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SYMBOLIC EXTENSIONS FOR NONUNIFORMLY ENTROPY
EXPANDING MAPS
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DAVID BURGUET (Cachan)

Abstract. A nonuniformly entropy expanding map is any C' map defined on a com-
pact manifold whose ergodic measures with positive entropy have only nonnegative Lya-
punov exponents. We prove that a C" nonuniformly entropy expanding map 7T with r > 1
has a symbolic extension and we give an explicit upper bound of the symbolic exten-
sion entropy in terms of the positive Lyapunov exponents by following the approach of
T. Downarowicz and A. Maass [Invent. Math. 176 (2009)].

1. Introduction. Given a continuous map 7T : X — X on a compact
metrizable space X one can wonder if this topological dynamical system
admits a symbolic extension, i.e. a topological extension which is a subshift
over a finite alphabet. The topological symbolic extension entropy hgex (1) =
inf{hiop(Y, ) : (Y, S) is a symbolic extension of (X,T)} estimates how the
dynamical system (X, T) differs from a symbolic extension from the point of
view of entropy. The question of existence of symbolic extensions leads to a
deep theory which was developed mainly by M. Boyle and T. Downarowicz,
who related the entropy of symbolic extensions to the convergence of the
entropy of (X,T) computed at finer and finer scales [4].

Dynamical systems with symbolic extensions have necessarily finite topo-
logical entropy, because the topological entropy of a factor is less than or
equal to the topological entropy of the extension and the topological en-
tropy of a subshift over a finite alphabet is finite. Joe Auslander asked if
the opposite was true: does every finite entropy system have a symbolic ex-
tension? M. Boyle answered this question negatively by constructing a zero-
dimensional dynamical system with finite topological entropy but without
symbolic extensions. Nonetheless it was proved by M. Boyle, D. Fiebig and
U. Fiebig [6] that asymptotically h-expansive dynamical systems with finite
topological entropy admit principal symbolic extensions, i.e. ones that pre-
serve the entropy of invariant measures. Following Y. Yomdin [23], J. Buzzi
showed that C*° maps on a compact manifold are asymptotically h-expansive
[10]. In particular such maps admit principal symbolic extensions. Recall
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that uniformly hyperbolic dynamical systems are expansive. It is also known
that partially hyperbolic dynamical systems with a central bundle splitting
into one-dimensional subbundles [19], [II] are h-expansive. Therefore all
these dynamical systems are asymptotically h-expansive and so admit prin-
cipal symbolic extensions. On the other hand C' maps without symbolic
extensions have been built in several works by using generic arguments [15],
[1] or with an explicit construction [§].

We say that a map T : M — M defined on a compact manifold is C" with
r > 1 when T is [r| times differentiable @ and the [r|th derivative of T is
r — [r]-Holder. T. Downarowicz and A. Maass [14] have recently proved that
C" maps of the interval f : [0,1] — [0,1] with 1 < r < +o0 have symbolic
extensions. More precisely they showed that

rlog [/l
hoox(f) < BT,

The present author [§] built explicit examples proving this upper bound to
be sharp. Similar C" examples with large symbolic extension entropy have
been previously built by T. Downarowicz and S. Newhouse [15] for diffeo-
morphisms in higher dimensions by using generic arguments on homoclinic
tangencies. The present author [7] proved anew that C2 surface local diffeo-
morphisms have symbolic extensions. The existence of symbolic extensions
for general C" maps with 1 < r < 400 is still an open question. The following
was conjectured in [15]:

CONJECTURE 1. LetT : M — M be a C" map, withr > 1, on a compact
manifold M of dimension d. Then

dR(T)
r—1
where R(T) is the dynamical Lz’pschitz@ constant of T, that is,
+ n
R(T) = tim 22 1PN

n—-+oo n

hsex(T) S htop(T) +

A C' map T : M — M on a compact manifold M will be called nonuni-
formly entropy expanding if any ergodic measure with nonzero entropy has
only nonnegative Lyapunov exponents @ In this paper we prove the con-
jecture for C" nonuniformly entropy expanding maps with » > 1 up to a
factor d, i.e.

(*) Throughout this paper [z] denotes the integer part of z for all real numbers z.

(?) R(T) does not depend on the Riemannian metric || || on M.

(3) For usual nonuniformly expanding maps [2] which are well adapted to the study
of SRB measures it is required that Lebesgue almost all points have only nonnegative
Lyapunov exponents.
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d*R(T)
r—1

hsex(T) § htop(T) +

(see Corollary [I)).

It follows from Ruelle’s inequality that C' maps of the interval are
nonuniformly entropy expanding. Therefore Theorem [4| generalizes the re-
sult of T. Downarowicz and A. Maass [14]. We do not know how large the
class of nonuniformly entropy expanding map in higher dimensions is. Does
it contain a C” open set for some r € ZT? Do “Alves—Viana like” maps
belong to this class [21I]?7 Anyway, we think the results presented in this
paper can be considered as a first step towards the proof of Conjecture
(especially the Main Theorem which applies to general C" maps).

We now give a class of nontrivial examples of nonuniformly entropy ex-
panding maps. Let T': N — N be a C” isometry on a compact Riemannian
manifold N of dimension d. Then any C” skew product on N x [0, 1] of the
form Ty(z,y) = (T'z, g(x,y)) with positive entropy is nonuniformly entropy
expanding: any ergodic measure v has d zero Lyapunov exponents and by
Ruelle’s inequality the first exponent must be positive when the entropy of
v is positive. Finally observe that the set of g € C"(IN x [0,1]) such that
T, has positive entropy contains a C° open subset of C"(N x [0, 1]). Indeed
if f:]0,1] — [0,1] is a C" map of the interval with positive entropy then
it admits a horseshoe which is persistent under small C° perturbations [17].
Therefore there exists a C° neighborhood V of f in C(]0,1]) such that if
g(z,-) € V for all x € N then hiop(Ty) > 0.

