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Abstract. We investigate degenerations and derived equivalences of tame selfinjec-
tive algebras having no simply connected Galois coverings but the stable Auslander—Reiten
quiver consisting only of tubes, discovered recently in [4].

Introduction. Throughout the paper, by an algebra we mean a basic
connected, finite-dimensional associative K-algebra with an identity over
a (fixed) algebraically closed field K. For such an algebra A, there exists
an isomorphism A = KQ@Q/I, where K(Q is the path algebra of the Gabriel
quiver Q = Q4 of A and [ is an admissible ideal in K'(). For an algebra A,
we denote by mod A the category of finite-dimensional (left) A-modules and
by D the standard duality Homg(—, K') on mod A.

From Drozd’s remarkable Tame and Wild Theorem [6] the class of al-
gebras may be divided into two disjoint classes. One class consists of tame
algebras for which the indecomposable modules occur, in each dimension d,
in a finite number of discrete and a finite number of one-parameter fami-
lies. The second class is formed by the wild algebras whose representation
theory comprises the representation theories of all finite-dimensional alge-
bras. Accordingly we may realistically hope to classify the indecomposable
finite-dimensional modules only for the tame algebras.

An algebra A is called selfinjective if A = D(A) in mod A, that is, the
projective A-modules are injective. Further, A is called symmetric if A and
D(A) are isomorphic as A-bimodules. The classical examples of selfinjective
algebras are provided by the blocks of group algebras of finite groups and
Hopf algebras.

An important class of selfinjective algebras is formed by the algebras
of the form B/G where B is the repetitive algebra [15] (locally finite-
dimensional, without identity)
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E - @(Bm @ Qm)
meEZ
of an algebra B, where B,, = B and Q,, = D(B) for all m € Z, the
multiplication in B is defined by

(amv fm)m : (bmvgm)m = (ambmvamgm + fmbm—l)m

for am,bm € Bm, fm,gm € @m, and G is an admissible group of K-
automorphisms of B. In particular, if vz : B — B is the Nakayama auto-
morphism of B given by the identity shifts By, — B41 and Qn — Qm+1,
then the infinite cyclic group (v3) generated by v is admissible and B/(vg)
is the trivial extension T(B) = Bx D(B) of B by D(B), and is a symmetric
algebra.

We are concerned with the problem of classifying all tame selfinjective
algebras whose stable Auslander—Reiten quiver consists only of tubes. The
classification splits into two cases: the standard algebras, which admit sim-
ply connected Galois coverings, and the remaining nonstandard ones. It has
been shown recently in [2] that the class of all tame standard selfinjective
algebras with the stable Auslander—Reiten quiver consisting only of tubes
coincides with the class of all selfinjective algebras of tubular type, that is,
the algebras of the form B/G, where B is a tubular algebra (in the sense
of Ringel [23]) and G is an admissible group of K-automorphisms of B.
Moreover, it was proved in [24] that this class of algebras coincides with the
class of all nondomestic (generically infinite) standard selfinjective algebras
of polynomial growth. We refer to [2], [3], [17] for a complete classification
of these algebras and to [18], [24] for the structure of their module cate-
gories. In the process of classifying tame blocks of group algebras of finite
groups, K. Erdmann discovered various families of tame symmetric alge-
bras (of quaternion type) having at most three simple modules, nonsingular
Cartan matrices, and the stable Auslander—Reiten quiver consisting only of
tubes, but only very few of them are standard (see [7]-]9]). It has been con-
jectured by the third named author (see [25, Section 3]) that the remaining
class of nonstandard tame selfinjective algebras with the stable Auslander-
Reiten quiver consisting only of tubes is formed by certain deformations of
standard selfinjective algebras of tubular type.

In the recent paper [4] all selfinjective algebras socle equivalent to the
(standard) selfinjective algebras of tubular type were determined. Besides
the selfinjective algebras of tubular type, there are 10 types of nonstandard
algebras occurring in characteristic 2 or 3 (the left column of Table 1 below),
which we call nonstandard selfinjective algebras of tubular type. Moreover,
for each nonstandard selfinjective algebra A of tubular type there exists a
unique (up to isomorphism) standard selfinjective algebra A’ of tubular type
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(the standard form of A) such that A is socle equivalent to A’ but A and A’
are nonisomorphic.

