L°(G) : py(af) < oo for some a > 0}.
Similarly, let
M?(G) = {f € L%G) : py(af) < oo for all a > 0}.

Then L?(G) is a Banach space under the norm N, (-) (called the Luzemburg—
Nakano norm) defined for f € L?(G) by

N, (f) = inf{k > 0: p,(f/) < 1.
It is well known that
(1.2) No(f) <1 ifandonlyif p,(f) <1,

and

(13) Nelxr) = [9”_1 <A<1F>ﬂ )

(see |RR, Corollary 3.4.7]). Here x4 denotes the characteristic function of a
subset A.
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Another well-known norm on L?(G), called the Orlicz norm, is defined
by
11l = sup{ § Ifgldx : Na(g) < 1}.
G
It follows from |[RRI Proposition 3.3.4] that the Orlicz norm is equivalent to
the Luxemburg—Nakano norm; in fact we have

(1.4) No(f) < lflle < 2No(f)
for all f € L¥(G).

Let us recall the notion of porosity from [GS1|; for more details see also
|ZA]. Let X be a metric space. The open ball with center z € X and radius
r > 0 is denoted by B(x,r). For a given number 0 < ¢ < 1, a subset M of
X is called c-lower porous if

lim inf 77($’ M, R)
R—0+ R

IV
N o

for all z € M, where
v(x, M,R) =sup{r >0:3z € X, B(z,7) C B(x,R) \ M}.
It is clear that M is c-lower porous if and only if
Vo € M,Va € (0,¢/2),3rg > 0,Yr € (0,79),3z € X, B(z,ar) C B(x,r) \ M.

A set is called o-c-lower porous if it is a countable union of c-lower porous
sets with the same constant ¢ > 0. It is easy to see that a o-c-lower porous set
is meager, and the notion of o-porosity is stronger than that of meagerness.

Our purpose in this work is to consider the porosity of the set of all
pairs (f,g) € M¥(G) x M¥(G) (or (f,g9) € L¥(G) x L¥(G)) for which
f * g is A-a.e. finite on G for given Young functions ¢ and ¢ under certain
mild conditions. Finally, let us remark that in [RA], a sufficient condition
on a Young function ¢ has been given for L¥(G) to be an algebra under
convolution multiplication; see also [GS2, [H] for a similar study with respect
to the pointwise product.

2. Main results. We commence with our first main result which answers
a question raised in [GSI| and generalizes the main theorem of [AM] to a
more general setting of Orlicz spaces. For the proof we use some ideas from
[GST].

We equip the space L¥(G) x LY (G) with the complete norm

Npw(f,9) = max{Ny(f), Ny(9)} (f € L¥(G), g € L*(G)).
Let us remark that M¥(G) is non-trivial if ¢ is finite.

THEOREM 2.1. Let G be a non-unimodular locally compact group, o be
an N -function, and v be a finite Young function. For any compact symmetric
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netghborhood V' of the identity element of G the set
By ={(f,9) € M?(G) x M¥(G) : 3z € V. |f x g(z)| < oo}
is a-c-lower porous in M¥(G) x M¥(G) for some ¢ > 0.

Proof. Since G is not unimodular, there exists b € G with A(b) > ¢*,
where ¢ = sup{A(z) : € V'}. Hence for distinct natural numbers m and n

we have
Vo'V =0 and b "VINbTVE =
Now for a natural number n, put
By ={(f.9) € M#(G) x MY(G) : Fw € V, [ /()| lgly~"2)| d\(y) <n}.
G

So, Ev = U,cn En- Therefore we only need to show that for each n € N, E,
is c-lower porous for some constant ¢ > 0. To this end, let ¢ € (0,1) be such

that 00 1 AV2) _
1—c< Y% > -

1%;<1+q§X?><1.

By continuity of the map x — (2a/x)(14+gA(V2)/A(V)) on (0, 1), there exist
0< B8 <1—aandd<1such that

20 )\(V2)>
_ 2 (144 <1.
Bﬂ-@( AV)
Put C = J,ey V0" and D = J,,cn b "V?. Fix n € N and (f,g) € Ey.

Since f € L¥(G) and g € L¥(G), we infer that

N, (fxc) <oo and Ny(g9xp) < oo.
Hence, given r > 0, there exists ng € N such that if we set Cy = U;o:no VbF
and Do = (32, b"V?, then

N@(fXCo) + Nw(gXDo) < (1 —a— B)?“

Now, we choose a natural number ny > ng such that

1 ! 1
21 d2 2.2 ~—1 —1
(2.1) Brpp NV )ginT Y vy ) o
where ¢ is the complementary N-function to ¢ and p > 0 is the quantity

200 )\(V2)>
l1——-— 14+ g— ).
5@—@( AV
Set A =Vb™ and B = b~™V?2 and note that
MA™TH =XV), AB) = A(V?).