2. Preliminaries. In the following we denote by M(X,T) the set of
invariant Borel probability measures of the dynamical system (X,7) and
by M(X,T) the subset of ergodic measures. We endow M (X,T’) with the
weak star topology. Since X is a compact metric space, this topology is
metrizable. We denote by dist a metric on M(X,T). It is well known that
M(X,T) is a compact convex metric space whose extreme points are exactly
the ergodic measures. Moreover if € M(X,T) there exists a unique Borel
probability measure M, on M(X,T) supported on M.(X,T) such that
for all Borel sets B we have u(B) = {v(B)dM,(v). This is the so called
ergodic decomposition of . A Borel function f : M(X,T) — R is said to
be harmonic if f(u) = SMQ(X,T) f(v)dM,(v) for all p € M(X,T). It is well
known that affine upper semicontinuous functions are harmonic.

If f is a Borel function defined on M. (X, T'), the harmonic extension of
f is the function defined on M(X,T') by

F)= | fr)dM,()

M (X,T)

It is easily seen that f is harmonic.
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2.1. Symbolic extension entropy function and entropy struc-
tures. A symbolic extension of (X,T) is a subshift (Y, .S) of a full shift on a
finite number of symbols, along with a continuous surjection 7 : ¥ — X such
that T'm = wS. Given a symbolic extension 7 : (Y,S) — (X,T') we consider
the extension entropy h¥, : M(X,T) — R* defined for all y € M(X,T) by

héa(n) = sup h(v)
TR V=[4
where 7, is the map induced on measures by 7. Then the symbolic extension
entropy heex : M(X,T) — R* is

— ™
hsex = inf hl

where the infimum is taken over all the symbolic extensions of (X,T"). By
convention, if (X,7T") does not admit any symbolic extension we simply put
hsex = +00. Recall that in the Introduction we have defined the topolog-
ical symbolic extension entropy hsex(7') as the infimum of the topological
entropies of the symbolic extensions of (X,T). We also put hgex(T') = +00
when there are no such extensions.

2.2. Newhouse local entropy. Let us first recall some usual notions
related to the entropy of dynamical systems (we refer to [22] or [12] for a
general introduction to entropy). Consider a continuous map 7 : X — X
with (X, d) a compact metric space. Let n € Z* and § > 0. A subset E of
X is called (n,d) separated when for all z,y € E there exists 0 < k < n such
that d(f*z, fky) > 6

We now recall the ““Newhouse local entropy”. We fix some finite open
cover V of X, a point x € X, a number § > 0, an integer n, and a Borel
set F' C X. We will denote by V" the open cover consisting of all the open
sets of the form Vo N T7'Vi N --- N TV, _;, where V; € V for each
1=0,1,...,n— 1. We define

H(n,0|F,V) := logmax{fE : E is an (n,d) separated set
in FNV™ with V" € V"},
(6| F,V) := limsup H(n J|F,V),

n—+oo

MX|F,V) = }111(1)h(5|F, V).
Then for any ergodic measure v we put

ANY(X |1, V) = lim inf A(X|F,V).
—1y(F)>o
Finally we extend the function AN®V(X |-, V) to M(X,T) by harmonic ex-
tension. Given a sequence (Vj)pez+ of finite open covers whose diameter is
converging to 0 and with V1 finer than Vy, for all k € Z*, we consider the
sequence HNV = (AN, cz+ = (b — hINV(X |-, Vg))gez+. T. Downarowicz
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proved that this sequence defines an entropy structurel@ [13] for homeomor-
phisms and the present author [9] extended that result to the noninvertible
case.

2.3. Estimate theorem. One of the main tools introduced in [14] is the
so-called Estimate Theorem. We can roughly summarize its statement as fol-
lows: in order to estimate the symbolic extension entropy function one only
needs to bound the local entropy of an ergodic measure near an invariant
measure by the difference of the values of some convex upper semicontinuous
function on M(X,T) at these two measures.

THEOREM 1 (Downarowicz—Maass [14], [12]). Let (X,T') be a dynamical
system with finite topological entropy and fix some r > 1. Let g be an upper
semicontinuous convex positive function on M(X,T) such that for every
v >0 and p € M(X,T) there exist 7, > 0 and a finite open cover V, > 0
such that for every ergodic measure v with dist(v, u) < 7, we have

(1) AN (M [v,V,) < g(p) — g(v) + 7.

Then there exists a symbolic extension w : (Y,S) — (X,T) satisfying hl
=g. In particular hsex < h+7.

We will apply this theorem to smooth dynamical systems where the map
g is related to the Lyapunov exponents of invariant measures.

2.4. Ruelle’s inequality. Given a compact Riemannian manifold
(M, || |I) of dimension d and an integer k& < d, we consider the vector bundle
AFT*M over M whose fiber at & € M is the space of k-forms w, on the
tangent space T M. It inherits a norm from the Riemannian structure of M
as follows: ||w;|| = sup |wy(e1,. .., er)| where the supremum is taken over all
the orthonormal families (e1,...,ex) € (TpM)*. A C' map T on M induces
naturally a map DT"* on AFT*M defined by D,T"*(w,)(v1,...,vx) =
wy(DyTvy,. .., D,Tvy) for any w, € A*T*M and any k-tuple (vq,...,v;) €
(T»M)*. The operator norm ||D,T"*| = supy,, <1 DT (w,)]| is sim-
ply the supremum of the k-volumes of the ellipsoids D,T'(Dy) over all the
k-disks Dy of the tangent space with unit k-volume. For k = n it coincides
with the jacobian Jac,(T) of T at . Let || D,T"| = maxy—1, 4| DT ¥|.
For all k = 1,...,d the cocycle (z,n) — log||(D,T™)"*|| is subadditive so
that given an ergodic measure v one can define the k-volume growth of the
action of DT on T'M for v as the limit lim,, n=! log ||(D,T™)"¥|| for v-generic
points x. For k = d the cocycle is in fact additive and the d-volume growth
of DT coincides with {log Jac,(T) dv(z). The k-volume growth of DT is
related to the Lyapunov exponents as follows:

(*) In particular RN(X |-, Vi) converges pointwise to zero when k goes to infinity.
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THEOREM 2 (Oseledets [18], [20]). Let T': M — M be a C' map defined

on a compact Riemannian manifold (M, | ||) of dimension d. Let v be an
ergodic measure and +oo > x1(v) > -+ > xq(v) > —oo its Lyapunov
exponents. Then for v-almost all x,

1 n\Ak

— = <k<

nEr—iI-loo log [[(DT™)™|| = sz for every 0 <k <d
and thus
— + n —
Jim Liog™ (D7) = sz

Observe that in particular {logJac,(T) dv(z) = Zi:l xi(v) for all er-
godic measures v. The affine function g : M(M,T) — [—o0, +o0] defined
by g(p) = {log Jacy(T) dp(x) for all invariant measures p is upper semicon-
tinuous. Therefore @ g = max(g,0) is an upper semicontinuous convex
function.

