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AN EXTENSION OF DISTRIBUTIONAL WAVELET TRANSFORM

BY

R. ROOPKUMAR (Karaikudi)

Abstract. We construct a new Boehmian space containing the space j’(R” x Ry)
and define the extended wavelet transform # of a new Boehmian as a tempered Boehmian.
In analogy to the distributional wavelet transform, it is proved that the extended wavelet
transform is linear, one-to-one, and continuous with respect to d-convergence as well as
A-convergence.

1. Introduction. Let N,Ng, R, R, denote the natural numbers, non-
negative integers, real numbers and positive real numbers respectively. For
B = (Bi,....0,) € Nj and b € R", let |3| = >_i", 3 and ||b|| be the
Euclidean norm of b. Let .7 (R" xR ) ={g € C(R"xR ) : Qim kp(9) <00},

where
l 9 : B
a (8&) Dbg

for I,m,k,p € Ny with { +m < k + p. We denote by Z(R") and .7 (R")
the space of infinitely differentiable functions with compact support and the
space of rapidly decreasing functions respectively. We endow ./(R™) and
S'(R" x Ry) with the weak* topology.

For a given wavelet ¢» € R™, the wavelet transform W : S (R") —

S (R™ x Ry) is defined by

Qumkp(9) =sup  sup (14 [b|*)™
‘ﬂ'gp (b,a)GRnXR+

W woma = Jaoe(S0) 5 bR xR,
RTL

and the distributional wavelet transform W' : (R x Ry) — .'(R") is
defined by

(2) (W'G)(f)=GWf), [feSR").

For more details, we refer to [14].
On the other hand, Boehmians were introduced by J. Mikusinski and
P. Mikusinski [5] with two notions of convergence [6]. Thereafter various
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Boehmian spaces have been constructed to extend various integral trans-
forms. See [3, 4, 7, 11, 12, 15-18].

In [15], a wavelet transform on periodic Boehmians is discussed which
extends the wavelet transform on periodic distributions [2]. According to
[1], the wavelet transform is the same as the windowed Fourier transform
with respect to the window function g, defined by

1T :
(3) Gl 1) = 7= _SOO f()g(r — e dr,
and extends to the space of integrable Boehmians. This transform is different
from the usual wavelet transform (see equations (1) and (3)). In the present
work, we extend the wavelet transform on .#/(R” x R, ) [14] to a suitable
Boehmian space. Thus the present work and the above-mentioned two works
on wavelet transform [15, 1] are different.

2. Auxiliary results
DEFINITION 2.1. Suppose G € .%/(R" x R, ) and ¢ € 2(R"). We define
(G®e)9)=Glgxd), geF(R"xRy),
where
(g X ¢)(b7 a) = S g(b - x,a)¢(x) an (b7 CL) € R" x R-‘r?
Rn

and ¢(x) = ¢(—x), x € R".

LEMMA 2.2. Ifg € S(R" x Ry) and ¢ € D(R™) then Qumkp(g x ¢) <
CQim,kp(g) for some C >0, and hence g x ¢ € S (R" x Ry).

Proof. In preparation for the main part of the proof, let us first show
that D (g x ¢) = (Dg) x ¢, where v = (y1,...,7;) with 7 = 1 for some
ke{l,...,n} and v; = 0 for i # k. Let h € R, uy be the unit vector along

the zj-axis and A > 0 be such that supp¢ C {x € R" : ||x|| < A}. Using
the mean value theorem we get

(g X ¢)(b + hukﬂa) - (g X ¢)(b7a)

— (Dy9)(b,a)

h

< | |t e D 9B (), a) o) dx
)

< [ 1(DF9) (b + Mg, a)| + (D) (b, @) )6()| dx
)

where h' lies between 0 and h. Since the integrand is dominated by the
integrable function 2Q0.0,1(9)|¢|, we can apply the dominated convergence
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theorem to get

lim | [(D}g)(b+ Wug, @) — (D}g) (b, a)] [6(0)] dx
RTL
< | lim [(D3g)(b + W, @) — (D3g)(b, )| |o(x)| dx
RTL

=0 (since D] g is continuous).

