COLLOQUIUM MATHEMATICUM

VOL. 101 2004 NO. 1

L? BOUNDS FOR SPECTRAL MULTIPLIERS ON RANK ONE
NA-GROUPS WITH ROOTS NOT ALL POSITIVE

BY

EMILIE DAVID-GUILLOU (Paris)

Abstract. We consider a family of non-unimodular rank one N A-groups with roots
not all positive, and we show that on these groups there exists a distinguished left invariant
sub-Laplacian which admits a differentiable L functional calculus for every p > 1.

0. Introduction. Let G be a real connected Lie group, let X;, j =
1,...d, be some left invariant vector fields on G which generate the Lie al-
gebra of GG, and consider the left invariant sub-Laplacian A = — Z?Zl X]Z.

On the space L?(G) relative to the right invariant Haar measure on G, the
operator A is formally self-adjoint and non-negative. Then, from the spectral
theorem, every Borel function m bounded on R™ determines a bounded oper-
ator on L?(G) via the formula m(A) = {, m()\) dEx, where A = {,, AdE)
is the spectral resolution of A. A question which arises naturally is the fol-
lowing (see Hérmander [12] for R™): is it possible, under certain conditions
regarding the function m, to extend m(A) to a bounded operator on LP(G)
for some p # 27

We concentrate on the case where G is a solvable Lie group with ex-
ponential volume growth (for Lie groups with polynomial volume growth,
see Christ [2], and Alexopoulos [1]). Two classes of solvable Lie groups with
exponential volume growth and invariant sub-Laplacians emerge in the mis-
cellaneous works on that problem: Lie groups with sub-Laplacians which
admit a differentiable LP functional calculus (see e.g. Hebisch [8, 9, 10],
Cowling, Giulini, Hulanicki and Mauceri [4], Mustapha [14], Gnewuch [7]);
and Lie groups with sub-Laplacians of holomorphic L? type (see Christ and
Miiller [3], Ludwig and Miiller [13], and Hebisch, Ludwig and Miiller [11]).
In this paper, we prove a multiplier theorem for groups and sub-Laplacians
belonging to the first class.
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We consider a family of Lie groups GG such that each G is a semidirect
product of a real nilpotent Lie group N (not necessarily Euclidean) with the
real line R, and the action is semisimple and has nonzero eigenvalues all pos-
itive but one. We show that on each G there is a left invariant sub-Laplacian
with differentiable functional calculus on LP(G) for all p > 1. This result is
new when N is non-Euclidean (for N Euclidean, see Hebisch [10]); in the
case of eigenvalues not all positive with N non-Euclidean, previous multi-
plier theorems concern exclusively invariant sub-Laplacians of holomorphic
L? type (see Christ and Miiller [3], Ludwig and Miiller [13], and Hebisch,
Ludwig and Miiller [11]).

1. Results. Let us begin by introducing some notations, and recalling
some basic notions about stratified groups (those can be found in the book
of Folland and Stein [6]).

Let H be a stratified group, that is, a connected simply connected nilpo-
tent Lie group whose Lie algebra h has a vector space decomposition

n
h =DV
j=1
where the subspaces V; satisfy

W,V =Viy, j=1,...,n—1.

This structure of dilations on h corresponds to a structure of dilations on H,
which is given by the one-parameter group of automorphisms of the group H
defined by

Ut:eXpHoatoexpﬁl, t e R,
where expy; denotes the exponential map from §h to H. Endowed with this
structure of dilations, the nilpotent Lie group H is said to be a homogeneous
group of homogeneous dimension

Q=> jdimVj.
j=1

Let a be real negative, and let G = H X R x R be the Lie group with
product

g1+ 92 = (h1,a1,t1) - (h2,ag,t2) = (h1 - o4 ha, a1 + e ag, t1 + t2),

where g; = (h;,a;,t;) € G, i = 1,2. Observe that the Lie group G is solvable
with exponential volume growth, and that it is non-unimodular whenever
a # —@Q. We endow G with the right invariant Haar measure

dg = dhdadt,
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dh being a bi-invariant Haar measure on H, and da and dt being the
Lebesgue measures on R corresponding respectively to the variables a and t.

In what follows, we identify h with an ideal of the Lie algebra g of G. Fix
a basis {e1,...,eq} of the vector space V;. To each vector e;, j =1,...,d,

we associate a left invariant vector field X j on H by setting
X;0(h) = ds¢(h - expy(se;))|s—0, h € H, ¢ € CH(H),
and a left invariant vector field X; on G by setting

X;j6(g9) = 0s6(g - exp(se)))|s=0, g € G, ¢ € CHG),
where exp denotes the exponential map from g to G. It is easy to see that
X; =¢€'X;, j =1,...,d. We define two more left invariant vector fields
on G,
Xo = 8t, Xd+1 = 6ataa.

Note that the system
X = {X07 cee 7Xd+l}
satisfies Hormander’s condition on G.
We now consider the operator — Z;iié XJ2 defined on the set C§°(G) of
smooth functions compactly supported in G. Let A denote the Friedrichs
extension of this operator on L?(G) (i.e. the smallest self-adjoint extension),

d+1

A= —ZX]?.
j=0

The operator A so defined is a left invariant sub-Laplacian on G.
The aim of this paper is to prove the following multiplier theorem.

THEOREM 1.1. Let G and A be as above. Suppose that m is a real
function compactly supported in ]0,00[ which belongs to the Sobolev space
HOR+5+(RY) for some e > 0. Then the operator m(A) extends to an oper-
ator bounded on LP(G) for all p > 1.