In the following we are interested in the entropy of ergodic measures.
We recall Ruelle’s inequality which states that the entropy is bounded from
above by the “maximal volume growth of DT™:

THEOREM 3 (Ruelle’s inequality). Let T : M — M be a C' map on a
compact manifold M of dimension d. Then for all ergodic measures v,

d
< ZXT(V)-

3. Statements. We first state our Main Theorem which holds for gen-
eral C" maps with r > 1:

MAIN THEOREM. Let T : M — M be a C" map, with r > 1, on a
compact manifold of dimension d. Let p be an invariant measure and fix
some v > 0. Then there exist 7, > 0 and a finite open cover V, > 0 such
that for every ergodic measure v with dist(l/ ,u) < TN we have

.
@ Wy, < W9 sz

where g7 (&) = max({log Jacy(T) d§(x),0) for all invariant measures .

If we assume moreover that 7' is nonuniformly entropy expanding then
the conclusion of the Main Theorem can be rewritten as

v 07 W o S 0,
hNeW(M | v, Vu) < d(Zzzl Xi (/i)_ 122:1 Xi ( ))

+ 7.

(%) In the following we use the notations a™ = max(a,0) and a~ = min(a, 0).
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Indeed if v is an ergodic measure with nonzero entropy then all its
Lyapunov exponents are by assumption nonnegative. Therefore g(v) =
d d
§log Jacy (T) dv(z) = 3201 xi(v) = Xy xi (v) = g" (v). Moreover g*(u)
< Z;j:l x; () for all invariant measures .
The Estimate Theorem (Theorem (1) implies:

THEOREM 4. Let T : M — M be a C" nonuniformly entropy expanding
map, with r > 1, defined on a compact manifold M of dimension d. Then
there exists a symbolic extension w: (Y,S) — (X, T) such that

d d
hT, =h+ 7«—12; X
1=

In particular,

d
d
hsex < h+ T—lZ;X;r'
1=

Then the usual variational principle for the entropy and the obvious
inequality x1(v) < R(T) for all ergodic measures v yield @

COROLLARY 1. LetT : M — M be a C" nonuniformly entropy expanding
map, with v > 1, defined on a compact manifold M of dimension d. Then
there exists a symbolic extension (Y,S) of (X,T) such that

d*R(T)

hiop(S) < hiop(T) + =2

In particular,
d?*R(T)
r—1"~

Let T : M — M be a C! map on a compact manifold M. An n-invertible
branch is any set A, C M such that for each 0 < k < n the set T%A,
is open and the map 7|7« 4, is a diffeomorphism onto T k+14,. Any con-
nected component of the set {z : Jacy(T") # 0} of noncritical points of 7™
is an n-invertible branch. Such n-invertible branches will be called maxi-
mal. In dimension one, n-invertible branches coincide with the branches of
monotonicity of T".

The proof of the Main Theorem goes as follows:

hsex(T) S htop(T) +

e we first prove a Ruelle inequality which bounds from above the en-
tropy in the invertible branches by the sum of the negative Lyapunov
exponents;

(6) In fact it is easily seen that the following variational principle holds:
SUPy,e M, (M,T) XT(V) = R(T).
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e then, given a C" map, we count the number of invertible branches with
a large jacobian;

e finally we bound the Newhouse local entropy of ergodic measures as
in [14].

4. Inverse Ruelle inequality. To estimate the entropy of a C! map in
the invertible branches we introduce the following quantity. We fix a number
6 > 0, an integer n, an n-invertible branch A, and a Borel set F' C M. We
define

H™ (n,§|F, A,) := logmax{fE : E is (n,d) separated in F N A4,},
H™ (n,6| F) := sup H™ (n, 6| F, Ay),
An

R™(§ | F) := limsup EH”W(n, O F),

n—-+o0o

™Y (M | F) := lim ™Y (§ | F).
Then for any ergodic measure v we put
™ (v) := lim inf A™(M|F).

oc—1vy(F)>o
We prove in this section the following “inverse Ruelle inequality” of in-
dependent interest:

THEOREM 5. Let T : M — M be a C'*" map with n > 0. Then for all
ergodic measures v,

d
W™ () <= x; ().
=1

Clearly h™(v) is less than or equal to the usual Kolmogorov—Sinai en-
tropy hr(v). When T is a diffeomorphism, h™(v) is equal to hr(v). It is
well known that hr(v) = hp-1(v) and thus Theorem 5 follows in this case
from the usual Ruelle inequality. When T is a local diffeomorphism, A" (v)
is greater than or equal to hgew(u) for large k. In the one-dimensional case
it follows easily from the total order on R that the cardinality of an (n,d)
separated set lying in a given monotone branch of 7™ is bounded from above
by n/6 and so hi™(v) is zero.

