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Abstract. Let L) be the group of 4-jets at zero of diffeomorphisms f of R with
F(0) = 0. Identifying jets with sequences of derivatives, we determine all subsemigroups of
Lj consisting of quadruples (z1, f(z1,%4), g(x1,x4),z4) € (R\ {0}) x R® with continuous
functions f,g: (R\ {0}) x R — R. This amounts to solving a set of functional equations.

1. Introduction. The groups L arise when studying jets of local dif-
feomorphisms of R™ in the following way. Let j°f be the s-jet of a diffeo-
morphism f defined in a neighborhood of 0 € R™ and satisfying f(0) = 0.
We consider the set L7 of all such jets equipped with the group operation

(1°f) o (3%9) = j°(f o g), where (fog)(x)=f(g(x)).

Any jet j°f can be identified with the sequence of partial derivatives at
0 of f of orders 1,...,s. Therefore, L? can be identified with a set of real
sequences (see [3]). In those terms, the group L! can be given the following
algebraic description. As a set, we have L! = Ry x R*~!, where Ry = R\ {0}.
The product is defined as

(1, ms) 0 (Y1y vy ys) = (21,4 25)

where for m = 1,...,s we have

m m m
tn =Dk > {Au gt u €NU{OL Y = kY iug =m}
k=1 — g

and A, = m!/[[2u;!(:!)* (Faa di Bruno’s formula).
In particular, multiplication in L}L is given by the following formula:
(1) (21,22, 3, 24) © (Y1, Y2, Y3, Ya) = (21, 22, 23, 24),
2 =Ty, z2 =Ty + Tyt 23 = L1y + 3Tayiye + T3y,
2y = T1ya + 4xoy1y3 + 3215 + 6x313Ys + T4y
Papers [3]-[I1] describe certain subsemigroups of L! for 2 < s < 5,

consisting of tuples for which one of the coordinates is a function of the
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others. In [4, Section 4], subsemigroups of L} consisting of elements of the
form (z1, f(z1,24), f(z1,24), 24) were described in terms of a certain system
of functional equations. In [I0] subsemigroups of L} consisting of elements
of the form (x1, f(z1,24),g(x1,24),24) were studied with some additional
restrictions on f and g. In all solutions, the functions f and g depended on
1 only.

In this paper we generalize those results. In particular, we show that
there do exist solutions depending on both variables x1, 4.

MAIN THEOREM 1. All subsemigroups of L}, consisting of quadruples
(w1, f(z1,24), g(21,74),24) € Ro x R® with continuous functions f,g
Ry x R — R belong to one of the families

Poy = {(z1, fav(x1,24), gap(®1, 74),24)}, @, b ER,
Qed = {(x1, fea(x1,24), gea(®1,74),24)}, c € [0,+00), d € R,

where

3
far(z1,74) = a(v1 — 27),  gap(z1,74) = 3@ 221(1 — 21)® + b(zy — 2?),

fed(z1,24) = 21\ a + VE+ PP+ 21V g — VP + PP
Ged (21, 24) = f:r1\/2q +p° + 29V ¢* + p?

+§m1\/2q2+p3—2q @2+ p3 + c(4 — 3z; — 623 + 323),

with p(z1) = Z¢(3z1 — 2¢7") and q(x1,x4) = %mflm +d(1 — x3).

2. Auxiliary results

LEMMA 1. Let ®: RyxRxRgxR — R be any function. If F: RgxR — R
satisfies

F(x1 - y1, B(x1, 2,91, 92)) = 25 F(y1,92) + yL F (21, 22)

for some k # | and F(1,z2) = 0 then F(z1,22) = a(z} — z}) for some
constant a.

Proof. The substitution x1 +— y; L gives
0=y "F(y1,y2) + Y1 F(y; ', 22),
hence
(2) F(yfl,xg) = fyfkle(yl,yg) for all y1 € Rg, z2,y2 € R.