The main aim of this paper is to describe the basic properties of these
nonstandard selfinjective algebras of tubular type. In Section 2 we show
that every nonstandard selfinjective algebra A of tubular type degenerates
to its standard form (in the affine variety of algebras of the corresponding
dimension). The final Section 3 contains a derived equivalence classification
of the class of nonstandard selfinjective algebras of tubular type.

For basic background on the representation theory of algebras and re-
lated topics we refer to [9], [12], [16], [23].

1. Socle equivalences. For a selfinjective algebra /A, the left and the
right socle of A coincide, and we denote them by soc A. Following [26] (see
also [27]) two selfinjective algebras A and B are said to be socle equivalent
if the factor algebras A/soc A and B/soc B are isomorphic. Consider the
families of bound quiver algebras listed in Table 1 (pp. 36-37).

The following fact has been established in [4, Theorem 1.1].

THEOREM 1.1. Let A be a nonstandard selfinjective algebra. Then A is
socle equivalent to a selfinjective algebra of tubular type if and only if exactly
one of the following cases holds:

(1) K is of characteristic 3 and A is isomorphic to one of the bound
quiver algebras Ay or As.

(2) K is of characteristic 2 and A is isomorphic to one of the bound
quiver algebras As(X), A € K\ {0,1}, A4, A5, Ag, A7, Ag, Ag or Ayp.

In fact the bound quiver algebras A}, A5, A5(X), A € K\ {0,1}, A}, AL,
Ay, AL, AG, Ay and A)) in the right column of Table 1 are socle equivalent to
the algebras Ay, As, /13()\), AeK \ {0, 1}, Ay, As, Ag, A7, Ag, Ag and Aqg,
respectively, and hence they are their standard forms. We also note that all
algebras in Table 1 except A;p and A}, are symmetric.

2. Degenerations. For a positive integer d, we denote by alg,(K) the
affine variety of associative algebra structures with identity on the affine
space K. Then the general linear group GLg4(K) acts on alg,(K) by trans-
port of structure, and the GL4(K)-orbits in alg,;(K) correspond to the iso-
morphism classes of d-dimensional algebras (see [16] for more details). We
shall identify a d-dimensional algebra A with the corresponding point of
algy(K). For two d-dimensional algebras A and B, we say that B is a de-
generation of A (A is a deformation of B) if B belongs to the closure of
the GL4(K)-orbit of A in the Zariski topology of alg;(K). It follows from
Geiss’s Theorem [10] (see also [5]) that if A degenerates to B and B is a
tame algebra, then A is also a tame algebra.
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Table 1
Char. | Tub. type Nonstandard algebras Standard algebras
= =
o 2 1 « 2 1
B Jé]
a? =98 a® =~p
Bary = Ba’y Bay=0
BayB =0
YBay =0
A A
3| (3,33 1 :
Y Y
T | O
B B
a?y =0, Ba®=0 a® =1p
YBy=0, ByB=0 By=0
By = Bary Ba? =0
ad® =983 a?y=0
Az A
o ag
=0 | OO
v vy
ot =0, va?2 =0, o?c=0 azzofy
(2,2,2,2) o? =oy+a®, A2 =~o NG = o
yo=py, of=ac yoo= By
o3 = ao
As(N), A€ K\ {0,1} A3(N), A € K\ {0,1}
3 3
5] b 5] b
o TAN¢ o TA~¢
2 3,3,3
( ) 1% %2 1% ‘5\‘2
Ba+ oy +e£ =0 Ba+dy+e£ =0
=0, =0, afa=0 aBf =0, &=0
BaB =0, af=adys ¥6 =0
Ag 9
5 5
. s R
Y [L,BZO, 077:0, /601257 /J,ﬁ:O, CH?:O, O'(S:’yf
§o=nu, 06=~E+0é06 Ba = by, o =np
dodo =0, {&y§y =0
Avo 10




TAME SELFINJECTIVE ALGEBRAS

37

Table 1 (cont.)