To prove the usual Ruelle inequality one relates the maximal volume
growth of DT, which is equal to the sum of the positive Lyapunov expo-
nents, to the maximal volume growth of 7T, that is, the maximal volume
growth of disks of the Riemannian manifold (M, || ||). It is then convenient
to work with the exponential map of M to make the connection between
these two quantities. We recall the basic properties of the exponential map
which we use in the present paper. We refer to [16] for a definition and further
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developments. We denote by 0 the distance induced on M by the Rieman-
nian structure and by exp,, : T, M — M the exponential map at x € M. The
derivative of exp, at the origin of T, M is the identity map so that by the
Inverse Function Theorem the restriction of exp, to the ball of the tangent
space at x centered at the origin with radius r is a diffeomorphism onto its
image for small r > 0. The radius of injectivity Riyj of the compact Rieman-
nian manifold M is the largest r > 0 such that the previous property holds
for all z € M. Furthermore the exponential map exp, maps bijectively the
ball of the tangent space at = centered at the origin with radius r» < Rjpj,
denoted by B, (0,r) := {v € T, M : ||v||» < r}, onto the ball of M centered
at x with radius r > 0, denoted by B(z,r) :={y € M : 9(z,y) < r}. The
global exponential map exp : TM — M defined by exp(z,v) = exp,(v)
is Cl. In particular there exists R < Ry such that ||Dyexp,| < 2 and
| D.(exp;b)|| < 2 for all y € B, (0, R), all 2 € B(x, R) and all z € M.

We now introduce some geometrical tools which will be useful in the
proof of our Ruelle inequality. For each o« > 0 let M, be a subset of
M which meets any ball of radius a/16. One can assume that a?4M,, is
bounded above by a constant C'(M) depending only on M. For exam-
ple consider a finite atlas A = {®q,...,Px} such that the local charts
®; :]0,1[*— M satisfy ||D®;|| < 1foralli =1,...,K. For all 8 > 0 let
Lg = {kB €]0,1[" : k € Z*}. Then the set Mo = U,y g Pi(L,)16va)
meets any ball of radius «/16. For each subset S of M let Cov(a,S) be
a subset of M, with minimal cardinality such that the balls of radius a/2
centered at the points of Cov(a, S) cover S. Let x € M and E C T, M be
an ellipsoid centered at the origin of T,M. We denote by || E||"* the supre-
mum of the k-volumes of £ NV over all the vector subspaces V of T, M of
dimension k. Let || E|" = max—1,_q||E|"*. With these notations we have
1D, T(B,(0, 1)) = 1D, T for all'y € M.

LEMMA 1. Let R > aj,a9 > 0. Let x € M and let E C T, M be an
ellipsoid centered at the origin of T,M such that a1 E C B;(0, R/2). Then

£ Cov(az, exp, (a1 B)) < P([|B]|"] + 1) (max(ai, az) /as)?
with a constant P depending only on d.

Proof. Since M,, meets any ball of radius less than as/16 and since
| Dy(exp;1)|| < 2 for all y € B(z, R) the set exp,(M,,) meets any ball
of radius less than ay/8 which is included in B, (0, R). The ellipsoid oy E
can be covered by at most [||E||"] + 1 cubes of size a; and therefore by at
most ([||E||"] + 1)([8 max(c, a)v/d /o] + 1) cubes of size ay/8v/d. Such
a cube intersecting a1 F is included in a subball of B;(0, R) of radius as/8
and therefore in a subball of B, (0, R) of radius ay/4 centered at a point of
exp, }(M,,). This last subball is mapped by exp, into a ball of M of radius
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a2/2 centered at a point of M,, because ||Dyexp,| < 2 for all y € B,(0, R).
We conclude that

Cov(az, exp, (a1 E)) < ([||E]"] + 1)([8 max(ay, az)Vd/az] + 1), a
LEMMA 2. Let v be an ergodic measure with \logJac, T dv(x) > —oo.
Then (n~tlog™ ||(DeT™) "M ezt converges to — Zle x; (v) for v-almost
all z and n=1 (log™® ||(D,T™)~ | dv(z) converges to — S x5 (v) when n
goes to infinity.
Proof. 1t is well known that invertible d x d matrices, endowed with

the operator norm || || induced by the Euclidean norm, satisfy the relations
Al [|A=Y| > 1 and |det(A)| < ||A||*1/||A~Y|. Therefore

t00 > (d — 1)log | DT s — {log (D7) du(a)
> Slog Jacy (T') dv(x) > —o0

and so the map z — log||(D,T)~}| is v-integrable. Let (M, 7) be the nat-
ural extension of (M, v). The invertible cocycle T = (...,x_1, 20, 21,...) —
D,, T over the natural extension is integrable because {log™ || Dy, T'|| dv(z) =
{log® || DT dv(z) < 400 and
Vlog™ (D, T) || dv(@) = {log™ |[(D,T) || dv(x) < +o0.

This cocycle has the same Lyapunov exponents as T', and the sequence

1 _ L 1 _

~Nlogt (D, )7 (@) = flog™ [[(DaT™) | dv(a)
converges to — Z?zl X; (¥) when n goes to infinity according to the cocycle
invertible version of Oseledets’ Theorem [20]. Now by Kingman’s subad-
ditive ergodic theorem applied to the subadditive sequence of integrable
functions x — log™ ||(D,T™) || the limit lim,,_, o n~'log™ ||(D,T7) "

exists for v-almost all z and coincides with the limit of the integrals
limy— 400 1 {log™ |(D,T™) 71| dv(z). =

It is convenient in the next proofs to use the following terminology:

DEFINITION 1. Let S € ZT and n € Z™. We say that a sequence K, :=
(K1, ..., kn) of n positive integers misses the value S if n=1 3" | k; < S.

The number of sequences of n positive integers missing the value S is
exactly the binomial coefficient ("ns ). We denote by H : [0,1] — R the map
defined by H(t) = —tlogt — (1 —t)log(1 — t). It is easily seen that

(3) log ("ns ) < nSH(S™) +1.

For all v > 0 we fix S, € ZT so that H(S™!) < for all S > S,.
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We now prove our Ruelle inequality. First let us briefly outline the proof.
We will consider some iterate TV of T' such that the negative Lyapunov
exponents of v are almost given by the average of the norm of (DT™V)~!
along the orbits of typical points. Then, given an n/N-invertible branch A,,y,
we bound the cardinality of any (n,d) separated (for T%) set E in A,y by
shadowing the orbits of 7N E under the action of 7~ . In the usual Ruelle
inequality the orbits under forward iterates are shadowed. Our situation
is more difficult because the derivative of T~V is not bounded near the
critical values of TV. However we show that the integrability assumption,
{log Jac, T'dv(x) > —oo, and the Hélder property of the differential allow
us to neglect the growth of orbits near the critical values. The proof goes as
follows:

e we first define N and exploit our integrability asumption;

e then we bound the volume T~ "-growth of balls by distinguishing two
cases depending on whether we are far from or close to the critical
values of TV:

e we prove a combinatorial estimate which allows us to consider (n, )
separated sets E such that the size of || DT~!|| along the T-orbit of F
is fixed;

e finally we detail our shadowing construction.