Then for 0 < a < ¢,
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Next let s,t be real numbers defined by

_ 1
(22) SN@ <g0 1 <)\(V)A>XA> = B’F and th(XB) = BT.
Define functions fand g on G by setting

-1 1 ~_
fly) =sp < VAW xa(y) + fW)xa\aly) and g=txp+gxe\B-
Since A C Cj, we have

Naf—ﬂgA@G ( ) A(fxa)
<,Br+(1—a— =r—

In a similar way, Ny(g — g) < r — ar. It follows that B((f,3),ar) C

B((f,9),7).

Thus it remains only to prove that B((f,§),ar) N E, = 0. Let (h, k) €
B((f,q),ar). We will show that (h,k) ¢ E,. To prove this, let

Ay = {:1: €A |h(z) < sd¢—1<m> }
By ={z € B: |k(z)| < td}.

Then
ar > Nyl = )2 Nl = reay) = st = (97 (53775 ) e
(1-4d) S

5 ) s MO
Hence
_ 2ar _ 1 2c
A4 < sa—a V) =N <90 1 <)\(V)A> XA) sa—a ")
2a
“sa-a "
In the same way, we get
2ar 2«
Ny(xm,) < ) N¢(XB)B(1 — 3
and, by , we have
A(By) < )\(B),B(f(i d) - )‘(VQ)ﬁ(lzi d)
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The above inequalities also show that the sets As := A\ A; and By := B\ B;
are of positive measure and so non-empty. Now let z € V be an arbitrary
element, and define E = (A;'2) N By and F = zE~". Tt can be easily seen
that A='2 C B, and thus Aglz C B. Hence
AFT) = ME=Y) = MAY) = MAZH\ (B2z ™)

> MAZY) = A(B\ B2)z™) = A(A37) = A(Biz7)

=AMV) = MATYH = AGTHABL) > A(V)p.
Also, F C Ay, E C By and F~'z = E. Furthermore, if y € A then y = xb™

for some x € V. Therefore, noting that A(b) > ¢*, we find that A(y~!) <
¢'~*™  Finally, we conclude

_12 25 —1 1
] I 2 a3 2 st § (51307 ) 20
(i1} 1
d%s d\
= t; AV)A(y)p—t ()\(V)IA(y)) ®)

which proves the theorem. m

The fact that a o-c-lower porous set is of first category together with
Theorem [2.1] yields the following corollary.

COROLLARY 2.2. Let G be a non-unimodular locally compact group, ¢
be an N-function, and ¢ be a finite Young function. Then the set

E={(f,g9) € M?(G) x M¥(G) : f * g is not finite A\-a.e.}

is residual in M¥(G) x MY (G). In particular, if o and ¢ are also Aq-regular,
then the set

E' ={(f,9) € L¥(G) x L¥(G) : f * g is not finite \-a.e.}
is residual in L¥(G) x LY(Q).
We state the following simple observation for later use.

LEMMA 2.3. Let G be a non-compact locally compact group. Then for
any compact subsets A and B of G, there exists x € G such that

xBNA=0=Bz'nA.

Our second main result is a generalization of the main theorem in [GSI]
from classical Lebesgue spaces to Orlicz spaces.
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THEOREM 2.4. Let G be a non-compact locally compact group, ¢ be an
N-function, and ¢ be a finite-valued Young function with

1 1
lim sup ! ()1/1_1 () = 00.
T—00 x X

Then for every compact symmetric neighborhood V' of the identity element
of G, the set

By ={(f,9) € M?(G) x M¥(G) : Jx € V. | f  g(x)| < oo}.
s o-c-lower porous for some ¢ > 0.

Proof. Since G is not compact, by Lemma there exists a sequence
(an)n in G such that, for distinct natural numbers m,n,

amV?Na,V? =0, Va,'nVa,'=0, A(a,) <1.
Now for every natural number n, put
B, ={(f.9) € M?(G) x MY(G) : 3w € V. [ |f ()l lg(y™"2)| dA(y) < n }.
G
So, By = U,,eny En- We will show that for each n € N, E,, is c-lower porous

for some constant ¢ > 0, which will complete the proof.
To prove this, let ¢ € (0,1) be such that