Similarly we can show that (0/da)(g x ¢) = ((0/0a)g) x ¢. This proves
that gx ¢ is infinitely differentiable and (8/0a)*Dg(gx¢) = ((0/9a)* Dg)x ¢
for all £ € N and o € Ny. Next for [, m, k,p € Ny, 5 € Njj such that [5] <p
and (b,a) € R” x Ry,

a’(fa)kDﬁ(g < 6)(b,a)

| <<aaa>kD€g> (b — x, a)(x) dx

R

(1 + [bf})™

= (L +[b)™

< 1 o e ((2) i) o —x.aro00]ax
< | @+(b—x|+4*™ al<<(i>kDﬁg) (b —x,a)p(x)| dx

l[xl[<A

< CiQum i p(9) S |p(x)|dx  for some Cy > 0.
R

By taking C = C {, [¢(x)| dx, we conclude the proof.

CLemMma 23. If G € S (R" x Ry) and ¢ € 2(R") then G @ ¢ €
S (R x Ry).

Proof. Lemma 2.2 shows that if g € S (R™ x Ry), then G(g x ) is
meaningful. Moreover, G € ./(R" x R, ) implies that there exist K > 0
and [,m, k,p € Ng such that [ +m < k+ p and

1G(g % 3)| < KQumpplg x 8) < KCQumpp(g), Vg€ SR xRy).
Thus G® ¢ € 7' (R* x Ry ). u
LEMMA 2.4. If G1,Go € j’(R” XxRy), ¢ € Z(R™) and a € C, then

(1) (G1+G2)®@p=G12¢+ G2 ® ¢.
(2) (aG1)® ¢ =a(G1® ).

This follows from the linearity of the integral.
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THEOREM 2.5 (Convolution theorems). IfG € ' (R"xR,), f € /(R")
and ¢ € Z(R™) then

(1) W(f*¢)=(W[)x ¢,
(2) W(G®¢)=(W'G)xo.

Proof. (1) For (b,a) € R" x Ry,

(@) W) (ba) = S(f*d))(t)w(t_b) i

a a™
Rn

— f(t—x)qﬁ(X)dxw(t;b)

R™ R"

dt

an’

Since the integrand (t,x) — f(t —x)p(x) w(%) is continuous on R™ x R,
it is measurable. As 1, f € Z(R") and ¢ € Z(R"), we get supycpn |¥(x)| =
K < oo and f,¢ € Z1(R"). Therefore

e —xoew(“20) a(xx )
dt

R xR"™ a
<K | [ If(6 =)o) dx
R” R

= K [ lo(ldx | 156 5 < oo,
R’IL R’IL
and hence the integrand is an integrable function on R™ x R™. Thus we can
apply Fubini’s theorem to the integral on the right hand side of (4) and the
integral is equal to

) f(t_x>¢<t;b)zz¢<x)dx

R™ R™

~{ f(s>w(s+"‘b)ds¢<x>dx

Bn g a a”
s—(b—x))\ ds
=V Ve v( ——)  ¢(x) dx
Lo (=)
= S (Wb —x,a)p(x)dx = (W[ x ¢)(b,a).
R’I’L

(2) For f € L (R"™),
WG @ )(f) = (G@d)(WF)
= (W'G)(f + )

G((Wf) x 9) = GW(f %))
(W'G)*¢)(f). =
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3. Boehmian spaces. We shall first recall the construction of a Boeh-
mian space from [10]. Let I" be a topological vector space, (S, *) be a com-
mutative semigroup, % : I' x S — I satisfying

o (f+g)*xs=(f*xs)+(gxs), f,gel, ses,

o (af)xs=ua(fxs), fel, seS, aeC,

o fx(sxt)=(frs)xt, feI, s, teS,

o fixs— fxsinl'asn—ooif fy » finI asn — oo and s € S
and let A be a collection of sequences from S with the following properties:

o if (Si), (tl) € A then (Si * ti) S A,
o fxs;— finl'asn—ooif f € and (s;) € A.

A pair of sequences ((fi), (s;)) is said to be a quotient if
(5) fi*sj:fj*Si, Vi,j € N.