REMARK 1.1. The degree of regularity of our LP multipliers is not sharp.
Indeed for H = R" we need m € H""5T¢(R¥), whereas Hebisch proves
in [10] that m € H™9/27¢(R*) is sufficient. The interest of our result is not
quantitative but qualitative: we give the first example of a sub-Laplacian
which admits a differentiable LP functional calculus, p # 2, on an N A-group
with roots not all positive and for which N # R™.

To prove Theorem 1.1, we estimate the heat kernel {p,}n.>o associated
with the sub-Laplacian A,

e*ZA(;b:qﬁ*lpz, » € C5°(G), Rz >0,

where #; denotes the convolution product in the space L?(G, dlg) relative to
dlg = e_(QJra)tdg, the left invariant Haar measure on G. We show that pq.s
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is uniformly bounded in L'(G) by a polynomial in s € R. It was proved by
Hebisch [9] that m(A) is then bounded on LP(G) for all p > 1. Following
Hebisch, Theorem 1.1 derives from the result below.

THEOREM 1.2. Let G and p, be as above. There is a constant C > 0
such that

IP1tisllLiq) < C(1+ s)292 s eR.

Our purpose is thus to establish Theorem 1.2. In order to do that, we
estimate the norm of p1;s in L'(G) by its norm in the space L?(G) with
some weight w. In Section 2, we define w, we give an estimate of pj4;s in
L?(G,wdg) (Theorem 2.1), and we show that this implies Theorem 1.2. The
remainder of the paper is devoted to the proof of Theorem 2.1.

We use the variable constant convention, which means that in a sequence
of equations, identical names will possibly be applied to different constants
(whose dependence on the parameters of the equations is clear). The nota-
tions introduced in Sections 1 and 2 hold throughout the paper, except in
Section 4.1 and the appendix, Section 7; these two sections contain general
results on Lie groups and have their own local notations.

2. Estimates on the heat kernel: L' through L2. Let p be the
Carnot—Carathéodory distance on G associated with the Hormander sys-
tem x. We denote by |g| = p(e, g) the distance from an element g in G to
the unit e of G, and by Br = {9 € G : |g| < R}, R > 0, the ball centered at
e of radius R.

PRrROPOSITION 2.1. If there exists a non-negative function w on G such
that
(1 +w) ™ 2| 2my) < CA+R)P2 R>0,
w2 p1sisllrz) < C(L+ D92, seR,
then the conclusion of Theorem 1.2 is true.

Proof. This is a rewriting of a result proved by Hebisch [9]. m

To prove Theorem 1.2, we show that there exists a function w on G which
has the properties required by Proposition 2.1. Let | - | be a homogeneous
norm on the homogeneous group H, that is, a function continuous and non-
negative on H, smooth away from the unit ey of H, and which satisfies for
all hin H: |h|g = |h =Y y; |oth|g = €'|h|y for every t in R; |h|g = 0 if and
only if h = eyg. We put

w(g) =w(h,a,t) = b Zlal, g=(ha,t)€G.
LEMMA 2.1. There is a constant C > 0 such that
(1 +w) 2| 25 < CA+R)P2, R>0.
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Proof. By the geometry of the Lie group G, there exists C' > 0 such that
Br C {g=(h,a,t): |hlg < CeF, |a] < Ce“F Jt| <C(R+1)}), R>0.
Now the assertion follows from easy computations. m

THEOREM 2.1. There is a constant C > 0 such that
w2 prsisll 2y < C(L+1s)9T¥2, s eR.

Lemma 2.1 and Theorem 2.1 prove Theorem 1.2, by Proposition 2.1. So
the point is now to demonstrate Theorem 2.1.

To do this, we show that the function s — ||w1/2p1+is||%2(0) satisfies a
certain differential inequality which, once integrated, implies the expected
estimate on |jw!/ 2p1+i5|\%2(G). The remainder of the paper is organized as
follows. In Section 3, we consider the functions

k/2
fk,{(s) = H |h|]-]/ |a|1/2p§+isH%2(G)7 ERS Rv 5 € DQ—k? k = 07 .. '7@7

where D,,, n € N, denotes the disc {z € C: |z — 1| < 1—1/2"}. Observe
that

foe(s) = fo(s) = llw'pryisliae), s €R, €€ Do

We fix k € [0,Q] and { € Dg_j, and we show that 9, f; ¢ is bounded by a
certain quantity. We evaluate directly one part of this quantity (Sections 4
and 5), and we estimate the other part by fo¢, ..., fi—1,¢, , with&; € Dg_;
(Section 6). In Section 6, we insert these estimates in the estimate of 0, fy, ¢
to obtain a certain differential inequality that can be integrated using an
induction argument. This proves, modulo a pointwise estimate on the heat
kernel, that fj ¢ is bounded by a polynomial in s; in the particular case where
k = @, it proves Theorem 2.1. In the appendix, Section 7, we establish a
pointwise estimate on the heat kernel with complex time on a general non-
unimodular Lie group, which completes the proof of Theorem 2.1.

REMARK. In what follows, we shall denote by (-,-) the scalar product
in L2(G), and when no ambiguity is possible, by || - || 72 the norm || - l22(c)-

3. First step towards a differential inequality. In this section, we
prove the following proposition, which provides estimates of the derivatives
Os fr¢ of the functions fj ¢ defined above.

PROPOSITION 3.1. Let k be an integer in [0,Q]. There exists a constant
Cx > 0 such that, for any £ in Dg_y, and s in R,
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k/2
104l 11|57 al 2pe 45 2]

1k
Ced > sup (e R a4 22,
e=0 |=1—¢ EPQ-k+1

IN

when k=1,...,Q,

O‘t/2p<+¢sH%2 when k = 0.

Co sup |le
CeDQ+1
First we show some auxiliary results (Lemmata 3.1-3.3). The proof of
Proposition 3.1 is given at the end of the section.