1%c0+”§X?>ZL

where ¢ = sup{A(z) : € V}. Fix 0 < a < ¢; then
2 A(V?)
1 1.
(145 ) <
By continuity of the map = — (2a/x)(14+¢A(V2)/A(V)) on (0, 1), there exist
0< B <1—aandd< 1 such that
a )\(V2)>
1+¢q <1.
Bl —d) < A(V)
Put C = {,cyVa,! and D = |J,cyanV? Fix n € N and (f,g) € E,.
Now from f € M?(G) and g € M¥(G), we infer that
No(fxc) <oo and Ny(gxp) < oo.
Hence, given r > 0, there exists ng € N such that for Cy = Uzozno Va,?l and
DO = UZO:’VL() (Ikv2,
No(fxco) + Ny(9xp,) < (1 —a—B)r.
Now, by our assumption on ¢! and ¢~! we can find n; > ng such that

- B L, A(V) 1!
23)  0V)e 1<9A?V>>¢’1(9A?V>) 271%F52”%” B

where § = ny —ng+ 1 and p > 0 is the quantity
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2 A(V?)
! ﬁ(ld)(”qw))'

Setting A = L, Va; ' and B = Uks, a;V?, and noting that V is a
symmetric neighborhood and A, B are unions of disjoint subsets, we find that

MA™) = (n1 —no+ DAV), A(B) = (n1 —no + DA(V?).
Next let s,t be real numbers defined by

sN, <g0_1 <)\(Al—1)A>XA> =fr and tNy(xB)= pr.

Define functions fand g on G by setting

F) = s (5t a0+ F e and 7=+ oo
By an argument similar to the proof of Theorem we have
N¢(f— f)<r—ar and Ny(g—g) <r—ar
It follows that B((f,§),ar) € B((f,g),r).
We now prove that B((f,§),ar) N E, = §. For any fixed (h,k) €
B((f,9),ar), if we set

1
Ay = Al R I
= {e e sl < st (5omtige Ju

By ={z € B:|k(x)| < td},
then the subsets As := A\ A; and By := B\ Bj are of positive measure
and so non-empty. Now let z € V' be an arbitrary element, and define £ =
(Ay'2)NBy and F = zE~1. Tt follows that A(F~1) > A\(A™1)p. Also, F C Ay,
E C By and F~'2 = E. Furthermore, if y € A then y = wxa,' for some
x € V and some ny < n < ny. Therefore, noting that A(a,) < 1, we find
that A(y~!) < ¢. Finally, we conclude that

_1 _ 1
O G672 03 2 st 1(Mm(y)> dA(w)

& t|
- § — D~
# AMAAWS (s tyag)

> d*f*rp [cﬁ_l (A(jl))] K <A<1))
d*B*r?pg P AMA ! (A(j—1)>¢l <A55>

o AV 1y _ 2.3)
S e (s )+ (i) 5

>

N~ N~

>

as required. m
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COROLLARY 2.5. Let G be a locally compact group and let ¢ be an N-
function with limsup,_,q ¢(z)/2%2 = 0. Then f x g exists for all f,g € L?(G)
if and only if G is compact. In particular, for 2 < p < oo, f g exists for all
fyg € LP(Q) if and only if G is compact.

Proof. By |[RR, Proposition 3.1.7], we see that if G is compact, then
L?(G) C LY(Q) for every N-function ¢, thus the “if” part is immediate.

For the converse, first observe that, by our hypothesis on ¢, for a given
0 < € < 1, there exists 0 < § < 1 such that ¢(y/z) < ex for all z € (0,4).
This implies that \/z < ¢~ (ex). Now for each y € (0, €d), we have /e~ 1y <
¢~ 1(y), hence =1 (y)?/y>1/e, which is equivalent to lim sup,_, ., zp~(1/x)?
= 00. This together with Theorem proves the assertion. m

The following direct consequence of Theorem is the main theorem of
[GS1].

COROLLARY 2.6. Let G be a mon-compact locally compact group. If
p,q > 1 are such that 1/p+1/q < 1, then, for every compact subset K C G,
the set Ex ={(f,9) € LP(G) x LY(G) : 3z € K, f * g(x) is well defined} is

o-c-lower porous for some ¢ > 0.

In view of Theorem [2.4] the anonymous referee of the paper asked a

natural question: Suppose that G is unimodular and
limsup zp~H(1/z)y " (1/z) < co.
T—00

[s it true that fxg exists for every (f, g) € L¥(G) x L¥(G)? We are unable to
answer this question; but let us recall an analogue of Young’s inequality for
Orlicz spaces from |[RR], which gives an affirmative answer in the following
special case.

