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RANK o OPERATORS ON THE SPACE C(T,X)

BY

DUMITRU POPA (Constanta)

Abstract. For 0 < a < 1, an operator U € L(X,Y) is called a rank « operator if

Ta . . . . . .
Tn — x implies Uz, — Uz in norm. We give some results on rank a operators, including
an interpolation result and a characterization of rank « operators U : C(T,X) — Y in
terms of their representing measures.

Let X be a Banach space and 0 < a < 1; a sequence (Zy)neny C X is
called T4-convergent to 0, written x,, =5 0, if there exists a constant ¢ > 0
such that ||} . zn| < c[B|* for all finite subsets B C N, or equivalently,
| > nen Antnll < c|B|* for all finite subsets B C N and A\, € K =R or C
with |A,| < 1 (the constant ¢ may vary). Here |B| is the cardinality of B.
A sequence (x,,)neny C X is called 74-convergent to x, written x,, g, if
Ty — X 0.

For 0 < a < 1, an operator U € L(X,Y) is called a rank « operator if
z, =% z implies Uz,, — Uz in norm. We denote by R, (X,Y) the Banach
space of all rank « operators from X to Y. A Banach space has rank « if each
To-cONvergent sequence is norm convergent. The notions of 7,-convergence
and rank a spaces have been first introduced by A. Pelczynski [8]. Observe
that rank 0 operators coincide with unconditionally converging operators.
In the following proposition we give some results concerning rank « opera-
tors.

PROPOSITION 1. (a) R, is an operator ideal in the sense of A. Pietsch
9], for each 0 < o < 1.

(b) If 0 <a < <1, then Rg(X,Y) C Ry(X,Y).

(¢c) DP(X,Y) C Ro(X,Y) for each 0 < o < 1, where DP denotes the
ideal of Dunford—Pettis operators.

(d) Ry is a closed ideal of operators for each 0 < a < 1.
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Proof. (a) is clear; (b) follows from the fact that if a < [, then 7,-
convergence implies 7g-convergence; (c) follows from the fact that 7,-conver-
gence implies weak convergence.

(d) If ,, =% 0 then there is a constant ¢ > 0 such that sup,,cy [|[z.] < e
If Uy € Ro(X,Y) for each k € N and Uy, — U in norm then for each € > 0,
there exists k € N such that | Uy — U|| < &/(2¢). Since Uy, € Ro(X,Y), we
have ||Uk(x,)|| — 0 as n — oo, so there exists n. € N such that || U (z,)|| <
/2 for each n > ng; hence ||U(x,,)|| < € for each n > n., ie. U € Ro(X,Y).

Now we indicate in what conditions a diagonal operator has rank «,
which shows in particular that the inclusions (b) and (c) from Proposition 1
are strict.

EXAMPLE 2. Let 1 < p <00, A = (Ap)nen € loo and Dy : 1, — 1, be the
diagonal operator associated to A\, i.e. Dy(xy) = (Anzy). Then:

(a) For 1/p < a <1, Dy € Ry(ly,1,) if and only if X € co.

(b) For 0 < a < 1/p, Dy € Ry(lp,1,) if and only if X € l.

Proof. (a) If Dy € Rq(lp,lp), then since 1/p < «, Proposition 1(b)

implies that Dy € Ry/,(ly,1p). Since e, A (en, is the canonical basis of
l,), we find that ||[Dy(ey,)|| — 0, i.e. A, — 0 and so X € ¢y. Conversely, if
A € ¢, then the operator D) is compact, so Dy has rank a.

(b) For 0 < ae < 1/p, the space [, has rank « (see [1], Proposition 2.3(2),
or [8]), so by the ideal property of rank a operators, Dy € R,(l,,l,) for
each )\ € [.

It is also easy to prove the following:
PROPOSITION 3. For each compact Hausdorff space T,
W(C(T),X)=DP(C(T),X)=Ro(C(T),X) = Ro(C(T), X)
for each 0 < a < 1.

Proof. The first two equalities are well known ([5], Theorem 15, pp. 159
160), and Proposition 1(c)&(b) assures that DP(C(T), X) C R,(C(T), X)
C RU(C(T),X).

Now we prove that a certain composition operator is a rank « operator.

PROPOSITION 4. Let A € RIY(X Y), B € DP(Z,T) and define h :
L(Y,Z) — L(X,T) by h(U) = BUA. Then h is a rank « operator.

Proof. Let U, ™% 0. For n € N, let x,, € X with ||z,|| <1 be such that
(1) [(Un)|| = 1/n < [[R(Un)(@n)|| = [[(BUnA) (20)]].