LEMMA 3.1. Let X be a left invariant vector field of the Hérmander
system x, let A be real, and ni,no be integers. Let ¢ be the function defined
by ¢(g9) = |h|%|al™?, where g = (h,a,t) € G. Then there exists a constant
C > 0 such that, for any Rz > 1/29+1,

M2 2 Xp. 7. < C sup [N 2|7
[¢—z|<1/2@Q+1
d+1
+ Z |<ijz7 e/\th(d))sz'
j=1

Proof. The proof is a slight modification of an argument of Hebisch [9].
We shall assume that X # Xj; the proof for X = X is similar. By integra-
tion by parts,

<Ap2) e>¢¢pz>

d+1 d+1
= > M2 2 X p |32 + MXops, eMop) + ) (Xp., M X;(¢)p2)
j=0 j=1

> (|eM2o 2 Xop. |12, + (|26 2 X p. |12,

d+1
— (AL [1eX726" 2 Xopz | 2 - 1€¥26 P2l = Y (X pz, ¥ X;(¢)p:)|
j=1
)\2 d+1
> (|20 X |7 — T 126 2z Te = D X pz, M X (0)p:)]-
j=1

Since p, depends analytically on z, by the Cauchy formula there exists a
positive constant C' such that, for all z > 1/29*! and y € R,

||6)‘t/2¢1/2ﬂpz+iy||2m = |\€)‘t/2¢1/23xpm+iy||%2

<C sup 1eX/261 2 pe |25
|¢—(z+iy)|<1/29+1

The desired inequality follows. =
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For integers k, [, and X € x, we set
Ik,l,X (57 8) = S e(l+a)t’hv]€{_l’p€+i8(h’ a, t)‘ ’XpﬁJriS(h’ a, t)‘ dh da dt,
G
where £ is positive and s is real.

LEMMA 3.2. Let k € [0,Q] and | € [0,k] be integers, and let X € x.
There exists a constant C > 0 such that for any & in Dg_j, and any real s,

(k— 2
Iiax(€,5) <02 sup |2 B G pe 2.
m— ZCGDQ k41

Proof. Fix k in [0,Q] and X € x. Let us start by estimating I} ; x for
| = k. For any ¢ € Doy, and s € R, R(E +4s) > 1/2@97F > 1/2@+L
Consequently, by Lemma 3.1,

Leux (& 8) = | e peyia(h, a,0)] | X peyis(h, a, t)| dh da dt
G

< ||e(k+a)t/2p§+is||L2 : |\€(k+a)t/2Xp§+'s||L2
< C sup He (k+a) t/2p HQ
|C—(¢4is)|<1/2@+1
=C  sup e i3, £ € Doog, sER.

I¢—gl<1/2@+t
For any ¢ such that |¢ — &| < 1/29%1 one has |[¢ — 1| <1 — 1/297*+1: thus

Ix(6s)<C sup  [|e™2p |7, €€ Doy, s €R,
CEDQ—k+1
which is the expected estimate for [ = k.

Let us now estimate Ij; x for I € [0,k — 1]. Assume that thereis [ € [1, k]
such that, for some C' > 0,

k 2
Loux (€5 <cz sup [t |y 2,
m=1 S€PQ—k+1

fEDQ_k, seR,

and let us estimate I} ;1 x. Again by Lemma 3.1,

Ii—1.x(&9)
= S T K pe i (hy 0, t)] | X pesis (hy a,t)| dh da dt
G

< Hel I4a) t/Q\h\ (k—1+1)/2 ‘|e(lfl+a)t/2‘h‘gc—l+l)/2

p€+iSHL2 : Xpﬁ—&-iSHLQ
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_ k—1+1)/2
< [|el=1Het/2 (D2 12,
k [+1)/2
(el et g D2 12,
k l+1
<C s (=142 (=02 12,
|¢—(&4is)|<1/2Q+1
d+1
+ D [ Xjperis, X (1B peyis), € € Dok, sER.
7j=1

We treat each term of the right-hand side separately. First we observe that

sup He(lflJroz)t/Q’h’g;—l-i-l)/2

|¢—(¢4is)|<1/2@+1

CHL2

”e(l—l—s—a)t/2 ’h’gﬂ*lJrl)/Q

= sup Pe+is | ’ %2

(—¢l<1/29+1

(l—1+a)t/2|h|¥[f—l+l)/2

< sup |l pC—&-is”%Q'

C€EDQ k41
Next, using Xd+1(|h|’;{_l+1) = 0, we find that

(X d41De+is €(Z_1+a)th+1(|h|];1_l+1)p§+is>| =0.

Now we estimate
(X pesis, e X5 (K ) peas)|

for 1 < j < d, remembering that X; = et X ;- An argument using the ho-
mogeneity of the norm |- | proves that for all n > 1 there is C' > 0 which
satisfies X;(|h|%) < C|h|% !, Then

(1) ‘<ij§+zsa (I=1+a) tX (’h‘k l+1)p§+is>|
< C{Xperisl, N pegisl), € € Dok, s ER.
We recognize Iy x;(§, s), bounded by assumption on /. Thus
‘(ijﬁ-HSv !X (Al e as)|
k—m)/2
< cz sup [l 2T e 7., € € Do, s R,
m—1 S€EPQ—k+1

Finally, this implies the required estimate on I} ;_1 x:

k 2
L1x(6,5) < C Z sup [ttt/ iy 2,
m=l— 1<€DQ k+1

fGDQ_k, seER. u
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For integers k, [, and X € x, we set

Trix (&8) = | Bl ol Ipesis(h, a, 8)] | X pegis(h, a,t)| dh dadt,
G
where £ is positive and s is real.