Char. | Tub. type Nonstandard algebras Standard algebras
1 1
o 6
2—<ﬂ—’3 2—<B—’3
55; — o (5555 :é’ 586 = ay
vBay =0, ayfa =
~vBa = BB YBa =0, (35)35 =0
Ay A,
« «
38 (s 3 () s
12— "3 12— "3
v o 0l o
a? =78, a® =60, B5=0 a?=~8, B6=0, By=0
oy=0, ad=0, ca=0 oy=0, ad=0, ca=0
Y8y =0, ByB=0, By=PBay ad =60
As A5
«@ ) o é
1, 2 < 3 1, 2 3
B Y 5} v
adéyd =0, yoy8=0 Ba = §vyovy
2 (2,4,4) afa =0, BaBf=0 adyd =0
aff = adyp ¥vB =0
Ba = dvyo~y af=0
As As
3

1
"

A

Bé = Bad, ac =0, ad=oy
YBa =0, a? =488, v86=0

1
—"

J¢]
Ba=0, o?=4p
B0 =0, ac =0, ad =0y

A

BéB =0, 636 =0
Ar AL
3 3
A A
(= (=
« 2+——11 (e} 2+——1
JE] JE]

0B =daB, ca=0, da=~yo
afy=0, a2=p35 6B8y=0
BOB =0, 6B =0
As

afBy=0, a?2=p6
68=0, ca=0, da=~0o

A
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The aim of this section is to prove the following result.

THEOREM 2.1. Let A be a nonstandard selfinjective algebra of tubular
type and A’ the standard selfinjective algebra of tubular type which is socle
equivalent to A. Then A’ is a degeneration of A.

Proof. It is enough to show that there exists an algebraic family A(a),
a € K, of algebras in alg;(K) (d = dimg A) such that A(a) = A for all
a € K\ {0} and A(0) = A’. We have ten cases to consider.

(1) Let A = A;. Consider the family A;(a), a € K, of algebras in alg;,(K)

given by the quiver
O
« . .
B

bound by o? = 48, Bay = afBa’y, BayB = 0 and yBay = 0. Clearly,
A1(0) = A}. We now prove that A;(a) = Ay for all @ € K \ {0}. In fact,
we have an isomorphism ¢ : A; — Aj(a) induced by the path algebra
automorphism ¢ given by

pla) =aa, @(B)=ap, ¢(v)=ay.

We know from [4, Theorem 1.1] that A; 2 A} for K of characteristic 3.

(2) Let A = Aj. Consider the family As(a), a € K, of algebras in alg;; (K)
given by the quiver of (1) bound by a? = 73, a?y = 0, fa? = 0, v8y = 0,
BB = 0 and By = afary. Clearly, A3(0) = A,. For all a« € K\ {0}, an
isomorphism ¢ : Ay — Az(a) is induced by the path algebra automorphism
@ given by

pla) =aa, @(B)=d’B, (1) ="7.
Again, by [4, Theorem 1.1], Ay 2 A} for K of characteristic 3.

(3) Let A = Az(\), A € K\ {0,1}. Consider the family A3(\)(a), a € K,

of algebras in alg,,(K) given by the quiver

(==

bound by a* = 0, ya? = 0, o?c = 0, o? = oy + aa®, \3? = vo, ya = By
and 03 = ao. Clearly, A3(\)(0) = A5(X). For all a € K \ {0}, we have an
isomorphism ¢ : A3(\) — A3(A)(a) induced by the automorphism ¢ of the

path algebra of the above quiver given by

pla) =aa, @(B)=af, ¢()=ay, ¢(o)=ao.
Moreover, by [4, Theorem 1.1], A3(\) 2 A5(X) for K of characteristic 2.
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(4) Let A = Ay4. Consider the family A4(a), a € K, of algebras in algy, (K)

given by the quiver
A
0
6

bound by 635 = ary, (86)38 =0, vBay = 0, ayBa = 0 and yBa = ayB6[a.
Clearly, A4(0) = Alj. For all a € K \ {0}, we have an isomorphism ¢ : A4 —
A4(a) induced by the path automorphism ¢ given by

pla) =aa,  @(B)=ab, () =", ¢(6) =0
We know from [4, Theorem 1.1] that A4 2 A} for K of characteristic 2.
(5) Let A = As. Consider the family As(a), a € K, of algebras in alg;,(K)
given by the quiver

bound by o? = 78, o® = 6o, f6 =0, 0y =0, ad = 0, cav = 0, y3y = 0,
Bv6 =0 and vy = afary. Clearly, A5(0) = A%. For all a € K \ {0}, we have
an isomorphism ¢ : A5 — As(a) induced by the path algebra automorphism
© given by

pla)=aa, @(B)=d’8, () =7 @) =d’5 ¢lo)=o0.
Again, by [4, Theorem 1.1], A5 2 AL for K of characteristic 2.
(6) Let A = Ag. Consider the family Ag(a), a € K, of algebras in algy, (K)
given by the quiver
e, 9,