When we switch y; < yl_1 and rename 9 +— 232, Y2 — To, we get

(3) F(y1,20) = —yFHE(yr ! 22).
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Substituting (2) into (3), we obtain F(y1, 22) = —y’f“[—yfk_lF(yl,yQ)] =
F(y1,y2), i.e., F does not depend on the second variable: F'(z1,x2) = ¢(z1).
The original equation reduces to ¢(z1 - y1) = 2¥¢(y1) + 3! d(x1). The inter-
change x1 < y1 gives the equality 2}¢(y1) + yi¢(z1) = yid(a1) + 2y (1),

hence
o(y1)  ¢(x1)

& T~ & 7
Yi—Y% 1 — 1

Therefore F(x1,22) = ¢(x1) = a(z} — 2t). =

For a fixed linear transformation of the real plane, one can investigate (see
[1], [2]), for which functions F' the graph {(z,y) : y = F'(x)} remains invari-
ant under this transformation. This question easily translates into the func-
tional equation F(F(t)) = p- F(t) — q - t for some p,q € R. We will be
interested in continuous solutions of such equations. For example, we have

LEMMA 2. All continuous solutions of the equation F(F(t)) = 2F(t) —t
are of the form F(t) =t + ¢ for some c € R.

Proof. Let us write F(t) = t + h(t). Then h(t + h(t)) = h(F(t)) =
F(F(t)) — F(t) = F(t) —t = h(t), i.e., h satisfies Euler’s equation. From [1,
Thm. 14.5] it follows that continuous solutions of this equation are constant.
Hence F(t) =t + ¢ for some constant ¢ € R. =

= a, a constant.

In the proof of the main result we will consider continuous functions F'
satisfying

(4) F(P(t)=p F(t)—q-t
where p > 0, ¢ > 0 and the equation A2 — p\ + ¢ = 0 has real roots \i, Ao
satisfying 1 < A1 < As.

LEMMA 3. Let a continuous function F: R — R satisfy equation (4) and
F(0) =0. Then
(i) For any to > t1 we have F(t2) — F(t1) > M (t2 — t1).
(ii) F is a homeomorphism of the real line onto itself.
(i) Lete € {—1,+1}. If F(et) # Mgt fort > 0 then for any 5 € (A1, A2)
there exists a sequence 0 < t, — 400 such that eF(ety,) > [t for
n>1.

Proof. Notice that F'is 1-1. In fact, if F'(t1) = F(t2) then gt = pF(t1) —
F(F(tl)) = pF(tg) — F(F(tg)) = qtg, i.e., tl = tg.

From the continuity it follows that F' is a monotonic function, vanishing
at 0 only. Hence, for positive ¢t we have either F(t) < 0 or F(t) > 0. In
the first case we would have F(t) > 0 for negative ¢t and hence for any
t >0 weget 0 < F(F(t)) = pF(t) — gt < 0, a contradiction. Therefore
F' is increasing. Take any to > t;. Then p(F'(t2) — F(t1)) — q(t2 — t1) =
F(F(t2))—F(F(t1)) > 0, hence F(ta)— F(t1) > (¢/p)(t2 —t1). Suppose that
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for some a > 0 the inequality F'(t2) — F'(t1) > a(te —t1) holds for all to > t;.
Then

p(F(t2) — F(t1)) — q(t2 — t1) = F(F(t2)) — F(F(t1))
> Oz(F(tQ) — F(tl)) > az(tg — tl),

hence F(tg) — F(t1) > O‘?q (ta—t1). Define a; = q/p and a1 = (a2 +4q)/p.
By induction it follows that F'(t2) — F'(t1) > au,(ta — t1) for all t3 > ¢; and
n > 1. It is easy to see that a,, < A; for all n > 1. It follows that the
sequence (ay,) is increasing and bounded, hence convergent and lim o, = \y.
Therefore F(ta) — F(t1) > Ai(t2 — t1) for all to > t1, which proves (i).