We denote by Li 5, @ quotient. An equivalence relation ~ on the collection of
all quotients is deﬁned by

(6) LN& if fi*tj:gj*3i7 Vi, j € N.

si t
The collection of all equivalence classes is denoted by Z = Z(I, (S, *),*, A)
and each equivalence class is called a Boehmian. On the space of Boehmians

we define addition, scalar multiplication and multiplication by s € S as

follows: f . [(fixti) + (g5 * s3)
][]

S t; I S; x t;
|:fi:| . _afi:|
al—| = ’
Si | Si
] 102 [822].

Sq | Si
Every member f of I' is identified with the Boehmian [f *Sz] for any (s;) € A.
The space of Boehmians is also equipped with two notions of convergence,

namely §-convergence and A-convergence. The following two definitions and
the lemma can be found in [6].

DEFINITION 3.1 (d-convergence). Let (X;) be a sequence in % and

X € A. We say that X; S X as i — oo if there exists (sj) € A such
that X; xs;, X xs; € I' for all 7,j € N and for each j € N, X; xs; — X x5;
as i — oo in I

LEMMA 3.2. X; % X asi — oo if and only if there exist f;;, f; € I,
i,j €N, and (sj) € A such that X; = [J;”], X = [Q} and for each j € N,
J

S5

fij— fjasi—o0inl.
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DEFINITION 3.3 (A-convergence). We say that X; 2 X asi— oo if
there exists (s;) € A with (X; — X)xs; €' forall ieN and (X; — X) x5, —0
ast¢—ooin I

For more details about the two notions of convergence on A, we refer
to [6].

The space of tempered Boehmians was introduced by P. Mikusinski in
[8, 9] and slightly modified in [16]. Now we recall the definition of tempered
Boehmians from [16]. The space of tempered Boehmians is defined as % =
B(S'(R"), (Z(R"), %), *, Ap), where * is the convolution between .’(R")

and . (R"™) defined by (u * f)(g) = u(g * f) for g € ' (R"), and Ay is the
family of sequences (¢;) from Z(R™) satisfying

o (pn®i(x)dx =1 forall i € N,
e there exists M > 0 such that {5, [¢;(x)|dx < M for all i € N,
o s(¢i) — 0 as i — oo, where s(¢;) = sup{||x|| : ¢;(x) # 0}.

Now we prove the following lemmas to construct the Boehmian space
B = <%(tsﬂ/(l&n X R+)7 (-@(Rn)v *)) &, AO)

LEMMA 3.4. IfG € .7 (R"xR,), g € L(R*"xR,) and ¢1, ¢ € 2(R")
then

(1) g x (¢1 % P2) = (g X ¢1) X @2,
(2) G (p1%¢2) = (G @ d1) @ P2.

Proof. (1) Let (b,a) € R™ x R;. Then
(9% (¢1 % d2))(b,a) = | g(b —x,a)(¢1 % $)(x) dx

Rn
= | gb—x,0) | ¢1(x— t)ga(t) dt dx.
Rn Rn

Since ¢ is bounded and ¢1, ¢2 € Z(R™), as in the proof of Theorem 2.5 we
find that g(b — x,a)¢1(x — t)¢2(t) is integrable on the product space and
hence we can apply Fubini’s theorem. Thus the last integral is equal to

[ | gb—x ) (x — t)¢a(t) dx dt
Ran
= | [ 9b—(y +1),a)61(y) dy éa(t) dt

R R™

= | [ 9l -t~ y).a)é1(y) dy ¢2(t) dt
R" R®

= | (g% ¢1)(b — t,a)a(t) dt = ((g x ¢1) X ¢2)(b,a).

Rn
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(2) Let g € .7(R™ x R). Then
(G @ (¢1%¢92))(g) = Gg x (¢1 % h2)")
= G(g x (¢1 * $2))

= G(g x (2% 1)) (since * is commutative)
= G((g9 X ¢2) X ¢1) (using (1) of this lemma)
= (G ® ¢1)(g x o)

= ((G®¢1) ® ¢P2)(g). =

LEmMMA 3.5. IfG; — G asi— oo in S (R* xRy) and ¢ € D(R") then
Gi®¢p—Gasi— oo in S (R" x Ry).