LEMMA 3.3. Let k € [0,Q] and | € [0,k] be integers, and let X € x.
There exists a constant C' > 0 such that, for any & in Dg_j, and any real s,

k 2
Teax (€ 5) sczz sup [l et | B2 A=/ 12,
e=0 m=1 €PQ-k+1

Proof. The proof is similar to that of Lemma 3.2, modulo the fact that
the integrals Ji ;1 x are estimated via Lemma 3.1 not only by the integrals
Jr1y with Y € x, but also by I;;_1y. Lemma 3.2 is used to conclude the
proof. m

Proof of Proposition 3.1. For all integers k in [0, Q)],

k/2 .
s 11l5 2 al" ?peisl|2e = 2R(—i Apgsis, [l |alpe-is)

d+1
=29 Z(ijpgﬂ's, |l lalpe-ris)
j=0
d+1
k/2 k
=238 (|11l 1al2 X peyis 32 + (Xjperis, Xs(hfrlal)pesis))
j=0

d+1
= 23 S(X;pevior X5 (137 al pesis)-
7=1

Then for £ =0, { € Dg and s € R,

d+1

10s[l 1] pesisl 2l < 2> [(Xjpeyis: X;(|al)peyis)|
j=1

< 2(| X g 1petisl, € pevis!)

= 210707Xd+1 (5’ S)'
Hence by Lemma 3.2, there exists Cy > 0 such that

10slal'*pesisZal < Co sup (e ?peyislfe, €€ Do, s €R,

CeDQ+1
which proves the assertion of Proposition 3.1 for k = 0.
Now assume that k is in [1,Q]. The argument used to deduce the esti-
mate (1) in the proof of Lemma 3.2 implies that there is C > 0 such that,
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for every £ € Dg_j, and s € R,
d+1

k/2
10511 113 a2 pesislF2 < 27 (X pesio, X;(hlfrlal)peis)]
j=1

d
< Cr Y (X petisl €' [l allperisl) + 2( Xar1peass € Rl frlperis)
j=1

d
=Cy Z Ji1,x;(€58) + 201k0, x4, (€5 8)-

j=1
By Lemmata 3.2 and 3.3, for all k& € [1, Q] we have
0] \h\’“”\a|1/2pg+isu%z\

< C’“(Z Z sup He(m+€a)t/2|h|g§_m)/2|a|(1_€)/2pg+i5||%2

£=0 m=1EPQ-k+1

£ o [t )
m—0S€Po—r+1

k— 2 _
ZZ sup  [|e(mteet/2p) kT2 (1= /2p g2
e=0 m=06EPa-k+1

e DQ_k, s € R,
which ends the proof of Proposition 3.1. u

4. Estimates on the heat kernel in L?(G) weighted by exponen-
tials in ¢. In this section, we establish explicit weighted estimates on the
heat kernel (Proposition 4.1, Corollary 4.1, Proposition 4.2, Corollary 4.2).
Those estimates will allow us to initialize a process of successive integration
of the differential inequality (Sections 5 and 6), which will lead to Theo-
rem 2.1 (Section 6).

PROPOSITION 4.1. There is a positive constant C such that
le*?pesislie < C(1+1sl)?, &€ Doy, s€R,

Proof. This follows trivially from an estimate established by Hebisch [9,
p. 203]. =

An easy consequence of Proposition 4.1 is the following.

COROLLARY 4.1. There is a positive constant C' such that, for any in-
teger k in o, Q],

€5 2pe 5|22 < C(L+|s])?, € € Doy, s €R.
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Proof. Let k be an integer in [, Q]. For every £ € Dgyq and s € R,

0
[ pecisliza < § (] e lpesis(ha,0)? dhda) de
—o0o  HxR

+ S( S th|p§+is(h,a,t)|2dhda) dt
0 HxR

< e pe | * + S e peyis(9)]? dg.
G
Now

| e pesis(9)* dg = | e ¥ peris(g™ P dlg™)

|

G G
= { e 25(g)peris(9)?o(g7) dg

G

|

67@6(Q+a)t|]?§+is(9)’2 dg = Heat/ngﬂ‘s”%z.

Thus by Proposition 4.1, there exists C' > 0 such that
1" pesislTz < 201e*?peris|® < C(1+s])?, €€ Dgsr, sER. m

A refinement of the estimate of Hebisch [9], more sophisticated than
Proposition 4.1, is given by the following proposition.

PROPOSITION 4.2. There is a positive constant C such that
S .
||€at/2px/2+ns+i(y+s)||%2 <C ?7 Tty € DQa ne }07 1[a s> L

The proof of Proposition 4.2 uses tools related to Schrédinger operators.
In Section 4.1 below, we introduce the results on Schrodinger operators we
need; then we prove Proposition 4.2 in Section 4.2. But before that, we
complete the list of our explicit weighted estimates on the heat kernel by
the following corollary of Proposition 4.2.

COROLLARY 4.2. There is a positive constant C' such that, for any in-
teger k in [1,Q)],

S .
||€kt/2px/2+ns+i(y+5)H%Q < C’F, x+1iy € Dg, n€]0,1[, s > 1.

Proof. The proof is analogous to that of Corollary 4.1. =

4.1. On Schrédinger operators. Note that the results presented here are
general, and are not specific to the groups introduced in Section 1.

Let Gy be a real connected simply connected Lie group, go be its Lie
algebra, and dgg be a right invariant Haar measure on Gy. We consider
a family xo = {Y1,...,Y,} of left invariant vector fields on Gy satisfying
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Hormander’s condition. Let py denote the Carnot—Carathéodory distance
relative to xg, and 7 the corresponding distance to the unit 0 of G,

7(90) = po(0,90), 9o € Go.