By setting ¢; = 0 we get F'(t) > A1t for all ¢ > 0. By setting to = 0 we
obtain F'(t) < At for all ¢ < 0. Consequently, we obtain (ii): F' is a homeo-
morphism of R onto itself.

To prove (iii), fix e = +1. Notice that the above inequality can be written
aseF'(et) > At for t > 0. Suppose for some A\; < # < Ag the desired sequence
(tn) does not exist. Then there exists tg > 0 such that eF(et) < St for all
t > to. Define 31 = 8 and B,11 = q- (p — B.) "' It is easy to check that
A1 < Bn < A2 < p. We show by induction that eF'(et) < (,t for all t > tg
and n € N. For n = 1 this is clear. Suppose it is true for n. Notice that
for t > to we have eF(et) > Mt >t > tg, hence e F(F(et)) < BnreF(et) for
t > to. But then

peF(et) — qe’t = eF(F(et)) < BpeF(et) implies eF(et) < Brgit.
The sequence (3,,) is decreasing and hence convergent to A;. It follows that
eF(et) < A\t for all t > ty. This implies that e F'(et) = A\t for ¢t > tg.

Let t; = inf{t > 0 : eF'(et) = Ait}. If t; > 0 then pick any v € (A1, A2).
By the continuity of F', we can find 2 € (0,¢;) such that eF(et) < ~t for
t > to. But then eF(et) = A\t for t > t9 by the previous paragraph applied
to 0 = =, contradicting the definition of ¢;. Hence t; = 0 and F'(et) = A\t
for t > 0, a contradiction. m

LEMMA 4. Let f: R — R be a continuous function with f(0) = 0 satis-
fying the equation
) (A, y)) = f(y) + [ (=),
Alz,y) =z +y +9f(2) f(y)* +9f(2)* f(y)-

Then either f =0, or f is a homeomorphism of the real line and f~1(t) =
3t3 4+ at for some a > 0.

Proof. Obviously the constant function f = 0 satisfies the equation. Now
suppose that f is not constant. Notice that if f(¢) = 0 for all £ > 0 then
for such ¢ we have A(—t,t) = 0 and f(—t) = f(—t) + f(t) = f(A(—t, 1)) =
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f(0) =0,s0 f =0. Thus f(t) # 0 for some ¢ > 0. Analogously one can show
that f(t) # 0 for some ¢ < 0.
Set F(t) = A(t,t). Then we have f(F(t)) = 2f(t) and

F(F(t)) = 2F(t) + 18f(F(t))®> = 2F(t) + 18 - 8f(t)?
= 2F(t) + 8(F(t) — 2t) = 10F(t) — 16t.

Thus F is a continuous solution of the equation F(F(z)) = 10F(z) — 16x
and F(0) = 0. Moreover, A> — 10\ + 16 has roots 2 and 8. By Lemma 3(i),
for any to > t; we have F(ty) — F(t1) > 2(ta — t1), hence 2t + 18f(t2)3 —
2t1 — 18f(t1)3 > 2(ta —t1). It follows that f(t2)® > f(t1)% and f(t2) > f(t1).

We prove that f is not bounded from above. Suppose the contrary and
take any M > 18sup{f(t)}3. Then F(t) < 2t + M for all t > 0. Pick
any # € (2,8). There exists tg > 0 such that gt > 2t + M for t > tp.
Because F(t) # 2t for t > 0, Lemma 3(iii) yields a sequence ¢, — +oo with
F(tn) > (t,. Pick ty > tg. Then 2ty + M > F(tN) > Oty > 2ty + M, a
contradiction. In the same way, using Lemma 3(iii) with e = —1, one proves
that f is not bounded from below. Hence f maps the real line onto itself.

It follows that f(¢) = 0 for ¢ = 0 only. For suppose that f(z) = 0 for some
z # 0. Then for any x we have A(x, z) = x4z and f(x+2) = f(z). Therefore
f :R — R is continuous and periodic, hence bounded, a contradiction.