Proof of Theorem @ Fix an ergodic measure v with {logJac, T dv(z)
> —oo. Let v > 0. By Lemma [2| there exists an integer N and a Borel set
G with v(G) > 1 — v/max(—>_;_; x; (v),1) such that for all z € G,

d

- 1 Ny-1

(4) —Z;x@-( = < 5 log ™ (D T) 7" < Zx@
1=

and

Slog+ (DY)~ dv(x) le
From the above inequalities one deduces easily that

1

v | (Qog™ |(DTM)7H" + 1) du(z) < 4.

M\G
Observe also that the set Crit(T") of critical points has zero v-measure.
Let us denote by Crit(T)? = {y € M : d(y, Crit(T)) < 0} the f-neighbor-
hood of the set of critical points. We also put Crit(7)%, = LJ]kV:_O1 Tk Crit(T)°.
Since T — Y o<y log™ ||(Dgi,T)" || is a v-integrable function there exists
6 > 0 such that
V> (og™ [(DpsT)7H| + D) du(a) < .

Crit(T)§, 0<7<N
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Let o € ]0,1[. By Birkhoff’s ergodic theorem and the previous two in-
equalities there exists a set F' with v(F') > ¢ and an integer ny such that
for all z € F and n > ny,

1 —
(5) nN Z ]lCrit(T)ﬁ’\, (le) Z (10g+ |(Dpi+5,T) 1H +1) <y

(we write 1 for the characteristic function of a subset E of M) and

1 _
N2 Z ]lM\G(TlﬂU)(IOgJr [(Dre, TV)HN + 1) < 4,
0<l<nN

in particular there exists some 0 < i(z) < N such that

1 ; _
6) — 3 LanaT ) log" [(Dpieren, TY) 7 +1) < 4.
0<k<N

Let n be an integer larger than ng and let A,n be an nN-invertible
branch. We first control the growth of balls under 7! for pieces of orbits
far from the set of critical values. As T is a C! map there exists, by an easy
continuity argument, a number 0 < § < 6 such that for all 0 < r < 4,
all y € TN A, v 0 (M \ Crit(T)%) with i + (k + 1)N < nN and all
z € B(TNy,r),

(7) (TN giin a, ) Bz, 1) C exp, ((DyTN) "' By, (0,3r)).
Observe that 0 can be chosen independent of the choice of the invertible
branch A, n.

Now we give satisfactory estimates for pieces of orbits close to the set of
critical points. Choose R < R’ < Riyj such that T'(B(z, R)) C B(Tz,R') for
all z € M. We consider the local dynamics 7, : B;(0, R) — Br,(0,R’) at =
in the local charts defined by the exponential map, i.e. 7, := exp;glj oT'oexp,,.
Fix y € T'A,n with 0 <t < nN. Let 0 < Q < R be a constant depending
only on 7' such that |[(D7)|p,0,q)lln < 2IIDT|, and let h € T,M with
k|| < Q. First notice that

1
T,(h) = D,T(h) = T,(h) = DvT,(h) = | (DT, () — DoT, () dt.
0
Then by using the Holder property of the differential we have

I17y(h) = DyT(R)|| < (DTy)| 5, 0.0) lnll A" < 2 DT |y [ ).

By assuming r < amax(||(D,T)~!||,1)~U+M/7 with a constant a we have,
for all h € B, (0,2max(||(D,T)7|,1)r),

17,(h) — DyT (W) < 2/ DTl (2max((|(D,T) [, 1)) 5+
< 2| DTy (2 max(|| (D, 7)™ 1))+ max(|(D,T) [, 1)~ < r,
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where the last inequality follows from an appropriate choice of the con-
stant a.

Moreover obviously Brpy(0,2r) C D,T(By(0,2max(|[(D,T)~|, 1)r)).
Therefore Bry(0,7) C 7,(By(0,2max(||(D,T) ||, 1)r)). Finally by taking
the exponential map expp,, for all 0 < r < amax(||(D,T)7!|, 1) =00/ wwe
have

(8) (Tlria, )" B(Ty,r) € Bly, 2max(||(DyT) "], 1)r).

We are going to bound max{§F : E C F N A,y and E is (nN,J)
separated}. There exists ¢’ < 0 such that 9(y,z) < & = 9(Try, T"2) < §
for 0 < k < N. We also choose ¢’ < a. Notice that ¢’ (as ¢) does not depend
on the invertible branch A, n.

In order to estimate the growth of orbits in F' N A,n near the critical
points, for each z € M \ Crit(T") we let

¥(2) = flogf [|(D-T) 7] + L.
We also consider the following sequences for all y € F'N A, n:
Inly) = (ICrit(T)?V(Ti(y)JrkNy))OSkgn—z,
Ta(y) = (Lagigerye, (TN ) (TOHENHY)) o ey s
0<ISN-1
In order to control the dynamics far from the critical points, for each z €
M\ Crit(TV) we let
£(z) = llogg [(D-TY) 1" +1
and we consider the following sequences for all y € F'N A,n:

i(y)+kN

Hn(y) = (Iypqucrit),) (T Y))osk<n—2,

WHEN ) (TT 0N )

H,(y) = (Lancucrisy) (T 0<k<n-2:

Now we estimate the cardinality of {(Hn(y), Jn(y)) : ¥y € F N Apy and
i(y) =1, Hy(y) = H, Ju(y) = J} for some fixed n > ng, i € {0,..., N — 1},
E = (EOa"'vﬂn—Q) € {071}7171 and J = (JO?"'7J1’L—2) € {071}7171' We
consider the sequences {h1,...,hy,} = {0 < j <n—-2:H; =1} and
{71, im,} ={0< 53 <n—-2:J; =1} Forall y € FN A,y with
i(y) =i, Hp(y) = H and J,(y) = J we put

Ha(y) = ET Ny 1cmenty,  Ta(y) = @@ NHy)) 1 cmen,

The above sequences H,(y) and J,(y) coincide respectively wit
Jn(y) once the zeros are removed. Observe that the sequences H,(y) and

=
&

Y
o
=
A
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Jn(y) miss respectively the values Sy and S; where

1
Sy = § log3 | (Dpisnmn, TV) MM + 1
Jii MHzlellg (logg [(Dpithmn, T) 7 ||" + 1),

sup Z Z (logy [[(Dypi+imn-+,, )7 +1).