Let {fi,...,fs} be a family of real functions in C'(Gp). We define the
operators

qub:(Yj—l—ifj)qb, QZ)ECSO(G()), j=1...,n,
and their adjoint operators U7, j = 1,...,n, in L?(Gyp). We consider the
operator » 7, U;U; defined on C§°(Go). That operator is symmetric and

non-negative on L?(Gp), and thus it admits a Friedrichs extension. Let H
denote this extension,

H= Zn: Ui U;.
j=1

The operator H is a Schrédinger operator on L?(Gg). The semigroup e~
is well defined for Rz > 0, and so is the kernel of the semigroup that we
shall denote by e *H 4.

LEMMA 4.1. Let K be a compact set in the half-plane {z € C: Rz > 0}.
There is a positive constant C independent of the family of functions
{f1,..., fn} such that for every real c, x + iy in K, n in ]0,1[ and s > 1,

zH

— i S
e PO s ey < s (€ 55 ).

Proof. Tt is analogous to the proof of Lemma 1.4 in Hebisch [9]. m

4.2. Proof of Proposition 4.2. Let the notations be those of Sections 1
and 2 again. Let GGy denote the Lie group Gy = H xR, with H as in Section 1
and with product

90 '50 = (h7t) ’ (h7t) = (h : Uth7t+t)7 g0 = (hat)a 50 = (h7t) € Go.
We equip Gy with the right invariant Haar measure dgg = dhdt, and we
identify the left invariant vector fields { Xy, ..., X4} on G with left invariant
vector fields on Gp. It is then easy to show that yo = {Xo,..., X4} is a
Hormander system on Gy. Let pg denote the Carnot—Carathéodory distance
on Gy related to g, and 7 the corresponding distance from an element in
Gy to the unit 0 of Gy.

Now consider the operator — Z?:o X ]2 +e , where a is a real para-
meter, defined on C§°(Go). That operator has the form » 37, UsU; described
above in Section 4.1. Thus it admits a Friedrichs extension on L?(Gy), de-
noted by Hg,

2ata2

d
H,=- ZXJQ + e29q?,
J=0
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Fix  +1iy € Dg, n € ]0,1] and s > 1. From the Plancherel formula,
|’€at/2pr/2+ns+i(y+s)||%2(G) = S Heat/2pr/2+ns+i(y+s)||%2(G0) da

H at/2 —(z/24ns+i(y+s))H, 8o HL2 Go)d

L R

la|<e—cs/m?  e—es/n?<a|<1  1<]al

5 e

for any positive constant c. Let us estimate each integral separately.
Easy geometrical considerations on the Lie group Gg show that there is
a constant C' > 0 for which

t| < C(7(g0) + 1),  go = (h,1) € Go.

Hence there is C' > 0 such that, for every a € R,

H6at/2e—(x/2+ns+i(y+s))Ha5O”%Q(G )
0

< CHeCT(go)e—(év/2+775+i(y+8))Ha50“%2(0 y
- 0
From this we deduce, by Lemma 4.1, that there is C; > 0 such that, for
every a € R,
at/2e—(x/2+ns+i(y+s)

e )Ha50”%2(co)

SC’wxp(C’l%), x+iy € Dg, n€]0,1], s> 1.
n

Let us now choose the constant ¢ equal to C; in the integrals to estimate.
One then has for any = + iy € Dg, n € ]0,1[ and s > 1,

(2) S Heat/Qe—(I/2+ns+i(y+s))Ha50H%Q(GO) da < 20}.
|a\<e’cls/"2

For every a # 0 and every smooth function ¢,

at/2

at/2),11/2

e @H%Q(GO_HHe 026122,

1 (0%
S (le*adliZa cy) + 141172 (c)-

The operator — Z?:o XJ2 is non-negative on L%(Gy), thus for every a # 0
and for every function ¢ in the domain of H,,

e ad 32y = (€7*a°0, B) 12(Go) < (Hat, ) 12(Go)
< Hadl 72,y + 16l 72(c0),

which implies

o 2
12 d) T2y < T

a] (1Had 122Gy + 101172(c0))-
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Taking ¢ = e~ (@/2tns+ily+s))Hag) in the above inequality, we obtain

H6at/26—(m/2+ns+i(y+s))Ha60||%2

(Go)
2 - . B :

< 7y Ul1Hae (2rns D Hle gy | 1o gy + e @/ 2EmH bt egy 19, ).
It is easy to check that the functions s — HHae_(z/””s”(y“)waéoH%Q(GO)
and s — ||e_(x/2+”5+i(y+5))Ha60||%2(G0) have non-positive derivatives on R™.
Therefore they decrease on R™, and we have

H6at/26—(m/2+ns+i(y+s))Ha60||%2

(Go)
2 -z 1 —(z %
=Tal (| Hae™ 20 Gy | T gy + le™ @280 )
2 —(z 0 o (x i .
< m (”H € (w/d+iy)H HE L2(Go),L2(Go)) + ||6 /4+iy)H ||£ L2(Go), LQ(G())))

X ||6_($/4)Ha50”%2(co).

We know from spectral theory that the operators Hye @/t Ha gnd
e~ (@/4+w)Ha are hounded on L?(Gy) uniformly in z,y for z + iy € Dg, and
that the bound is independent of the parameter a € R. We deduce easily
from the boundedness of e~ (*/4+¥)Ha that ||e_(x/4)H“60H%2(GO) is bounded
uniformly in z for z + iy € Dg, and independently of a. As a consequence,
the second integral is such that, for any « 4+ iy € Dg, n €]0,1], and s > 1,

(3) S Heat/2€—(x/2+775+i(y+s))Ha50H%Q(GO) da

e=C1s/m* <|a|<1

S
< — —.
<C | ‘a‘ da < C 5

e_cls/"2§|a\<1
And we also have
at/2 —(x/24ns+i(y+s))H, 2
S |2t/ 2e= (/2 Hnstily+s)) 8oll72 () da
1<]al

1 (x .
<cC | m”e (IO 50172 da
1<\a|

| /\

cf— Vi L |lem @/ g2, da = Cllpgyal2a).