It follows that f is an odd function. In fact, for any = we can find y so
that f(y) = —f(z), as f is onto. Then A(z,y) = x +y and f(z +y) =
f(A(z,y)) = f(x) + f(y) = 0. It follows that = + y = 0, hence y = —z and
so f(—x) = —f(x) for all z € R.

Now we can prove that f is strictly increasing, in particular it is a hom-
eomorphism of the real line. If not, f has a constant value ¢ on some interval
(r,s). Then f also has the constant value —c on the interval (—s, —r). For any
x € (r,8),y € (—s,—7) we have A(z,y) = 2+y+9¢-(—c)+9c-(—c)? = x+y
and f(z +vy) = f(A(z,y)) = f(x) + f(y) = ¢+ (—¢) = 0. It follows that f
has infinitely many zeros, a contradiction. This proves that f is 1-1, hence
a homeomorphism.

Let g = f~1. Substitute x = g(u), y = g(v) in equations (5). We get

f(A(g(u), g(0)) =u+v,  Alg(u),g(v)) = g(u) + g(v) + Iuv® + Iu’v,

hence

glu+v) = gf(Alg(u), g(v)) = Ag(w), g(v)) = g(u) + g(v) + uv® + 9u?v.
Substitute g(t) = 3t3 + h(t). Then 3(u+v)3 + h(u+v) = 3u® + h(u) + 303 +
h(v) + 9uv? + 9u?v. It follows that h is a continuous solution of the Cauchy
equation h(u + v) = h(u) + h(v), hence h(t) = at and f~1(t) = 3t3 + at. It
must be a > 0, as f is a homeomorphism. It is easy to verify that any such
function solves our equation. =
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3. Proof of the Main Theorem. A subset P = {(z1, f(x1,24), g(x1,
14),74) : 71 € R, 74 € R} C L} is a subsemigroup iff for any z1,y; € Ry
and z4,y4 € R,

(1‘1, f(:Ela $4),g($1,l’4), ZE4) © (yh f(y17y4)ag(y17y4)7y4) € Pa

which, using (1), translates to the following system of functional equations:

(6) F@iyn, A) = @1 f(y1,ya) + yi f (21, 24),
(1) gleryr, A) = z1g(y1,ya) + 3yLf (x1, 24) f (Y1, y4) + yig (w1, 24),
(8) A= A(x1,74,y1,y4) = 2194 + 41 f (21, 24)9(Y1, Ya)
+ 3 (1, 24) f (y1,9a)” + 6yig(1, 24) f (Y1, ya) + Tayy.

Elementary (but rather tedious) calculations show that the subsemigroups
P, and Q). 4, defined in the formulation of the Main Theorem, satisfy this
system of equations. We shall prove that they exhaust the list of subsemi-
groups of L} of the desired form.

We can make this system more symmetric, by substituting

3
g(u,v) - h(u,v) + %f(u,v)Z,
where h: Ry xR — R is a new unknown function. This leads to a new system

9) flaryn, A1, 24,91, 94)) = 21 f (1, 94) + yif (21, 24),
(10) h(x1y1, A (21, 24, y1,94)) = w1h(y1, ya) + yih(z1, 24),
(11)  A'(w1,24,y1,94) = T1ya + 22y] + y1f (21, 24)h(Y1, Ys)

+ 6yLf (Y1, ya) (w1, m4) + 9f (21, 24) (Y1, y4)?
5

9y
+ =% fw1, 24) f (Y1, ya)-
z1
Let us write f(u) = f(1,u), h(u) = h(1,u), Alu,v) = A'(1,u,1,v). When
we plug 1 = 1, y; = 1 into equations (9)—(11), we get

(12) F(A(za,y4)) = Fya) + flza),

(13) h(A(z4,y4)) = h(ya) + h(z4),

(14) A(wa,ya) = ya + w4+ Af (@a)h(ya) + 6.f (ya) ()
+9f (24) f(ya)? + 9f (24)* f(ya).