Proof. We note first that ¢ x ¢ € y(R" xRy) forall g € j(R” x Ry),
by Lemma 2.2. If G; — G as i — oo in .&/(R™ x Ry) then for each g €

(R xRy), (G; — G)(g) — 0 as i — oo. Therefore

(Gi®eo) — (G ))(9) = ((Gi — G) ®d)(g)
=(Gi—G)gxd) -0 asi—oo. m

LEMMA 3.6. If g € j(R” x Ry) and (¢;) € Ay then g X ¢; — g as
i — o0 in S (R" x Ry).

Proof. Fix [,m,k,p € Ng such that [ +m < k + p and § € Njj with
18| < p. The mean-value theorem applied to (3/6a)kD€g(-, a) gives the es-
timate

(7) ‘(i)kpﬁg(b —x,a) — <§L)kD€g(b,a)

I

<l - \'V(i)kl?ﬁg(tm

wheret = (1—-h)(b—x)+hb=b+(h—-1)x (0<h <1).If8=(01,...,0)
then put

ﬁ(-i): Bi+1 ifj=i
T A
and g0 = (ﬁy), .. ,ﬁg)) € N§, Vi =1,...,n. Then we also have

ON* a0

for some Cy > 0. Therefore for every (b,a) € R” x Ry,

fori,j € {1,...,n},

n

S@Z

i=1

®) ”v@)kpgg(m)
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k
a1+ b7 (5n) Ditox o - )b

RSH [((;) kDﬁg(b -x,a) — <(§a> kDEg(b, a) ¢i(x)] dx

(by using {5, ¢i(x)dx =1, Vi € N)

= |al'(1+ b

N a\"
< Jlaf -+ 1007 () Dot .00~ () Dl 169
n k )
< G § fal' (L (il + IxID2) ™1l D ((f) D gt 0)| 16:(x)] dx

R" =1
(since HbH < el + 1[0 = R)x|l < [le]] + [Ix[1)

< Gy [ Ja'(U+ (] + 5(60)? ( )Dﬁ“)gwm

RTL
< CoCsM Qo 1k p+1(9) ()

for some C3 > 0 and M > 0 such that {5, [¢i(x)]dx < M for all i € N.
Since s(¢;) — 0 as i — 0o, we obtain

|9i(x)] dx

Qm,l,k,p(g X¢pi—g)—0 asi— o0,

which proves the lemma. =

LEMMA 3.7. If G € S'(R" x Ry) and (¢;) € Ay then G ® ¢; — G as
i — oo in (R x Ry).

Proof. Suppose g € . (R"® x Ry). Then Lemma 2.2 gives g x ¢; €
S(R™ x Ry) for all i € N. It is obvious that (¢;) € Ag. Therefore Lemma
3.6 leads to g X ¢; — g as i — oo in Y(R” x R4 ). Hence

lim (G ® ¢i)(g) = lim G(g x ¢:) = G(lim g x ¢;) = G(g). =

REMARK 3.8. If A € '(R") and f € .(R") then we know that Axf is a
function defined by (Ax f)(z) = A(r,f) for z € R™. But this technique is not
applicable for G®¢ when G € '(R" xR, ) and ¢ € Z(R™), because G acts
on functions of (b,a) € R" x Rt and ¢ is a function of x € R™. Therefore we
could not decide whether G® ¢ is a function or not. However, the conclusion
of Lemma 2.3 is sufficient for our purpose. For this reason, we construct the
Bochmian space %; by using the distribution space .7 '(R" xR, ) and we use
the definition of tempered Boehmian space Z(.7'(R"™), (Z(R"), *), *, Ag) of
[16] instead of B(F7(R™), (Z(R™), ), *, Ag) of [8].
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4. Generalized wavelet transform. In this section, we are going to
define the extended wavelet transform and discuss its properties.

DEFINITION 4.1. We define the extended wavelet transform # from %,

into %, by
G; W'G; G;
—1 = — | eX
(5D -15] e

LEMMA 4.2. The extended wavelet transform W : %1 — By is well
defined.