It is a straightforward application of Theorem 7.1 (see Appendix, Section 7)
that ([p,/4llr2(c) is bounded uniformly in z for x + 4y € Dg. Then for any
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x+1iy € Dg,n€]0,1], and s > 1,

(4) S Heat/2e—(m/2+ns+i(y+s))Ha50H%Q(GO) da < C.
1<]al

Using the estimates (2)—(4), we find that there is C' > 0 such that

Heat/2pz/2+ns+i(y+s) H%Q(G)
§C<1+%> <C5, wtiyeDg nelol s>1,
n n

which proves Proposition 4.2. =

5. Estimates on the heat kernel in L?(G) weighted by polyno-
mials in |h|g. In this section, we derive new estimates on the heat kernel
in L?(G) from those of Section 4. The main result is given by the following
proposition; we shall use it to estimate, by polynomials in s, some of the
terms in the inequality of Proposition 3.1.

PROPOSITION 5.1. Let k be an integer in [1,Q]. There exists a positive
constant C, such that

k/2
1A P peris| 22 < Cr(1+[s)*F, €€ Dg, s €R.

We start by showing two technical lemmata before proving Proposi-
tion 5.1 at the end of the section.

LEMMA 5.1. Let k be an integer in [2,Q)]. There exists a positive constant
Cy such that, for any x + iy in Dg, n in ]0,1[, and s > 1,

k/2
sl 51D j2siy s 22

32/k k/2 2k—4)/k
Ck 771+4/k H ‘h|H/ pz/2+iy+(i+77)s”22 )/ when k € [37 Q]7

<
Cg% when k = 2.

Proof. For every x + iy € Dg and n € |0, 1],

k/2
Ol 111D j2iy s 22
d+1

=2R Z(i + XDy 2 it (it | PLErDa 2 iy (i4m)s)
=0
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d+1

k/2
= =20 Y A X pe iy itmys |22
j=0

d+1
— 2R Z(i + n)(ijz/2+iy+(i+n)sa Xj(|h|l;{)pm/2+iy+(i+n)s>
j=0

d+1

k/2
=20 S AL X D0 pa iy (s
j=0

IN

d
+ 2i + 1| Z ’<ijm/2+iy+(i+n)sv Xj(‘h‘z)px/2+iy+(i+n)s>’
j=1

d+1

k/2
=20 S AL X D0 pa iy (s
j=0

IN

d
+ 2\/§Z<’ijx/2+iy+(i+n)s|v |Xj(|h|l;{)| |pm/2+iy+(i+n)s‘>7 s> 1.
j=1

Then by the argument used to prove estimate (1) in Lemma 3.2, there is
Cy > 0 such that, for every z + iy € Dg and n € ]0,1],

k/2
Os || WH/ Px/2+z'y+(z'+n)s||%2

dt1
k)2
< =2 Z | WH/ ij:p/2+iy+(z‘+n)sHQL2
=0
d
+ Cj, Z<|ija:/2+iy+(i+n)s|a N5 Pejoviyt(iemys!)
j=1
d
k)2
< -2 Z | WH/ ij:p/2+iy+(z‘+n)sHQL2
j=1
d
k/2 k/2—1
+ Ok S NI X 00 poiysemsllze - e TR Do soriys el 2
j=1

Ck k/2—1
< ) Het’h’H/ pm/2+iy+(i+n)s”%27 s> 1.

For k = 2, this implies by Corollary 4.2 that
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Co
Os| ‘h|pr/2+iy+(i+77)sH%2 < ? ”etpx/2+iy+(i+77)sH%2

302%7 fU"‘iyEDQane]Oal[vSZl;

which proves the assertion for k = 2.
For k € [3,Q)],

k/2—1

s HWH Pa/2+iy+(i+n)s HL2 < ? H t’h’ Px/2+iy+(i+n)sH%2

5 k_4)/kHLk/(7€*2

/k k—2
n ||6 |pr/2+zy+(z+77 | HL’C/2 H|h|H |pw/2+zy+(z+n) )

k/2 H (2k—4)/

Ck \ (k 4/k
= 7 ”6( /2) px/2+zy+ (i+m)s H ; H ‘h|H Px/2+iy+(i+n)s

Thus by Corollary 4.2, for every x + iy € DQ, ne€]o,1[, s > 1,

k/2 Cy (2k—4)/k
Oull 122 3y s el < 7(77—) T L S

2/k
S (2k—4)/k
< Ck 77 771+4/k ” |h|H Px/2+iy+(i+n)s ||L2 )/ )

which proves the assertion for k € [3,Q)]. w
LEMMA 5.2. Let k be an integer in [2,Q]. There exists a positive constant
Cy such that, for any x + iy in Dg, n in ]0,1[, and s > 1,
14k/2
k/2 S
| |h|H/ px/2+iy+(i+n)s||%2 < Gy R

Proof. We estimate || |h|I]€l[/2pac/2+iy+(i+n)s”%2 first for k& = 2, then for k
in 3,
By Lemma 5.1,

S
Os |l [Pl Erpa 2ty (i4mys |72 < C el > 1.

Hence
2

S
| ’h‘Hpr/2+iy+(i+77)s”%2 < |h|Hpm/2+n+i(y+1)||%2 + O ﬁ, s> 1.
Now Theorem 7.1 implies that

17l #Paj24ntiyllie < ¢, @ +iy € Do, n€10,1].