If 2* € Z*, since U,, =% 0, we obtain z* o U, 3 0. Now A € RI"(X,Y)
so A*(z* o U,) — 0 in norm, or z* o U, o A — 0 in norm of X*. Hence
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(z*oUpo0A)(xy) — 0,ie. ((UpoA)(zy),2*) — 0 and since z* € Z* is arbi-
trary, (U, o A)(x,) — 0 weakly. As B € DP(Z,T) we have B((U, o A)(z,))
— 0 in norm of T, i.e. (BoU, o A)(x,) — 0 in norm of 7" and the relation
(1) implies ||h(U,)|| — 0, i.e. h is a rank « operator.

COROLLARY 5. Let 0<a <1, UeRM(X X)) and V € DP™(Y,1}).
Then the projective tensor product U @, V is in R (X @, Y, X, @, Y1).

Proof. Since h = (U @, V)* : L(X1,Y]) — L(X,Y™*) acts as h(z)) =
V*yU, it suffices to apply Proposition 4.

A natural question is: is the ideal of all dual rank « operators projective
tensor stable? The answer is no. For 2 < p < 0o, take the identity operator
i:ly — g (1/p+1/q = 1), the dual of which has rank o for each 0 < v < 1/p
(see [1], Proposition 2.3, or [8]). But the dual of i @i : Iy @x ly — I ®x Iy 18
the identity operator on L(l4,[,), which, because 2 < p < 00, ¢ < p, contains
a copy of ¢y and hence has no rank.

For 0 < a < 1, X a Banach space, let E(X) = {(2p)neny C X | 2, 3 0},
which is evidently a Banach space for the norm

]| = sup {% B finite C N, B # @},
where £ = () nen € Eo(X). Observe that U € L(X,Y) is arank « operator
if and only if for each sequence (z,,)nen € Eq(X), the sequence (Uzxy,)nen is
in ¢o(Y'). In addition the operator h : Ey(X) — ¢o(Y') given by h((2y)nen) =
(Uzp)nen is linear and continuous.

Now we prove an interpolation result for rank « operators. We recall that
given a Banach interpolation couple Y = (Yp,Y7) and 0 < 6 < 1, [Yo, Y1]o
is the interpolation space obtained by the complex method of Calderén (see
[12], 1.9.3, for details).

PROPOSITION 6. Let 0 < 6 < 1, X a Banach space, Y = (Yp,Y1) a
Banach interpolation couple and 0 < a < 1. Then

[RCY(Xv YO)’ L(Xa Yl)]@ C Roz(Xa [}/Ov Yl]@)
Proof. For £ = (xp)nen € Fo(X) we define the operator
h‘f : RQ<X7 YO) + L(X') Yl) - lOO(YO + Y1)7 hE(U) = (an)nEN-

Then using the definition of rank « operators (see the above discussion),
we obtain two continuous linear operators: he : Ro(X,Yy) — co(Yo) and
he : L(X, Y1) — loo (Y1), with

[he : Ra (X, Y0) — co(Yo)l < (1€, [lhe « L(X, Y1) — Lo (Y1)[| < €],
hence by interpolation,
h£ : [Ra(Xv}/O)’L(Xa Yl)]@ - [CO(}/O))ZOO(Yl)]H



258 D. POPA

is also a continuous linear operator and
[[he : [Ra(X,Y0), L(X,Y1)]p — [co(Yo), loo (Y1)]o
< [lhe : Ra(X, Yo) — co(Yo)[I'~"|lhe : L(X, Y1) — loo (Y1) || < [I€]]-
But [co(Y0), loo(Y1)]o = co([Y0, Y1]o) (see [12], 1.18, Observation 3), thus
he + [Ra(X, Y0), L(X, Y1)]o — co([Y0, Y1)]o)
is also a continuous linear operator, i.e. for each U € [R (X, Yp), L(X, Y1)ls
and each § = (zp)nen € Eo(X), he(U) = (Uzp)nen € co([Yo, Y1)]p) and
1P| = 1 (Uzn)lleo(vo.v0)10) < IEI- U {Ra (X, ¥0), (X Y010

Thus U € Ro(X, [Yo,Y1]o) and U g, (x,1vo,v110) < U N[0 (xv0), LX)

For Banach spaces X and Y we denote by X ®. Y the injective tensor
product of X and Y, i.e. the completion of the algebraic tensor product XY
with respect to the injective cross-norm e(u) = sup{|{(z* @y*, u)| | [[z*|| < 1,
ly |l < 1} foru € X®Y (see [5], Chapter VIII). If U € L(Z®.X,Y), for each
z € Z we consider the operator U#z : X — Y given by (U#2)(x) = U(2®x)
for x € X; evidently, U# : Z — L(X,Y) is linear and continuous.