B v
bound by advé = 0, v6v8 = 0, afa = 0, faf = 0, af = aadyf and
Ba = d767. Clearly, Ag(0) = Af. For all @ € K\{0}, we have an isomorphism
¢ : Ag — Ag(a) induced by the path algebra automorphism ¢ given by
pla) =aa, @(B)=aB, w(y)=ay, @0)=>4
It follows from [4, Theorem 1.1] that Ag 2 Af for K of characteristic 2.
(7) Let A = A7. Consider the family A7(a), a € K, of algebras in alg;4(K)

given by the quiver
=
(0% [P E——
B

bound by 36 = afad, ac = 0, ad = o7, vBa = 0, o> = 63, vB5 = 0,
B0 =0 and 935 = 0. Clearly, A7(0) = A%. For all a € K \ {0}, we have an
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isomorphism ¢ : A7 — A7(a) induced by the path algebra automorphism ¢
given by

pla) =aa, @(B)=aB, @y)=ay, ¢(6)=ad ¢(o)=ao.
Moreover, by [4, Theorem 1.1], A7 2 A% for K of characteristic 2.

(8) Let A = Ag. Consider the family Ag(a),a € K, of algebras in alg;4(K)
given by the quiver dual to that of (7) bound by 658 = adaf, ca = 0,
da = vo, afy = 0, o®> = 6, 68y = 0, 63 = 0 and 635 = 0. Clearly,
Ag(0) = Ag. For all a € K \ {0}, we have an isomorphism ¢ : Ag — Ag(a),
induced by the path algebra automorphism ¢ given by

pla) =aa, @) =af, @) =ay, @6)=ad, ¢(o)=ao.
By [4, Theorem 1.1] we have Ag 2 A§ for K of characteristic 2.

(9) Let A = Ag. Consider the family Ag(a), a € K, of algebras in algyg(K)
given by the quiver

bound by Ba +dv+e£ =0,v6 =0, ée =0, afa =0, faf =0 and af =
aadyf. Clearly, Ag(0) = Aj. For all a € K \ {0}, we have an isomorphism
¢ : Ag — Ag(a) induced by the path algebra automorphism ¢ given by
pla) =aa, @(B)=0, @) =a,
e(0) =0, (&) =al, ¢(c)=c.
Also, by [4, Theorem 1.1] we have Ag 2 Aj for K of characteristic 2.

(10) Let A = Ajp. Consider the family Ajp(a), a € K, of algebras in
algss(K) given by the quiver

bound by Sa = dv, éo =nu, an =0, uB =0, 06 = ¥€ + acdod, dodo = 0,
£v&y = 0. Clearly, A19(0) = A, For all @ € K\{0}, we have an isomorphism
¢ : Ajg — Ajo(a) induced by the path algebra automorphism ¢ given by
pla) =aa, () =ay, ¢(o)=ao,  @(p)=ap,
e(B) =08, @@) =4 @€ =¢& ) =n
Finally, by [4, Theorem 1.1], A19 2 A}, for K of characteristic 2. =

3. Derived equivalences. For an algebra A, we denote by DP(mod A)
the derived category of bounded complexes of modules from mod A, which is
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in fact a triangulated category (see [12]). Two algebras A and B are said to
be derived equivalent if the derived categories DP(mod A) and DP(mod B)
are equivalent as triangulated categories.

Since Happel’s work [11], interpreting tilting theory in terms of equiva-
lences of derived categories, the machinery of derived categories has been of
interest to representation theorists. J. Rickard proved in [20] his remarkable
criterion: two algebras A and B are derived equivalent if and only if B is
the endomorphism algebra of a tilting complex of projective A-modules. We
refer to the fundamental paper [20] for definitions and details. Since a lot of
interesting properties are preserved by derived equivalence of algebras, it is
for many purposes important to classify algebras up to derived equivalence,
instead of Morita equivalence. For instance, derived equivalent selfinjective
algebras are stably equivalent [21]. Further, an algebra derived equivalent to
a symmetric algebra is again symmetric [22]. Finally, we note that derived
equivalent algebras have the same number of simple modules.

The derived equivalence classification has been established for some
classes of tame selfinjective algebras, for example for the (standard) weakly
symmetric algebras of tubular type [1] (see also [13], [19] for the derived
equivalence classification of the trivial extensions of tubular algebras) and
the symmetric algebras of quaternion type [14]. The aim of this section is
to describe derived equivalences for all nonstandard selfinjective algebras of
tubular type.