Now the proof splits into two cases: Case I: fis constant and Case II: f
is not constant.

4. Case I: f is constant. From (12) it follows that f = 0. Lemma 1
applied to (6) implies that f(z1,74) = a(z; — 27).
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Now we determine h. Equation (14) reduces to A(x4,y4) = x4 + y4, and
from (13) and the continuity of h it follows that h(u) = C'u for some constant

C € R. We will show that C' = 0. To this end, fix 4 € Ry and substitute in

(10)-(11) the values x1 = 1, y; = p~*:

C- A/(iuv X4, /J_l’ y4) = /Jh(:u_lv y4) + lu_Sh(tua IE4),
Ay za, 1=t ya) = pya + p g 4+ 4a(l — p)h(p™t, ya)
+6a(u ™ — pmh(p, z4).

Consequently,

[4aC — (4aC + Dplh(p~", ya) + Cpays
= [6aC — (6aC — 1)~ Ry, x4) — Cp 4.
It follows that the left hand side does not depend on y4 and the right hand
side does not depend on x4. If aC' # 0, then for y = 4aC/(4aC + 1) or for

p = 6aC/(6aC — 1) (at least one of these numbers is well defined) it would
not be the case. Therefore aC' = 0 and

(15) — ph( " ya) + Cpya = p b, w4) — Cp~ .
We switch the sides, x4 +> y4 and p «> p~ ! in (15):
(16) h(pt ys) — Cptys = —p "h(p, 24) + Cp 'y

When we add (15) multiplied by p? to (16), we get C(u® — ut)ys =
C(u=t — p=2)xy for all z4,y4 € R and p € Ry. It follows that C' = 0.

We have just proved that h(1l,v) = 0. From Lemma 1 it follows that
h(z1,74) = b(z1 — x3) for some constant b. In particular, in Case I, we have
proved that

[y, 24) = a(zy — a71),

3 3
g(.’IJ1,.%'4> = Txlf(xhx4>2 + h($1,1‘4) = iagxl(l - 1.1)2 + b<$1 - .’B?),

as desired.

5. Case II: fis not constant. Let us notice that the function fattains
value 0. To see this, we substitute x1 = —1, y13 = —1, 4 = t, y4 = ¢t into
(9) and (11), where ¢ is a new variable. We obtain f(1, A'(—1,t¢,—1,¢)) = 0,
Al(—1,t,—1,t) = 2f(—1,t)h(—1,t), hence
(17) Ff(=1,8) - h(=1,t)) =0 forall t € R.

In particular, there exists z € R such that f(z) = 0. We plug y4 = z in
(12)—(14) to get
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(18) f(A(w4,2)) = flza),

(19) h(A(z4, 2)) = h(z) + h(zs),

(20) Ay, 2) = 2+ x4 + 4 (24)R(2).

Consider G(u) = A(u, z). From (18) and (20) we get G(G(u)) = z+ G(u) +

4f(G(u)h(z) = 24+ G(u) +4f (u)h(z) = 2G(u) —u. From Lemma 2 it follows
that G(u) = u+c for some ¢ € R. Therefore ztag+Af (2g)h(z) = A(:L"4, z) =
G(z4) = z4+c, ie., f(z4)h(2) is a constant. Because by assumption f is not
constant, it follows that A(z) = 0. Hence equations (18) and (20) reduce to

(21) f(as+2) = f(z4),
which holds for any x4 € R and any z € R such that f(z) =

Our objective is to prove that h = 0. To this end, consider o(t) =
F(=1,)h(=1,t). Then equation (17) reads f(24(t)) = 0 for all t € R. We
check that the (continuous) function ¢ is constant. In fact, otherwise the im-
age of 2¢ contains an open interval I which, by (17), is contained in the zero
set of f Let r be the middle point of this interval and let 2¢ be its length.
Then for |4 < € we have r 4 x4 € I, hence by (21): f(z4) = f(as+7) = 0.
This means that fvanishes in the e-neighborhood of 0. Equation (21) then
says that fis locally constant, hence fz 0. This contradicts our standing
assumption that fv is not constant. Therefore ¢(t) is a constant function,
equal to, say, m

Now we use equations (9)—(10). First we plug in z; = —1, y1 = 1, to
obtain
(22) f( 7A,( 1a$4717y4)) = *f(y4) +f(*1,.’134),
(23) h(=1, A'(=1, 24,1, 94)) = —h(ya) + h(—1,24).