Then
2 §2

S .
H |h|pr/2+iy+(i+n)sH%2 S C+CQ 773 > 02 37 CU‘H?J S DQ7 n S ]07 1[7 S Z]‘J

proving the assertion for k = 2.
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Now fix k € [3,Q]. Set ©(s) = || |h]% *Pa /2t iy (i+mslZe. Lemma 5.1 en-
sures that 2/k
S _
1/)( )<Ck gy w(k 2)/16(8), s> 1.

Hence
ok s1H+2/k\ /2
w(s)§<¢/()+0knl+4/k> ,  s>1
By Theorem 7.1,
k/2 .
$(1) = 1l pajzensityin 72 < ens @ +iy € Do, me o1
In terms of the heat kernel, we have

oo ) glH2/kN\ k/2
Al " Paj2tiy+ (imysl T2 < (Ck + Gy 1+4/k>

g1 +k/2
<G i, w+iyeDg nelol] s> 1,
n2+k/2
which proves the statement for k € [3,Q)]. =

5.1. Proof of Proposition 5.1. Let us estimate || \h|];1/2p5+is||%2 first for
k =1, and then for k € [2,Q)].

Arguments similar to those used to prove Proposition 3.1 when k£ = 0
show that there is a constant C7 > 0 for which

1/2
10ll 11 erisllZ2] < Cv sup [[€?pesisle, €€ Do, s €R.
€D 41

Hence by Corollary 4.1,
05| 11l 2Pyl < C1(1+[s])? s €R,
where C] is a positive constant independent of { € Dg. This implies that

1/2 1/2
11B13 perisllia < |1l pell3z + Cr(1+1s)®, & € D, s€R.
By Theorem 7.1,

1/2
1811 peisll2 < Ci(1+s])?, €€ Dg, s €R,

which gives the assertion for k = 1.
Now we assume that & is in [2, Q]. On the one hand, Theorem 7.1 implies
that there exists ¢; > 0 such that

k/2
1R pe islZe < ex, €€ Do, |s| < 1.
On the other hand, we know from Lemma 5.2 that there is C}, > 0 such that

Gl Hk/2
k/2 .
| WH/ Paj2riy+(iamsliz < Ck —5775 R z+iy € Do, n €]0,1], s > 1.
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For n = x/2s, this implies that

95\ 2+H/2 .
A5 eyl < G #2(2) 0 < P aviye Do, s> 1

Now by a process analogous to the one used to establish the above estimate,
one proves

k/2 .
VAl paigeisllie < Crls™**, @ +iy € Do, s < —1.
Combining the estimates for |s|] <1, s > 1 and s < —1, we obtain

k/2
B peyisl|Z2 < Cr(1+]s))***, ¢ € Dg, s€R. =

6. Proof of Theorem 2.1. In this section, we establish the following
proposition which proves Theorem 2.1.

PROPOSITION 6.1. Let k be an integer in [0, Q). There exists a positive
constant C such that

k/2
|1l % al 2pesisl3a < CL+ [s)PHOE, €€ Doy, s€R,

Denouement. Theorem 2.1 follows from Proposition 6.1 with k = Q.

Proof of Proposition 6.1. The proof is by induction on k. By arguments
similar to those used to prove Proposition 5.1 when k£ = 1,

Hal'pesisll7s < CL+ ), €€ Do, s €R.

This yields the assertion for k = 0.

Let us now fix an integer k¢ in [1, ], and assume that the assertion holds
for every integer k in [0, ko — 1]. Proposition 3.1 ensures that there is C' > 0
such that for any £ € Dg_g,,

ko/2
1041 115072 a2 e |22 |
ko—1
<o(Y s et 2,
1—0 $€DPQ-ko+1

k0+a)t/2

+  sup e Peislz2

CEDQ—kg+1

ko—1)/2
b3 e 0 Ppcsisl?:), s €R
1C€DQ ko+1

This gives an estimate of |Js]| |h|k°/2|all/2p5+is||%2| in terms of norms of

the heat kernel in weighted L2?. We shall evaluate the norms separately,
depending on whether the weight is purely exponential in ¢, polynomial in
|h|zr and |a|, or polynomial in |h|g only.
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There is only one term with weight purely exponential in ¢: it is the
supremum of |lekot®)t/2p. 112, for ¢ € Dg_py+1. By Corollary 4.1, we
have

sup  [le®ot N 27, <C+s])?, seR.
CEDQ—kg+1

Concerning terms with weights polynomial in |h|g and |a|, they are the
suprema, of

||€lt/2’h’(k0 1) /2|a’1/2

Petisll 72 for ¢ € Do gyt
with I =1,...,ko. Fix [ in [1, kg]. We have

kl2
€472 || 0= 02 a1 2y 12,

0
< | (HSRyhyko !l \pCHS(h,a,t)Pdhda) dt
—0o0 X

T S ( X e(Q_kOH)t‘h‘l;?_l’a‘ [petis(h, a,iﬁ)Pdhda) dt
0 HxR

k l 2 _ _
< RIS 2pe i 22 + | €@ R0t Dt Rk a] [peyis(9) 12 dy.
G
Now
| el@kotDt p ko a| peyis(9)]? dg
G

e @t oy (M| = e al Iperaslg™ P dlg™)

e (Q— ko+l)t —(ko—1)t ’h’ko -l at’a‘ ’chris(g)‘Qe(Q-l—a)tdg

é
S

= [| Al |a]"?