THEOREM 3.1. Let A be a nonstandard selfinjective algebra of tubular
type. Then A is derived equivalent to one of the following algebras:

e two simple modules: Ay and As(a), a € K\ {0,1},
e three simple modules: Ay,
e four simple modules: Ag,
e five simple modules: Ayg.

The proof of the above theorem will be a combination of several propo-
sitions. We will often need to compute the Cartan invariants of the en-
domorphism algebras of tilting complexes. This can be done conveniently
by the following alternating sum formula due to Happel (see [12, III.1.3
and I11.1.4]). For an algebra A, let KP(A) denote the homotopy category of
bounded complexes of projective A-modules, and let [-] denote the shift oper-
ator. If Q = (Q")rez and R = (R*)sez are bounded complexes of projective
A-modules, then

D (—1)" dimg Homyen(4y(Q, R[i]) = > (—=1)""* dimg Homa(Q", R®).
i r,8

Note that if Homgm(4)(Q, R[i]) = 0 for i # 0 (for example, for di-
rect summands of tilting complexes) then the left-hand side reduces to
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dimg Hom e 4)(Q, R) and the right-hand side can be easily computed using
the Cartan matrix of A.

To prove the assertion of Theorem 3.1 concerning nonstandard algebras
of tubular type with two simple modules, it suffices to show the following
result.

PROPOSITION 3.2. The algebras A1 and Ay are derived equivalent.

Proof. We consider the bounded complex T = T} ® T» of projective A1-
modules, where Ty : 0 — Py — 0 (concentrated in degree 0) and T} : 0 —
Py L P — 0 in degrees 0 and —1 (we always index the degrees in a complex
decreasingly from left to right). Here and in what follows, a map denoted by
a path in the quiver of an algebra always means right multiplication with
this element.

Then T is a tilting complex for A;. In fact, add(T") generates the ho-
motopy category KP(A;) since the stalk complex 0 — P; — 0 is homotopy
equivalent to the mapping cone of the map of complexes T7 — T5 given by
the identity map in degree 0. (This argument for generation works for all
the complexes constructed in this paper.) Moreover, from the explicit de-
scription of the algebra Ay by a quiver with relations it is easy to check that
Hom g (T3, T;[k]) = 0 for all 4,5 € {1,2} and k # 0. We leave the details to
the reader.

Hence, by Rickard’s criterion, A is derived equivalent to the endomor-
phism ring of 7' (in the homotopy category). From the Cartan matrix of A;
we can compute (using Happel’s formula) the Cartan matrix of End v (T'):

33 2 2
CA1:<3 5)’ CE“dK"(T):(2 5>’

and the latter is indeed equal to the Cartan matrix of Ay (the first row
corresponds to the vertex 1, the second row to the vertex 2 in the quivers).
So it remains to describe morphisms in End (7)) (generating the radical)
satisfying the relations of Ay (up to homotopy). Let a : To — T5 be given
by (right) multiplication with o on P,. Let E : Ty — T5 be defined by the
identity map on P; in degree 0. Finally, let 7 : Ty — T} be given by (right)
multiplication with a® on P, (note that this is indeed a homomorphism of
complexes since a®y = yBay = 0 in A;).

It remains to check the relations (where we read compositions of maps
also from left to right, just as relations in quivers). By definition we have
@’y =0 and 755 =0 (since a® = 0 in Ay). Also by definition, a® = 75 The
other relations will hold up to homotopy. In fact, the morphisms B&Q and
670 from T} to To are homotopic to zero via the homotopy maps 8 : P; — Py
and Ba : P — Py, respectively (use o = v3 in A;). Finally, the morphism
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B35 — Bay : Ty — Ty is given by o® — a : P, — P in degree 0 (and the
zero map in degree —1). This is homotopic to zero via the homotopy map
Ba — Ba? : P, — Py. In fact, use the relations yBa = o (for degree 0) and
Bay = Bay (for degree —1) in Aj.

Hence, End o (T') = Ay and therefore the algebras A; and Ay are derived
equivalent, by Rickard’s criterion. =

We now prove the assertion of Theorem 3.1 in the case of three simple
modules. According to the list of nonstandard algebras of tubular type (given
in Section 1) it suffices to prove the following result.

PROPOSITION 3.3. (1) Ay is derived equivalent to As.
(2) As is derived equivalent to Ag.
(3) As is derived equivalent to As.
(4) Ay is derived equivalent to As.