We multiply (22) and (23) and use the relation f(—1,¢)h(—1,t) =
= [(ya)(ya) = flya)h(=1,24) = f(=1,24)R(ya) + m,

Fy)h(ya) = Fya)h(=1,24) + f(=1,24)h(ya).

Now we apply the same trick, but this time we plug in 1 =1, y; = —1,
to obtain

(24)

(25) f(=1,A"(1, 24, =1, y4)) = f(=1,ya) + f(24),
(26) h(=1, A'(1, 24, —1,44)) = h(—=1,ys) — h(zg).
As before, we multiply (25) and (26):
m =m — f(—1ya)h(zs) + fz)h(=1,y2) — f(wa)(zs),

(27) " ! v
f(xa)h(=1,y4) = f(=1,ya)h(x4) + f(24)h(24).
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Let us switch x4 with y4 in (27):
(28) Flya)h(=1,24) = F(=1,22)h(ys) + F(ya)h(ya).

When we add equations (24) and (28), cancellations occur and we are left
with
F(=1,2)h(ys) =0 for all z4,ys € R.

If h 2 0 then f(—1,24) = 0 and we see from (28) that

(29) f(ya) - (h(ya) — h(=1,24)) = 0.

By assumption, f(y4) is not constant; therefore we can find y4 = £ so that
F(€) # 0. Then (29) implies that h(—1,z4) = h(€), i.e. , h(=1,24) is a con-
stant function. Moreover, its constant value is equal to h(f ) for any ¢ such
that f(£) # 0. Hence h is constant on the set RE f(€) # 0}. However, we
have earlier observed that h(z) = 0 whenever f(z) = 0. From the continuity

of I it then follows that & = 0. From Lemma 1 we get h(z1, 24) = b(z1 — 27)
for some constant b € R.

It remains to determine f. A substitution h = 0 in (14) yields

f(A-($4,y4)) = flya) + J?(xi), - o
A(za,ys) = ya + 24+ 9f (24) f(ya)® + 9 (24)* f (ya)-

Moreover, h(—1,0) = 0, hence from (17) it follows that f(0) = 0, i.e., f
satisfies the assumptions of Lemma 4. As f is not constant, it follows that
it is a homeomorphism with f~1(t) = 3t3 + 6¢t for some ¢ > 0.

Now we return to equations (9) and (11) and use the formula h(x1,x4) =
b(z1 — 23):

(30) F@ryn, A (21, 24, y1,94)) = 21 f (Y1, y4) + yif (21, 24),

(31) A'(z1,74,y1,y4) = T1ya + T2y + 4b(y — y1) f (1, 74)

+ 6byF (21 — 23) f(y1, ya)
2

9y
+ gf(xla $4)f(y17y4)2 + ?ff($17$4)2f(y17y4)-
When we set 1 = yl_l, we get

FA @ za g i) = vy Fun,wa) + 0l F(ur ' ),
Ay 2y, ya) = y7 s + mayt + 467 — yD) Flurt, z4)
+6b(y1 — y1 ) f (Y1, ya)
+9f(yr t wa) f(yn,ya)” + 993 Fyr t wa) 2 F (v, ya).-
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We apply ]?_1 to the first equation:

A/(yfla T4,Y1, 3/4) - B[yflf(ylay4) + y%f(y;17x4)]3

+6clyy " fyr,pa) + uif(yr @)
After using the formula for A’, expanding the third power and some cancel-
lations, we get
yiza + [4b(yf — i) — 6cyf)f(yr ', 2a) = Y0 f(yr " wa)® =
— 4y ya+ [Bey; ' — 6b(yr —yi ] f (w1, ya) + 3u1° f (91, 0a)”.

