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PERIODS OF MORSE�SMALE DIFFEOMORPHISMS OF S2BYJUAN LUIS GARCÍA GUIRAO (Cartagena) and JAUME LLIBRE (Bar
elona)Abstra
t. The aim of this paper is to des
ribe the set of periods of a Morse�Smaledi�eomorphism of the two-dimensional sphere a

ording to its homotopy 
lass. The maintool for proving this is the Lefs
hetz �xed point theory.1. Introdu
tion and statement of the main results. An important
lass of dynami
al systems on smooth 
ompa
t manifolds 
onsists of theMorse�Smale di�eomorphisms. These have a relatively simple orbit stru
tureand this stru
ture is preserved under small C1 perturbations.During the last quarter of the XXth 
entury several papers were pub-lished analyzing the relationships between the dynami
s of Morse�Smaledi�eomorphisms and the topology of the manifold where they are de�ned;see for instan
e [5, 7, 11, 13℄.Ea
h Morse�Smale di�eomorphism has a �nite set of periodi
 orbits.Franks [5℄ linked the periodi
 behavior of a Morse�Smale di�eomorphism toits a
tion on homology. For a given manifold and a homotopy (or isotopy)
lass of maps on that manifold, this result provides a ne
essary 
onditionfor the Morse�Smale dynami
s to o

ur in that homotopy (or isotopy) 
lass.Narasimhan [11℄ showed for a 
ompa
t surfa
e that a di�eomorphism ho-motopi
 to the identity 
an exhibit a given Morse�Smale dynami
s providedit satis�es Franks's 
ondition [5℄ and two other ne
essary properties. Essen-tially, the homotopy 
lass of the identity on a 
ompa
t surfa
e 
an admit anyperiodi
 behavior 
onsistent with the Lefs
hetz zeta fun
tion. In Se
tion 2we provide pre
ise de�nitions of all these notions.We fo
us on Morse�Smale di�eomorphisms of the two-dimensionalsphere S2. For orientation-reversing di�eomorphisms there are additionalobstru
tions to the ones given by the Lefs
hetz zeta fun
tion; they wereobtained by Batterson, Handel and Narasimhan [2℄. Blan
hard and Franks[3℄ have shown that if an orientation-reversing homeomorphism of S2 hasperiodi
 orbits with two distin
t odd periods, then the topologi
al entropy2000 Mathemati
s Subje
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of this homeomorphism is positive. This implies that orientation-reversingMorse�Smale di�eomorphisms of S2 
annot have more than one odd period,be
ause they have zero topologi
al entropy.Our aim in this work is to 
hara
terize the set Per(f) of periods for anorientation-preserving and for an orientation-reversing Morse�Smale di�eo-morphism of S2. The three key tools for doing that are the results obtainedby Franks [6℄ on the Lefs
hetz zeta fun
tion for C1 maps having only hyper-boli
 periodi
 points, by Narasimhan [11℄ for orientation-preserving Morse�Smale di�eomorphisms of S2, and by Batterson, Handel and Narasimhan [2℄for orientation-reversing ones.Of our main results are stated in the following two theorems:Theorem 1. Let f be an orientation-preserving Morse�Smale di�eomor-phism of S2. Then Per(f) is a �nite set 
ontaining 1. Conversely , any �niteset of positive integers 
ontaining 1 is realizable as the set of periods for someorientation-preserving Morse�Smale di�eomorphism on S2.Theorem 2. Let f be an orientation-reversing Morse�Smale di�eomor-phism of S2. Then Per(f) is either {1}, or S∪{2}, where S is a �nite set ofpositive integers with at most one element odd. Conversely , {1} and any setof the form S ∪ {2} with S as above are ea
h realizable as the set of periodsof some orientation-reversing Morse�Smale di�eomorphism of S2.The paper is stru
tured as follows. In Se
tion 2 we provide all the de�-nitions and basi
 tools and results ne
essary for this work. In Se
tion 3 weprove our two theorems.2. Preliminary de�nitions and basi
 results. We begin by re
allingseveral de�nitions. Let Diff(M) be the spa
e of C1 di�eomorphisms of a
ompa
t manifold M. The set Diff(M) is a topologi
al spa
e endowed withthe topology of the supremum norm for the map and its di�erential. All thedi�eomorphisms in this paper will be C1 di�eomorphisms.We denote by fm the mth iterate of f ∈ Diff(M). A point x ∈ M is anonwandering point of f provided that for any neighborhood U of x thereexists a nonzero integer m su
h that fm(U)∩U 6= ∅. The set of nonwanderingpoints of f is denoted by Ω(f).Suppose that x ∈ M. If f(x) = x and the derivative of f at x, denoted by
Dfx, has spe
trum disjoint from the unit 
ir
le, then x is 
alled a hyperboli
�xed point. If all the eigenvalues of Dfx lie inside the unit 
ir
le, then x is
alled a sink. When all the eigenvalues have modulus greater than one, x is
alled a sour
e. Otherwise x is 
alled a saddle.Suppose that y ∈ M. If fp(y) = y, then y is a periodi
 point of f of period
p if moreover f j(y) 6= y for all 0 ≤ j < p. This y is a hyperboli
 periodi
point if y is a hyperboli
 �xed point of fp. The set {y, f(y), . . . , fp−1(y)} is
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alled the periodi
 orbit of the periodi
 point y. By Per(f) we denote the setof periods of all periodi
 points of f .Assume ̺ is a metri
 on M, and x is a hyperboli
 �xed point of f . Thestable manifold of x is
W s(x) = {y ∈ M : ̺(x, fm(y)) → 0 as m → ∞},and the unstable manifold of p is