Proof. First we prove that if [ ] € %, then [%] € By If [ ] € %,

then we observe that G; € Y’(R” x Ry) forall i € N, (¢;) € Ap and

Then W'G; € &'(R") for all i € N. Applying the wavelet transform W' :
S (R" x Ry) — '(R™) on both sides of (9) and using Theorem 2.5(2), we
can write

(10) (W’Gz) * gbj = (W,Gj) * P, \V/’L,j € N.

w! er
Therefore ¢Gl is a quotlent as a consequence, [quGz] € %2. Moreover,

[9i] = [ZL] in %, implies that

b &i
(11) Gi®¢;=H;®¢;, Vi,jeN
and hence
(12) (W'Gy) * ¢; = (W'Hj) * ¢y, Vi, jeN.
Therefore 7/[%] =W [%} in %y, which completes the proof. =

LeEMMA 4.3 (Consistency). The estended wavelet transform W : % —
By is consistent with the wavelet transform W' : /'(R™ x Ry) — '(R™).

Proof. If G € .#'(R" x R,.), then the Boehmian representing G in 4 is
[G®¢'] for any (¢;) € Ag. Now

r([52)- [2522) - [222e]

which is the identification of W/(G) in %. »

THEOREM 4.4. The extended wavelet transform W : %1 — PBs is linear.
The proof of this theorem is straightforward.

THEOREM 4.5. The extended wavelet transform W : %1 — PBs is one-
to-one.
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[Wllér}oof. [[‘;SH[}%]’ [%] € %, be such that 7/([%]) = 7/([%]) in %, or
Ll = |, Then
05

bi
(13) (W'G;)*8; = (W'H;) * ¢, Vi, jeN.
By Theorem 2.5(2), it follows that
(14) W'(Gi®d;) =W'(H; @ ¢:), Vi,jeN.

Since the wavelet transform W’ : .7/ (R" x Ry ) — .#’(R") is one-to-one, we
get
(15) Gi®(5j =H;®¢;, Vi,jeN.
Thus [%] = [%] in 4. =

THEOREM 4.6. The extended wavelet transform W : %81 — PBo is con-
tinuous with respect to d-convergence.

Proof. Let X; % X asi— ooin HA1. Then by Lemma 3.2, there exist
Gij € S'(R" x Ry) for i,j € N and (¢;) € Ap such that X; = [C;;]J],

X = [%} and for each j € N,

(16) Gi; —G; in. ' (R"xR,)asi— oo.

Since the wavelet transform W’ : .7/ (R™ x Ry) — .&/(R") is continuous, we
get

(17) W'Gij — W'G; in.(R"xRy) asi— oo,
Since # X; = [W/qi’j] and # X = [W(;fj], again by using Lemma 3.2 we

conclude that # X; LA WX in $By as i — oo. Thus # is continuous with
respect to d-convergence. m

LEMMA 4.7. If X € % and ¢ € D(R™) then #' (X @ ¢) = (#' X) x ¢.
Proof. Let X = [%] Then
Gio6]) _ (WG a) _[0VG) o]
o bi bi
] xp=(WX)*x¢. u

V(X ®ep) = 7/({
_ [W’Gi
bi

THEOREM 4.8. The extended wavelet transform W : %1 — PBo is con-
tinuous with respect to A-convergence.

Proof. Let X; ANX in %1 as i — oo. This means that there exist
sequences (F;) from ./(R™ xR ) and (¢;) € Ap such that X;®@¢; — X Q@¢; =
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[%] for all ¢ € N and
J
(18) Fi—0 inY(R"xR,)asi— oo.

By the continuity of the wavelet transform W’ : .%/(R" x R;) — .7/(R™),
it follows that

(19) W'F,—-0 in Y (R") asi— oo.
Using Lemma 4.7, we get, for all i € N,
WX —WX)xdi= W (X;— X)) sy = W ((Xi — X) @ &)

o((252)- ]

Consequently, 7 X; A wXin Py as i — 00. n

Finally, we point out that an inversion formula for the wavelet transform
W' " (R"xR4) — '(R™) has not yet been found, and the same problem
concerns # : B1 — PBo.
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