Notice that the left hand side does not depend on 4, while the right hand
side does not depend on x4. Hence both sides depend on y; only:

(32) Uyi") = yiwa+ [Bb(yf — yi) — 6eyi]fyi ' wa) = 3y0 f (yr 'y wa)?,
(33)  r(y1) = —yy 'ya + [6eyr " — 6b(y1 — yi I (y1,ya) + 3y Fyr, va)®.
Let us plug y1 = ™!, x4 = v in (32) and y; = u, y4 = v in (33):
Hu) = u %+ [4b(u™? —u™) — 6cu™2] f(u,v) — 3u~5 f(u,v)3,
r(u) = —u"tv + [6eu™t — 6b(u — uH)] f(u,v) + 3uT3 f(u,v)3.

Notice that u3l(u)+r(u) = (=2b—6¢)(u—u"1) f(u,v), which implies that
the expression (b4 3¢)(u — u~1) f(u,v) does not depend on v. If b+ 3¢ # 0
then for each fixed u # +1 the function f(u,-) is constant. But then for any

v1 # v2 we get flo) = f(1,v1) = lim f(1+1/n,v1) =lim f(1 +1/n,v2) =
f(1,v2) = f(v2), a contradiction, as f is a bijection. Therefore b = —3¢ and

r(u) = —u" v + 6¢(3u — 2u™) f(u, v) + 3u3 f(u, v)3.
Let p(u) = 2¢(3u — 2u™") and g(u,v) = ;(u"'v + r(u)). Then
(34) u™? f(u,v)* = =3p(u) f(u,v) +2q(u, v).
We use (34) in the cube of equation (30):
(z1y1) (@1 f (y1,9a) + 9 f (21, 24))° = (211) 7 flaayr, A')°
= —3p(z1y1) f(x1y1, A") + 2q(x11, A')
= = 3p(zry) (1 f (Y1, 94) + Y1 f (21, 24)]

1 1 _
+ gr(ﬂilyl) + g(ﬂflyl) YA (1, 24, 91, y4)-

When we expand the left hand side and use (31), we get, after reductions,
(w1y1) 2 (@3 f (g1, 9a)® + 92 f (a1, 24)%)
=~ 3p(eyn) (@ n,0) + 0, a)) + (o) + 5 )
X [w1ys + mayi — 12¢(y7 — yi) f (21, 24) = 18eyi (21 — 23) f (1, 94)]-
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After applying (34) to the left hand side, we get, after reductions,

3

r(y) + =

3y1r(a;1) *T 1Y1)

(
3
= (3p(z1)yi — 3p(zay)yt — dexy (1 — 7)) f (21, 24)

+ (3p(y1) — 3p(z1y1)ar — 6eyr (1 — 1)) f (Y1, ya) = 0,

hence we are left with

r(z1y1 Sr(@1) + r(y).

) =
By Lemma 1, we have r(z1) = 6d ( — 23) for some constant d.
Because

fl@1,24)® + 323p(z1) f (21, 24) — 227q(21,24) =0

where p(z1) = %0(3301 — 27 and q(z1,24) = éxl x4+ d(1 — 23), by the
Cardano formulas we get

fa,ma) =21V g + V@ + 1% + 21\ ¢ — V@@ + pd.

Finally,

3
g(l’1,$4) - 5 (.’171,.’1,’4)2 - 3C(CE1 — {L’:l)))

1]
2]
3l
(4]
]

(6]

7]

25[71
3
= 5x1[</2q2+p3+2q ¢+’ + :\3/2q2+p3—2q\/q2+p3}

4 ¢(4 — 3z — 622 +323). u
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