W u(x) = {y ∈ M : ̺(x, f−m(y)) → 0 as m → ∞}.For a hyperboli
 periodi
 point x of period p, the stable and unstable man-ifolds are de�ned to be the stable and unstable manifolds of x under fp.A di�eomorphism f : M → M is Morse�Smale if(i) Ω(f) is �nite,(ii) all periodi
 points are hyperboli
,(iii) for ea
h x, y ∈ Ω(f) if the manifolds W s(x) and W u(y) interse
tthen they interse
t transversally.The �rst 
ondition implies that Ω(f) is the set of all periodi
 points of f .Two di�eomorphisms f, g ∈ Di�(M) are topologi
ally equivalent if thereexists a homeomorphism h : M → M su
h that h◦f = g◦h. A di�eomorphism
f is stru
turally stable provided that there exists a neighborhood U of f inDi�(M) su
h that ea
h g ∈ U is topologi
ally equivalent to f .The 
lass of Morse�Smale di�eomorphisms is stru
turally stable insidethe 
lass of all di�eomorphisms (see [12℄), so to understand the dynami
s ofthis 
lass of maps is a relevant problem.2.1. Lefs
hetz zeta fun
tion. We will study the set of periods of Morse�Smale di�eomorphisms of S2 using the Lefs
hetz �xed point theory. The key1920 work of Lefs
hetz was to relate the homology 
lass of a given map withthe earlier work of Brouwer on indi
es of self-maps of 
ompa
t manifolds.These two notions provide equivalent de�nitions for the Lefs
hetz numbers,and from their 
omparison, one obtains information about the existen
e of�xed points.Given a 
ontinuous map f : M → M on a 
ompa
t n-dimensional mani-fold, its Lefs
hetz number L(f) is de�ned as