In particular, any nonstandard algebra of tubular type with three simple
modules is derived equivalent to the algebra Ay.

Proof. We deal with the assertions (1)-(4) separately. The last asser-
tion then follows directly from the classification of nonstandard algebras of
tubular type summarized in Table 1.

(1) We consider the complex T' = T} & Ts @ T3 of projective As-modules
with 77 : 0 - P — 0, T, : 0 — P, — 0 (concentrated in degree 0),

T3 :0 — P LN P; — 0 (in degrees 0 and —1). Then T is a tilting complex
for A5 (we leave the details of the usual verification to the reader). Our aim is
to show that the endomorphism ring End v (7") is isomorphic to the algebra
Ay. From the Cartan matrix of A5 we compute (using Happel’s formula) the
Cartan matrix of End v (T):

2 20 2 2 2
CA5 - 2 4 1 y CEnde (T) - 2 4 3 )
01 2 2 3 4

and the latter indeed equals the Cartan matrix of A4. So it remains to find
suitable morphisms between the summands of T' (corresponding to the ar-
rows of the quiver of A4). We set a : To — T} to be (right) multiplication by
v, and S Ty — T3 multiplication by « on P (note this is a homomorphism
of complexes since ad = 0 in As). Moreover, define 5 : T3 — T5 to be given
by the identity map on Py, and 7 : 71 — T3 by (right) multiplication with
B : Py — P, (which is a homomorphism of complexes since 0 = 0).

We have to check the relations. By definition, 5ﬂ6 = oz'y (use a? =p
in As), and YBa = 3B5Ba (use By = PBay in As). Also YBa7 = 0 (since
BB = 0) and 62"7604 = 0 (since yBv = 0). The final relation will hold up
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to homotopy. In fact the morphism (55)35 T3 — T, is given by o? (in
degree 0). Since o® = §o in /15, this morphism factors over the homotopy
map o : P3 — P». Hence, (ﬁé)Bﬁ is homotopic to zero.

Altogether we have shown that End g (T) = A4, thus by Rickard’s cri-
terion, A4 and As are derived equivalent.

(2) We define the following bounded complex T' = Ty & T © T3 of projec-
tive As-modules. Let 71 : 0 — Py 5 P, — 0 and T3 : 0 — Py LA P; — 0 (in
degrees 0 and —1). Let T3 : 0 — P> — 0 be the stalk complex in degree 0.
Then T is a tilting complex for A5. (We leave the routine verification to the
reader.) We have to determine the endomorphism ring of 7. Using Happel’s
alternating sum formula we compute the Cartan matrix of End g+ (7T):

2
CAs = 2
0

s N
N = O
N

2 2
v Cndm =1 2 4
1 3

and the latter is equal to the Cartan matrix of Ag. So we have to find suitable
morphisms between the summands of T'. Let o : 77 — 15 and 7 : T3 — Tb
be both given by the identity map on P, (in degree 0). Let 8 : To — T be
defined by (right) multiplication with a2 in degree 0 (a map of complexes
since a?y = vBy = 0 in As). Finally, let 6 : Ty — Ty be defined by (right)
multiplication with « in degree 0 (a map of complexes since a?§ = 0 in As).
It remains to check the relations of Ag. Directly from the definition we get
BaB = 0 (since a* = 0 in A5) and Ba = 6767 (both equal to a2). All the
other relations hold up to homotopy. In fact, the morphism a575 T — T;
is given by a? in degree 0 and the zero map in degree —1. Hence it is
homotopic to zero via the map 8 : P, — P, (use o? = 73 and ﬂé =0
in As). Similarly, vévﬂ is homotopic to zero via o : Py — P, and aﬁoz is
homotopic to zero Vla 8 : P — P,. Finally, the morphism aﬁ — aéfyﬁ on
Ty is given by a? — a® = 3 — yBa in degree 0 (and the zero map in degree
—1). It is homotopic to zero via f— fa : Py — P (use By — fay = 0in As).

We have shown that Endgn (7)) = Ag and thus, by Rickard’s criterion,
A5 and Ag are derived equivalent.