MJN VEF | <in< My 0<I<N
By @ and we have

Sy =

_ 4ynN
My Sy =sup > (logf |(Drernny TV) " +1) < T,
YEF 1 <m<My 8
ynN

MyNSy=sup S0 S (logd (Dpessmnen, D) +1) <

log2’
YEF << My 0<I<N 08

By (3) the logarithm of #{(Ho(y), Jo(y)) : y € F N Apy and i(y) = i, Hy(y)
= H, J,(y) = J} is bounded above by 5ynN + 2 and thus we finally get

(9) log #{(i(y), Hu(y), Ju(y)) : y € FNAun} < (210g2+57N)n+log N +2.
Fix 0<i < N, H=(Hy,...,Hy2) €Z*"" ", T = (Jos- s Jn_1)n_1)

e z+ "IN, By the combinatorial estimate @) we only need to bound the
cardinality of (n,d) separated sets m in

F(i,H,J):=FNAwn{y:i(y) =i, Hyo(y) = H, Jo(y) = J}.

To this end we would like to ¢’-shadow the orbits of TV F(i, H,J ) under
the action of T' ~N by sequences of points in My, i.e. associate to each
y € F(i,H,J) a sequence 1, ...,yny € Mg such that d(yg, T*Vy) < ¢ for
all k =1,..., N. But the volume T~ !-growth of balls near the critical values
of T is not uniformly bounded and is controlled for balls with radius small
compared to the inverse of the norm of DT~! according to @ Therefore
we will also shadow the orbit under the action of 7! when we are close to
the critical value of T', and the shadowing scales this time will vary with the
norm of DT!,

We define the sequence (5j)i<j<i +(n—1)n of shadowing scales by

§; =06,  Siye = min(§,a2” ER Y fort=1,...,(n—1)N -1

and 0; 4 (n_1)N = 0" again. Observe that

max(Oire, diti+1) < 2" for all 0 <t<(n-—1)N.

6i+t+1

(") We use the notation J,(z) = (Lay, (1Y%, (T @ FEN (T2 0) o< g (1)
slightly different than before.
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We shadow the orbits of the set F'(i, I;T, f) by associating to any y in this set
a point d(y) in Mg N B(y,d’'/2) and a sequence Cy,(y) = (c(T™**Ny))o<p<n_1
where ¢(T*"*Ny) is a point in My, N BTNy 6, yn/2) if k = n—1
or TNy ¢ Crit(T)%, and ¢(T™*Ny) is an N-tuple (T Ny) = (Cy,
..,COn-1) with Cp € M, ., 0 B(T Ny 8,0 n11/2) otherwise.

If d(y) = d(z) and C,(y) = Cn(z) then z belongs to the Bowen ball
B(y,nN,0) and therefore y and z are not (nN,d) separated. Indeed we
have first d(y,z) < 9(y,d(y)) + d(d(z),z) < ¢ and so O(T'y,T'z) < §
for all 0 < I < N. Secondly if m is an integer with ¢ < N < m < niN
there exist 0 < k < n and 0 < [ < N satisfying m = ¢ + kN + [. But
(TN y) = ¢(T™**N 2) implies that

8(Ti+kNy,Ti+sz) < a(Ti-i-kNy7 C(TH_kNy)) + 8(C(Ti+sz),Ti+sz)

< OitkN -QF OitkN <5
and hence O(T™y,T™z) < 6.

Now we build the sequences C,(y) for y € F(i,H,J) and we estimate

their cardinality. We will use the following claim which follows easily from

and (8]) and Lemma
CLAIM. There exists a constant P depending only on d such that for all
0<k<n—1and0<1<N and for ally € F(i,H,J):
§ Cov (S, (TN |piven 4, )" B2, 6y (k+1)n/2))
d
- p<5i+<k+1>N> N (=S X7 () +)
- Oi+kN
for all z € B(T* DNy 5, iy /2) with THNy € G0 (M \ Crit(T)%);
5i d 7
£Cov B (T risin 4,0) By /2) < P PHEDN ) o
i+
for all z € B(TH* DNy 5, yn/2) with THNy € M\ (G U Crit(T)%);

8 Cov(Gis ki1, (Tlpivin+ia, )~ Bz, 0ivkn1i41/2))

max(d; 0 ) oJ d
< P( ik N+ Ot kN 141 2JkN+l>
OitkN-+

for all z € B(T™HNHHLy 5 kv i41/2) with THENy € Crit(T)%,
No/t\ice that 0, (x4+1)nv = 0’ > diyxn in the first two cases of EheAClaim
since J(4+1)n—1 = 0 when TNy ¢ Crit(T)4, for some y € F(i, H,J).