|al'*peyislla-

Thus, by assumption on kg, there is C' > 0 such that

[0l al /2

k l 2
sup  [|e/2|R|F D210 2pe )22 <2 sup Pesisl?s

CEDQ—k+1 CEDQ—k+1
< O(1 + |s])3F@tho=l s e R,

Concerning terms with weights polynomial in |h|g only, they are the
suprema, of

N ko—1)/2
et )t/2’h’§{0 )/ Pevisllre  for ¢ € Dg_got1
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with [ =0,...,ko — 1. Fix [ in [0, ko — 1]. We have
o ko—1)/2 a
etz o2 2y < § (] e o (hya ) dadt) dh

hlg<l RxR
+ ( I ™R pesis(hy a,t)] da dt> dh
|hlg>1 RxR
< e 2pe i1 2o + § e ONRG Ipeyis(9)] dg.
G
On the one hand, by Corollary 4.1,

sup [l 2 ]2, < O(1+s])?, s eR.
CEDQ—ky+1
On the other hand,

| e )2 pesis(g)? dg =
G

e Moy (W) E  Iperis(g™ )P d(g™)

e_(”o‘)te_(Q_l)t!h\g_l\pgﬂ‘s (9) ‘26(Q+o¢)t dg

Q= Q)

—1)/2
— | 112 pe o2

Thus by Lemma 5.1, there is C' > 0 such that
J e R Ipesis(9) P dg < C(L+[s)P, s R,

G
Finally,
ko/2
0]l 121572 lal *pe.sis 32
kofl kO
<O+ DO (1 [s)? + (1 + [s]) PO H0)
=0 =1

< C(1+ )Tl € Do_g,, sER.
Then by Theorem 7.1, there exists C > 0 such that
ko/2 ko /2
1AL 2 ) 2pe il < 11 RI5% ] 2pe 2] + C(1 + |s]y* @40
< C(L+]s)*T @ ¢ € Do_g,, s €R,

and Proposition 6.1 follows. =

7. Appendix: Heat kernel with complex time on non-unimod-
ular Lie groups. In this section, we prove a pointwise estimate on the
heat kernel with complex time (Theorem 7.1) used in the previous sections.
This estimate holds on general non-unimodular Lie groups, which seems to
be new when the time is complex.
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Let G be a real connected Lie group equipped with a right invariant
Haar measure dg. We denote by d'g the corresponding left Haar measure
and by § the modular function of G,

dg = 6(g)d'g.
From now on, we shall assume that the Lie group G is non-unimodular, that
is, d £ 1.
Let x = {X1, ..., X,,} be asystem of left invariant vector fields on G that
satisfies Hormander’s condition. We form the left invariant sub-Laplacian

on G, n
A=) X7
j=1

We associate with A the semigroup of operators T? = e *4, £z > 0, and
we denote by p, the heat kernel

e =p: ¢, ¢ €CT(G), R >0,
where #; denotes the convolution product in L?(G,d'g).

THEOREM 7.1. Let G, 0, p, be as above, and A be real positive. For any
e in |0, 1], there is a positive constant C' such that

p-(9) < CORe) 275 g exp (- 25, g€ 6m)=0,
where n is the local dimension of the Lie group G.
Proof. This is a straightforward consequence of Proposition 7.1 below. m
To state Proposition 7.1, we need to introduce additional notations. Set
A=32A6712 4 214

The operator A is self-adjoint and non-negative on L%(G,d'g). We asso-
ciate with A the semigroup of operators S% = e *4, Rz > 0. Elementary
computations show that

% = M2 Es12 0 Ry > 0.
It follows that, for every Rz > 0,
(5) q. = e 6" ?p,
satisfies
S*9=9¢*q., ¢€eCT(G).

PROPOSITION 7.1. For any e in )0, 1], there is a positive constant C' such
that

4:(9)] < C(R2)~""? eXp(—%(%)), gEG. R(z) > 0.
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Proof. By Davies [5, Theorem 3.4.8], Lemmata 7.1 and 7.2 below yield
the conclusion. =

LEMMA 7.1. For any ¢ in ]0,1[, there is a positive constant C such that

2
qi(g) < Ce M/2n/2 eXp<_(4|i|g)t>’ geG, t>0.

Proof. By the pointwise estimate on the heat kernel of Varopoulos [15,
Theorem 1X.1.2],

pi(g) < C6 2 (g)(min(t, 1))/ exp <_ (4 +e)t

Lemma 7.1 follows upon using (5) with z =t € |0, 0. =

), geG, t>0.

LEMMA 7.2. There exists a positive constant C' such that
lg:(9)| < C(R2) ™2, g €G, R(z) > 0.
Proof. For any real positive x and any real y,

Qoriy = Sw/3sx/3+iy

Qz/3-
So ‘
Iga-tiy |l oo (Gatg) < 1S ll2m00 1S/ * T |22l a3 ]| 2(Gatg)

where
157/ 200 = sup{[|S S|l oo . atg) * 191l L2(catg) < 1},
|57+ |z = sup{[|S*/* 6| 2 aig) : 19 2(catg) < 1}
Let us estimate ||Sx/3H2—>oo- For any ¢ € C§°(G),

||Sm/3¢||L°°(G,dlg) <@ *1 Guy3ll o (Garg) < N9l 2a, ag) 19231l L2(G )
Hence
157/ 1200 < l1da/3ll22(G, dg):
which implies
@atiyll Lo atg) < H%/3||%2(G7dzg),
We observe that, for any ¢t > 0,

at(g™h) = e M2 (g p(g™h) = e M (9)pe(9)0(9) = arlg), g € G.
Therefore

HQ:J:/ISH%Q G.dlg) — q‘r/3(g)Qm/3(gil) dlg = qz/3 *1 Q:p/3(e) = QQac/?)(e)
(G,d'g)

G
where e is the unit of the Lie group G. Then by Lemma 7.1, we have

||Q:v+iy”Loo(G7dlg) § C$_n/2, xr > O, Y € R.

This completes the proof of Lemma 7.2. u
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