THEOREM 2.7. Let G be a unimodular locally compact group, w;, i = 1,2,
be N-functions, and w3 be an arbitrary Young function satisfying

o1 (@)py (@) < vy (@)
for x> 0. Then for any f; € L¥(G), i = 1,2, the convolution fi* fo belongs
to L¥3(G) and moreover

Ny, (f1 % fa) < 2Ny, (f1) Ny, (f2)-

From this theorem it follows that if G is unimodular, ¢, are N-func-
tions, and the function  — x¢~1(1/2)y~1(1/x) is bounded on (0, 00), then
f*g € LX(G) for all f € L¥(G) and g € L¥Y(G). To see this it is sufficient
to put ¢3(z) = 0 for |z| <1 and 3(x) = co otherwise.

THEOREM 2.8. Let G be a non-compact locally compact group and let ¢
be an N-function. Then for any compact symmetric neighborhood V' of the
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identity, the set
By ={(f,9) € M?(G) x L™(G) : Fx € V, |f * g(x)[ < oo}
is o-c-lower porous in M?(G) x L*(QG) for some ¢ > 0.

Proof. Since G is not compact, by Lemma [2.3] there exists a sequence
(an) in G such that for any distinct m,n € N,

amVina,V? =0, Va,'NVa,'=0, Ala,)<1.

Now for every natural number n put

Ey={(f.9) € M?(G) x L™(G) : 3z € V, [ | f(y)|lg(y~"=) | dA(y) < }.
G
Thus, By = |J,~; En. Hence it is enough to show that for any natural
number n, E, is o-c-lower porous for some ¢ > 0. To prove this, let ¢ = 1/3;
then 2¢/(1 —¢) = 1. Fix 0 < a < 1/3, s0 2a/(1 — a) < 1. By continuity of
the map = +— 2a/x on (0,1) there are 0 < < 1 — « and d < 1 such that
2a/8(1 —d) < 1.

Set A =02, Va,! and B = [J2 a,, V2. Fix a natural number n and
some r > 0. Let (f,g) € Ey. Since f € M?(G), we have N,(fxa) < oo.
It follows that there exists an ng € N such that for Ay := U,?;no Va,;l, we
obtain

Ns&(fXAo) < 1_04_6'
Now, let n; > ng be such that

{@1 ((nl - n0q+ 1))\(\/))} > n(r*(1 = 2a)dpB) ",

where ¢ = sup,cy A(z), p =1 —2a/B(1 — d) and ¢ is the complementary
N-function to .
Put C = ;L Va; ' and D =JpL, a;V2 Define

k=ng k=no

fly) =Me™ <)\(C—11)A(y)>XC(y) + f(W)xa\c(v)

and
S = { g(x) +r(1—a) if Re(g(x)) 20,
g(x) = r(1—a) if Re(g(x)) <0,

where M is a constant with M N,(fxc) = Br. Then it is clear that
No(f=f)<r(l—a) and [[§— gl =r(1—a).

Hence B((f,§),ar) € B((f,g), 7). Therefore, it remains only to show that
B((fajd)a O‘T) NE, = 0.



110 I. AKBARBAGLU AND S. MAGHSOUDI

Take any (h, k) € B((f,§), ar) and let

C = {x € C:|h(z)] > dMg0_1</\(C_11)A(x)>}, Cy=C\Ch.

Then
2
B(1—d)

Now let z € V' be an arbitrary element. Since

MO =MCTH = MGy = pA(CTh),

Mo < MC™Y and  |k(z)] > (1 - 20).

we have

_ _ 1
) K910 2 (1 =200 § stz
S d\(y)
C

> r(l — QQ)dM 3
MCNAWS (xehag)

1

> r°(1 = 20)dpf [@1 ((m o 1)>\(V)>] e

which completes the proof. =
We conclude this work with the following example.

EXAMPLE 2.9. (a) Let ¢ be a Young function. It is easy to see that if ¢ is
a Young function with lim, o ¢(x)/z # 0, then L¥(G) C L*(G), and hence
f * g exists for all f,g € L¥(G). For instance, let ¢(x) = el*l — 1 for z € R.
Then L?(R) is, in fact, closed with respect to convolution multiplication.
Note that ¢ does not satisfy the condition lim,_, ¢(x)/z? = 0.

(b) Let p(z) = |z|*(1 + In|z|). By Corollary if @« > 2, then for
any locally compact group G, the convolution of any two elements of L?(G)
exists if and only if G is compact. For a = 1, by part (a), LY(G) is closed
under convolution multiplication for any locally compact group G.

(c) Let G be a locally compact group and let 1) be an N-function, so
that lim,_,0 ¢ (z)/x = 0. It can be easily verified that the function ¢ defined
by ¢(z) := |z|y(z) for all x € [0,00) is also an N-function, which satisfies
the condition of Corollary According to this corollary, if the convolution
of any two elements of L¥(G) exists, then G must be compact. Various
examples of such Young functions can be found in [KR].
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