PROPOSITION 7. If U € Ro(Z ®. X,Y), then U# € Ry(Z, Ro(X,Y)).

Proof. For z € Z, define V, : X — Z ®. X by V,(z) = 2 ® z. Then by
the hypothesis and the ideal property of the rank a operators it follows that
U#z = UV, is a rank a operator. Let z, - 0. For n € N, let ||z,|| < 1 be
such that

IUF 2]l = 1/n < [(U* 2) () | = U (20 @ ) |-

For every finite subset B C N we have

5( Z Zn ® H?n) = sup H Z z2nx™ (zy)
neB neB

flz*[[<1

< ¢|B|%,

since |2*(x,,)| < 1, hence 2, ® ,, -3 0. As U is a rank « operator, we have
NU(z, @ x,)|| — 0, so [|[U#2,]| — 0 and hence U# € Ry (Z, Ro(X,Y)).

If T is a compact Hausdorff space and X is a Banach space we denote by
C(T, X) the Banach space of all continuous X-valued functions defined on T,
equipped with the supremum norm. Also if T" is a compact space, we denote
by X the o-field of Borel subsets of T', and if X is Banach space, B(X, X) is
the Banach space of totally measurable X-valued functions equipped with
the supremum norm. It is well known that every continuous linear operator
U:C(T,X) — Y has a representing measure G : ¥ — L(X,Y™**) such
that U(f) = . fdG for f € C(T, X) and there is a canonical extension U:
B(X,X) — Y** of U to the space B(X, X) given by ﬁ(f) = (. fdG for f €
B(X,X) (see [3], Representation Theorem 2.2, or [6], Theorem 9, p. 398).
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Also we denote by [|G||(E) = sup{|Gy~(E)| | |ly*]] < 1} the semivariation
of the representing measure G, for E € X, where Gy« (E) = (y*, G(E)z);
we say that the semivariation |G| is continuous at 0 if |G||(E;) — 0 for
Er \\ 0, Ex € X. As is well known, |G| is continuous at () if and only if
there exists a Borel measure oo > 0 on X such that lim, g [|G(E)|| = 0.

Since C(T, X) = C(T) ®. X, from Proposition 7 we have:

COROLLARY 8. If U € R,(C(T, X),Y), then G(E) € R, (X,Y) for each
E € ¥ and the semivariation |G| is continuous at (.

Proof. Using Propositions 7 and 3 we infer that
U# € Ro(C(T), Ro(X,Y)) = W(CO(T), Ro(X,Y)),

hence the representing measure F of U# is countably additive ([5], Theo-
rem 5 (Bartle-Dunford-Schwartz), p. 153), so F' has the semivariation con-
tinuous at (). But the representing measure I of U# under our hypothesis
coincides with that of U ([3], Theorem 4.4), hence G takes its values in
R,(X,Y) and the semivariation ||G| is continuous at ().

With the help of Corollary 8 the proof of the following proposition is
analogous to that of Theorem 3 from [2], so we omit it.

PROPOSITION 9. Let X, Y be Banach spaces, T a compact Hausdorff
space, U : C(T, X) — Y a continuous linear operator, and U: B(X, X)—
Y** the canonical extension of U. Then U € R, (C(T,X),Y) if and only if
U takes its values in Y and U € Ry(B(XZ, X),Y).

Now for a given closed operator ideal A we indicate a way to construct
a continuous linear operator on C(7T, X) with representing measure having
natural properties. Compare this result with that of [10], Proposition 1.

PROPOSITION 10. Let A be a closed operator ideal, and (Up)nen C
A(X,Y) a sequence such that >~ " ||[y*Uy|| < oo for each y* € Y*. If T is
a compact space on which there exists a purely non-atomic reqular probabil-
ity Borel measure \, and (ry)nen is an orthonormal sequence in La(\) with
SUP,en SUPser [Tn(t)| < o0, then the operator U : C(T,X) — Y given by
U(f) = 3021 Un(§ frndX) is linear and continuous and its representing
measure G has the properties: G(E) € A(X,Y') for each Borel subset E and

|G|l is continuous at .