By decreasing induction on k we define ¢(T*Ny) for all y € F (4, H, )
and show that
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(1) #{(c(T ™ y)h<icn—1 1y € F(, H, J)}
< S)  pnek (n—RIN(= iy X ()9

d
6i+kN
n—=2 73 n—1)N—
T A (S R 1o, )

First for all y € F(i, H, j) we put ¢(TH=DNy) = » where z is chosen
in Cov(6;t(n-1)yn, M) N B(T”("—l)Ny,5i+(n_1)N/2). Then inequality
for k = n — 1 follows from the Claim. Assume we have already defined
(T DNy and that holds for k + 1. We distinguish two cases:

° jkN =0, i.e. T"t*Ny is far from the critical set of TV; then we choose
C(THkN?J) € Cov(dirkn, (TN\TZ'HNAW)_IB(C(TH(Hl)Ny)y 5i+(k+1)N/2))
N B(TH_ICN:I/, 5i+kN/2)-

° ka £ 0, i.e. TNy is close to the critical set of T™V; then we define
(T Ny) = (Cy,...,Cn_1) with, forall 0 <1 < N — 1,

Cr € Cov(Oirkntis (Tlpivinsia, )" B(Cry1, 0ivkntir1/2))
N BTN Ty 8, n1/2)
and with the convention Cy = c(Ti+(k+1)Ny),

Notice that

N—1
max (84 kN+1, OitkN+14+1)

(11)
it (k+1)N =0 OitkN-+

N—1
< 1 H MaX (04 kN5 Oit kN+1+1)

T 0itkN o Oi-tkN+i+1

+1 <~N-1 7
2777 Zz=o JuN 41

OitkN

By using the Claim and we easily check by decreasing induction on k
that holds for all £k = 0,...,n — 1. Then according to @ and we
get, for all n > ny,

~

log #{(d(y), («(T""Ny))r<i<n1) 1y € F(i, H, J)}
< —2dlog ¢’ + 2log C(M) + nlog P

2n+1

+nN( le +7)+4’ynN+7nN<d —I—log2P>.
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Then by using the combinatorial estimate @ we have
logmax{tF : E C FFN A,n and E is (nN, ) separated}
< 1og #{(i(y), Hu(y), Ju(y)) : y € F 0 Aun}
+ sup  log#{(d(y).Cu(y)) 1y € F(i. H,J)}
r )
—2dlog ¢’ 4+ 2log C'(M) + n(2log2 + log P) + log N + 2

+nN (— zd: X;(u)) +ynN (d
1=1

By taking N and then ng large enough, we get, for n > ny,

IN

2n+1

logmax{tF : E C FFNA,n and E is (nN, ) separated}

d
o + 1
< nN(— ZX;(V)> + *ynN(d 77; +log, P+ 11).
=1

Finally for general m € Z* observe that if ¢ > p > 0 are such that
d(z,y) < p= d(T*z, T*y) < o for all 0 < k < N, then any (m, o) separated
set in Ap, is ([m/N]N, p) separated in A, /yn. This easily concludes the
proof of Theorem [5

5. Counting lemma. The following lemma is a generalization in any
dimension of Lemma 4.1 of [I4]. The proof given below is independent and
based on a semi-algebraic approach.

LEMMA 3. Let f : ]—1,1[* — R be a C" map with r > 0. Then there
exists a constant ¢ depending only on r and d such that for every 0 < s <1
the number of connected components of the open set {x : f(x) # 0} on which
|f| reaches or exceeds the value s is at most cmax(||f||,, 1)¥"s~4" where
|| f1l- is the supremum norm | D" ||« of the rth derivative if r € Z and the
r — [r]-Holder norm ||D[r]f|\T_M of the [r|th derivative H ifr ¢ 77,

Proof. We cover the unit square |—1,1[¢ by

—1/r d 1/r
as as
2| ———— + 1> subsquares of size < ()
( [(maX(||f||r71)> ] max(|[ f[l, 1)

where a = a(r,d) is a constant depending only on r and d which we specify
later. Consider one such subsquare S and let Pg be the Lagrange polynomial
of order [r — 1] at the center xy of S. By the Taylor-Lagrange formula we

(%) By convention the Oth derivative of T is the map T itself.
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have, for all z € S,

1
1 1 ;
fﬁazf@uw+v_1“yl—wwIDQH@ﬂ@ﬂx—x@“ﬁ
where (z — 20)"] denotes the vector (z — zg, ...,z — 2¢) € (R[], Then
[r] times
7@) ~ Ps(@) < P22 gl tor v e 2,

r!
and if r ¢ ZT we have

. D:L"r(}f(x - mO)M

1! .
= OO S DEA )
and thus
DY f(z — 2o)| _ IDVfll—p )
fl@) = Ps(@) = == | < gl — ol

Put Qs = Ps if r € Z* and Qg := Py + 2/=)=20 if . ¢ 7+ Then

diam(S)"1f]l»

— <
I - Qsll < 2242
Then the constant a = a(r,d) can be chosen so that
If = Qslloo < 5/2.

By the above inequality any connected component of {z : f(x) # 0} meeting
S and on which |f| reaches or exceeds the value s contains at least one
connected component of {|Qg| > s/2}. In particular the number of such
connected components is bounded by the number of connected components
of {|Qs| > s/2}. But {|Qs| > s/2} is a semi-algebraic set of R? and it is
well known [25] that the number of connected components of such sets is
bounded by a constant b = b(r,d) depending only on r and d and not on
the coefficients of the polynomial Qg, nor on s (this is obvious for d = 1
because this number is bounded from above by the number of roots of the
polynomial Q?g — 52/4, which is less than 2r). We conclude that the number
of connected components of the open set {x : f(x) # 0} on which | f| reaches
or exceeds the value s is at most b(2[(as/ max(||f|,, 1))~ ]+1)% =

6. Proof of the Main Theorem. Let v > 0 and p € M(M,T).
If {logJac,(T)du(x) < O then by the upper semicontinuity of g : & —
{log Jac,(T) dé(z) we have {log Jac,(T) dv(x) = 3%, xi(v) < 0 for ergodic
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measures v close to p. The map T being nonuniformly entropy expanding,
this implies that h(v) = 0 and thus is checked.

We assume now that g(u) = {log Jac,(T') du(xz) > 0. In particular the
set Crit(T") of critical points of T has zero u-measure. Let U be an open
neighborhood of Crit(7T") satisfying the following properties:

o logJac,(T) < —Sy for x € U (recall S, € Z* was fixed such that
H(S™Y) <y foral S >8,);

e u(0U) =0 and pu(U) < ~;

o {logJac,(T)du(x) < SM\? log Jac, (T) du(x)
< (log Jacy (T) du(z) + 7.