(3) In order to prove that As is derived equivalent to A7 we define the
following complex T' = T1 @ T @ T3 of projective As-modules. Set 11 : 0 —
Py MR P, — 0 (in degrees 0 and —1). Moreover, let 7o : 0 — P, — 0
and 75 : 0 — P3 — 0 be the stalk complexes concentrated in degree O.
Then T is a tilting complex for As. (Again, we leave the verification to
the reader.) According to Rickard’s criterion, A5 is derived equivalent to
the endomorphism ring Endgv(7"). The Cartan matrix of End g (1) can be
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computed from the Cartan matrix of As:

2 20 2 21
Cay = 2 4 1 |, OEnde (1) = 2 4 1 |,
01 2 1 1 2

and the latter is indeed equal to the Cartan matrix of A;. So it suffices
to find suitable morphisms between the summands of T'. Let & : To — Th
be given by multiplication with a on Ps, and let ¢ : T, — T3 be given
by multiplication with § : P, — Ps. Moreover, let v : T3 — T} be given
by multiplication with o : P — P, (which is in fact a homomorphism of
complexes since oy = 0). Finally, define morphisms 5 :Th — T35 by the
identity on P, (in degree 0) and 4 : Ty — T} by multiplication with a? on
P (a map of complexes since a?y =3y = 0 in As).

It remains to check that these morphisms satisfy the relations of Az.
Immediately from the definition we see that ag = 0 (since ad = 0), ad = 77y
(both equal to a® = §0), '7562 =0 and 7552 0 (the last two since oav = 0).
Moreover, &> = 5~B and SBS = 0 (since a* = doa = 0 in As). The remaining
two relations hold up to homotopy. In fact, 555 : 11 — Tb is given by
a? = 4 (in degree 0), so it is homotopic to zero via the map 3 : P — P».
Finally, the morphism BE— B&g on T is given by a? —a? in degree 0 and the
zero map in degree —1. It is homotopic to zero via the map f—Ba : P, — P»
(use a? — a® = vB — yBa and By = Bay in As).

We have shown that Endgw(7) = A7 and hence A5 and A7 are derived
equivalent.

(4) We consider the following complex T' = T1 @ T @ T3 of projective

Ag-modules. Weset T} : 0 — P, S P, - 0and T3 : 0 — P LR P; — 0
(in degrees 0 and —1). Let 75 : 0 — P» — 0 be the stalk complex in
degree 0. Then T is a tilting complex for A4 (verification left to the reader).

The Cartan matrix of End v (7") can be computed from the Cartan matrix
of A4:
2 2 2 2 21
Cp,=12 4 3 |, OEnde m=12 4 1],
2 1 1 2

and the latter is equal to the Cartan matrix of Ag, as desired. We now
have to define suitable morphisms between the summands of 7. We let a
on Ty be given by (right) multiplication with 63, and 8 : Ty — Ty by (63)?
in degree 0 (a map of complexes since (§3)%a = ayBa = 0 in Ay). Let
5:T) — Ty and & : T3 — 15 be given by the identity map on P,. Finally,
let 7 : T1 — T3 be given by (right) multiplication with 65 on P» in degree
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0 and multiplication with v : P — Ps in degree —1 (a map of complexes
since 030 = ary in Ay). It remains to show that these morphisms satisfy the
defining relations of Ag. Immediately from the definitions we conclude that
éa = 5o (both equal to do in degree 0), & — (0 (both equal to (§3)? i
degree 0), &35 = 0 and 363 = 0 (since (§3)* = 0 in A4). All remaining
relations will be shown to hold up to homotopy. In fact, ca : T3 — T3 is
homotopic to zero via 8 : P3 — P, and 63 : T1 — T5 is homotopic to
zero via 3 : P| — P, (since (63)? = ayB in Ay). Moreover, the morphism
55& : Ty — Ty is homotopic to zero via y363 : P — Py (use (683)% = ay36/3
and 73036 = vBay = 0in Ay). Finally, the morphism SE —5625 on 77 is given
by (63)? —(68)® = ayB—ayBd3 in degree 0 and the zero map in degree —1.
Hence it is homotopic to zero via the homotopy map v3 — v6006 : P — P
(use yBa = yBofa in Ay).

Altogether we have shown that the endomorphism ring of T is isomorphic
to Ag. Hence, A4 and Ag are derived equivalent, by Rickard’s criterion. m

In [1], we have studied derived equivalences among standard algebras
of tubular type. In particular, we have proved that A} and A/, are derived
equivalent and that A}, A%, Af, A% and Ag are derived equivalent. It is an
interesting open question whether a nonstandard algebra can be derived
equivalent to the corresponding standard algebra.
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