Proof. First observe that the hypothesis and the closed graph theorem
imply that

sup Z ly*Un| = M < oc.

ly=lI<1 =
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For f®@z e C(T) ® X, we have

o0

U(f ®x) :Z Sfrnd)\

Using the orthonormality of the sequence (r;,),ecn it follows that for each
Ee X, §,rd\— 0. Since

0o
Dy (Unm)| < Mly*| - ]| < o0
n=1

for each y* € Y*, z € X, theseries >~ | Upn(z) §, frn dX is norm convergent
(see [4], Theorem 6, p. 44). Also for f € C(T,X) and n € N we have

HZUk( friaN)| < Lig| sup Zny Ul < LM ],

ly*I<1

where L = sup,,cn Sup;cr |rn( )|- Now the Banach-Steinhaus theorem as-
sures that the series ) Un(§} frn d)) is norm convergent for each f €

C(T,X) and the operator U is linear and continuous.
If G is the representing measure of U then

n=1 FE

iLe. G(E) = >0 an(E)U,, where o, (E) = {7y dX. Also for E € ¥ and
x € X with ||z]| <1 we have

6@ - Y arBUn@] < Guplaw(®) ) s Zuy Ul
k=1 yrlist
= Msup |ax(E)],

Le. |G(E) = Y 1_q ax(E)Uk|| < M supys,, |ag(E)] — 0. Since the ideal A
is closed it follows that G(F) € A(X,Y). Also, the well known Nikodym
convergence theorem implies that G : ¥ — L(X,Y) is countably additive
and so ||G|| is continuous at ().

REMARK 11. Let (x,,), CX™* be a bounded sequence, and let (¥, )nen CY
with >0 |y*(yn)| < oo for each y* € Y*. Then taking U, = z} ® y,, we
have

) 00
Dy Ul < (sup 2l D Jy* (wa)] < o0
n=1 neN n=1

for each y* € Y*, so we can apply Proposition 10.
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PROPOSITION 12. The following assertions about a Banach space X are
equivalent:

(i) X has rank .

(ii) For any compact Hausdorff space T and any Banach space Y, a
continuous linear operator U : C(T,X) — Y has rank « if and only if
its representing measure G has the properties: G(E) € Ro(X,Y) for each
E € ¥ and ||G| is continuous at ().

Proof. (i)=-(ii). Using Corollary 8 we have to prove that if X has rank
aand U : C(T,X) — Y is linear and continuous with G(E) € R, (X,Y) for
each £ € XY and with ||G|| continuous at (), then U is a rank « operator. Let
(fn)nen C C(T,X) with f, 73 0. Then for each ¢t € T and a finite subset

B C N we have
IS 50 < | 4
neB neB

fn(t) 73 0 and since X has rank a, f,(t) — 0 in norm for each t € T.

Now the proof is similar to that of Theorem 2.1 of [11], and uses the
fact that if the semivariation |G| is continuous at (), then G has a positive
control measure; we omit the details.

(ii)=(i). Let x,, 73 0. Then there exist z € X* with ||z%| < 1 and
xk(zn) = ||zn||. Let T be a non-dispersed compact Hausdorff space. Then
there is a purely non-atomic regular probability Borel measure A on T' (see
[7], Theorem 2.8.10). Now we can construct a Haar system {A? | 1 <i < 27",
n >0} in X (that is, A} = T; for each n, {A” | 1 < i < 2"} is a partition
of T; A7 = AZtT U ALY and M(A7) =1/2" for 1 <i < 2" and n > 0). Let
Ty = Z?;(—l)iXAg. Clearly (75,)nen is an orthonormal sequence in La(A).
Now by Remark 11 we can construct a U : C(T,X) — ¢ associated to
(2 )nen € X* and (en)nen C co, 1.€.

()= (Yanfradr) . FeCTX).
T

< ¢|B|%,

By (ii), U is a rank « operator, hence by Proposition 9, the canonical ex-
tension U : B(X,X) — ¢ of U is also a rank « operator. But U(f) =
(25 frondN\nen for f € B(X,X) and obviously r, ® z, =3 0, hence

||l7(1"n ® x,)|| — 0. Now by the orthonormality of the sequence (7, )nen
we have U(r,, ® x,) = ||z,||en, hence ||z,| — 0, i.e. X has rank «.

OBSERVATION 13. In Proposition 12, we can replace the non-dispersed
compact Hausdorff space T by the Cantor group A = {—1,1}"V and let A
be the Haar measure on A and 7, € C(A) the nth Rademacher function on
A, ie. r,(6) =6, for each § € A. In this case, it is not necessary to use the
space B(X, X) to prove the result.
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