We fix a Riemannian structure || | on the manifold M. We denote by
R;y; the radius of injectivity and by exp, : T, M — M the exponential map
at x € M. There exist R < R’ < Riyj/V/d such that T(B(z, R)) C B(Tx, R')
for all x € M. Let V,, = (W1,...,W,,Ui,...,Uy) be a finite open cover of
M such that:

o diam(W;) < R, diam(U;) < R;
[ ] ngl UvZ = U;
o T|w, is a diffeomorphism onto its image.

It is well-known that the function £ — § f(z)&(x) is upper semicontinu-
ous on M(M,T) when f is an upper semicontinous function on M. In
particular ¢ — £(U) is upper semicontinuous on M(M,T). The function
£ w108 Jac, (T') d&(x) is also upper semicontinuous on M(M,T') since
x - ]].M\U(LB) log Jac;(T") is upper semicontinuous on M: the function x —

log Jac,,(T) is continuous on the closure of M\ U and negative on its bound-
ary. We choose a parameter 7, > 0 such that for all ergodic measures v with
dist(v, ) < 7, we have

v(U) <7,

(12) S log Jac,(T) dv(x) < S log Jac, (T) du(zx) + .
M\U M\U

We fix an ergodic measure v with dist(u, ) < 7,. One can assume g(v) =
{log Jac,(T) dv(z) = S0, xi(v) > 0 (if not then h(r) = 0 as already
noticed) and thus g™ (v) = g(v).

We break the integral {log Jac,(T') dv(x) into the sum of three integrals:
over U, M \ U and OU. Since log Jac,(T) is negative on U, by dropping
the last term we can only increase the right hand side. Moving the terms
around we get
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(13) - S log Jacy(T') dv(x)
U

< S log Jac (T") dv(x) — Slog Jacy(T') dv(x)
M\U

< S log Jac, (T') du(z) — Slog Jac, (T) dv(x) 4+~
M\U

< Slog Jacy (T) du(z) — Slog Jacy(T) dv(x) + 2.

Let 0 €0, 1[. Let F be a Borel set of v-measure larger than o such that

(14) R (M | F) Z X; (

One can also assume by Birkhoff’s ergod1c theorem that the sequences
(n1 ZZ;S) 1y(T*2)), and (n~! ZZ;(l) 1y (T*z)log Jacyw, T, converge uni-
formly in 2 € F to v(U) and {; log Jac,(T') dv(x), respectively.

Let V" = MNo<en T*V, € Vj;. Consider the sequence {iy,...,in} =
{0 < k < n : there exists 0 < [ < g such that V; = U;}. To any maximal
n-invertible branch A,, intersecting V" we associate the sequence K(A4,,) =
(k1(Ap), ..., kn(Ay)) defined by

Vi=1,....,N, k;j(4,) = {ze/ﬁlng —log Jac,; (T)] + 1.

With these notations note that the C"~! function defined on M by z
Jac,(T) reaches or exceeds the value e *i(4n) on T% A, N Vi;. We consider
a sequence K = (ky,...,ky) of N positlve integers. By Lemma [3| applied
for 1 < j < N to the Jacobian of expT oT o expy, (R - ) : ]—1,1[¢

Ty, M — Tpy,M with some fixed z; € Vl , the number of maximal n-
invertible branches A, meeting V" with IC(An) = K is bounded above by
N eXior dks/(r=1) G here ¢ depends only on 7, d, M and max,_; ), [|T]s-
If we assume moreover that A,, meets F'N V"™ then K(A,,) misses the value

N
1
S = sup N Z(— log Jacyi; T+ 1) > S,
zeF j=1
ie. N1 Z;VZI kj(An) < S. Since the number of sequences of N positive

integers missing S' is (]\][VS ), we deduce by inequality and since we have

arranged that H(S™!) < v, that the logarithm of the number of maximal
n-invertible branches meeting F'N V" is bounded above by

1
Observe now that N < sup,cp ZZ;(l) 1y (T*z) and

d
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n—1

N
NS = sup Z(—logJacTiij +1) <sup Z
xEszl el k—0

Therefore for each V" € Vj (by A,, we always denote a maximal n-invertible

1y(T*z)(—log Jacyw, T + 1).

branch) we get

(15)  log#{A,: A, NFNV" #0D}

d
§Nlogc+NS<1+’y> +1
r—

n—1
d
< (sup E 1y(T*z) (- log Jacrw, T + 1)) <1 + W)
TzeF k=0 r—=

n—1
+ (sup Z ILU(T’%)> loge + 1.
zeF ;7

Fix § > 0. Clearly EN A, is (n,0) separated in F'N A,, for any maximal
n-invertible branch A,, when FE is (n,d) separated in F'. It follows that

max{fE : E is (n,0) separated in N V" with V" € V}

< A, A, NEFNV"
< Vr;}gggﬁ{ # 0}
x sup(max{#F : E is (n,0) separated in F'N A,}).

By taking the logarithmic limit in n and then letting § go to zero, we get

h(M|F,V,) < limsupllog max #{A,: A, NFNV™"#0} + " (M|F).
n

n—-+o0o V"GVZ}

Finally by and and by the uniform convergence on F' of the Birkhoff
sums we obtain

h(M|F,V,)

1 d
< i =N 15(TF2) log J T)(—
< n;@@(ﬁgg ”1;::0 u(T"z)log Jacyw, )(r_l +7>

1n—1 d d
li = 1y(TF — 1 — -
+n—l»rfoo<§1£nkz:0 u( 90)) (r_1+’y+ OgC) ;xl (v) +7

< — lgjlog Jacy (T) dv(z) <Tf1 + 7) +v(U) <Tf1 + v+ log c)

d
=D X )+
=1
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Since v has been chosen close to u, according to and (| . we have
(denoting by C' the constant %5 + v +logc+ 1)

WM FVy) < ({log Taca(T) du(r) — {log Jaca(T) dv(x) + 27) (i + V)
- Z x; (V) +Cy

< (g* (1)~ g ()+2v)<+7> le e

Then by taking the infimum over the Borel sets F’ of v-measure larger than
o and by letting o — 1 we get

B 15V, < (070~ a7 0) 4 2 (-2 ) - le )+ 0.

This concludes the proof since « can be chosen arbitrarily small.
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