L(f) =
n

∑

k=0

(−1)k tra
e(f∗k),where f∗k : Hk(M, Q) → Hk(M, Q) is the homomorphism indu
ed by f onthe kth rational homology group of M. For k = 0, . . . , n, Hk(M, Q) is a �nite-dimensional ve
tor spa
e over Q, and f∗k is a linear map given by a matrixwith integer entries. Thus, one of the most useful results for proving theexisten
e of �xed points, or more generally of periodi
 points for a 
ontinuous
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self-map f of a 
ompa
t manifold, is the Lefs
hetz �xed point theorem andits improvements (see for instan
e ([1, 4, 7�10℄):Theorem 3. Let f : M → M be a 
ontinuous map on a 
ompa
t man-ifold , and let L(f) be its Lefs
hetz number. If L(f) 6= 0 then f has a �xedpoint.For a proof of Theorem 3 see [4℄.Our aim is to des
ribe the set of periods of f . To this end, it is usefulto have information on the whole sequen
e {L(fm)}∞m=0 of the Lefs
hetznumbers of all the iterates of f . Thus we de�ne the Lefs
hetz zeta fun
tionof f as

Zf (t) = exp

( ∞
∑

m=1

L(fm)

m
tm

)

.This fun
tion generates the sequen
e of all Lefs
hetz numbers, and it maybe 
omputed independently through [6℄(1) Zf (t) =

n
∏

k=0

det(Ink
− tf∗k)

(−1)k+1

,where n = dim M, nk = dim Hk(M, Q), Ink
is the nk × nk identity matrix,and we set det(Ink

− tf∗k) = 1 if nk = 0.2.2. Results of Franks and Batterson et al. If γ is a hyperboli
 periodi
orbit of period p, then for ea
h x ∈ γ let Eu
x denote the subspa
e of thetangent spa
e TxM generated by the eigenve
tors of Df

p
x 
orresponding toeigenvalues whose moduli are greater than one. Let Es

x be the subspa
e of
TxM generated by the remaining eigenve
tors. De�ne the orientation type ∆of γ to be +1 if Df

p
x : Eu

x → Eu
x preserves orientation, and −1 if it reversesorientation. Note that ∆ is well de�ned. The index u of γ is the dimensionof Eu

x for some x ∈ γ. Finally, we de�ne the triple (p, u, ∆) asso
iated to γ.For a di�eomorphism having all its periodi
 orbits hyperboli
, its periodi
data Σ is de�ned to be the 
olle
tion of all triples (p, u, ∆), where the sametriple 
an o

ur more than on
e provided it 
orresponds to di�erent periodi
orbits. Franks [5℄ proved the following result.Theorem 4. Let f be a C1 map on a 
ompa
t manifold having �nitelymany periodi
 orbits all of whi
h are hyperboli
, and let Σ be the period dataof f . Then the Lefs
hetz zeta fun
tion of f satis�es
Zf (t) =

∏

(p,u,∆)∈Σ

(1 − ∆tp)(−1)u+1

.

Using this notion of periodi
 data Narasimhan [11℄ studied the Morse�Smale di�eomorphisms homotopi
 to the identity on 
ompa
t 
onne
ted sur-fa
es. Her result 
an be stated as follows.
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Theorem 5. Let M be a 
ompa
t , 
onne
ted 2-manifold. There exists aMorse�Smale di�eomorphism f of M homotopi
 to the identity with periodi
data {(pi, ui, ∆i)}
n
i=1 if and only if(a) ui = 0 and uj = 2 for some i and j,(b) Zf (t) = (1 − t)−χ(M), where χ(M) is the Euler 
hara
teristi
 of M.In parti
ular, taking into a

ount that all orientation-preserving Morse�Smale di�eomorphisms on S2 are homotopi
 the identity and that χ(S2) = 2,we have the following 
orollary.Corollary 6. There exists an orientation-preserving Morse�Smale dif-feomorphism f on S2 with periodi
 data {(pi, ui, ∆i)}

n
i=1 if and only if(a) ui = 0 and uj = 2 for some i and j,(b) Zf (t) = (1 − t)−2.For the existen
e of orientation-reversing Morse�Smale di�eomorphismsthere are some extra requirements, as 
an be seen from the following resultof Batterson, Handel and Narasimhan [2℄.Theorem 7. There exists an orientation-reversing Morse�Smale di�eo-morphism f on S2 with periodi
 data {(pi, ui, ∆i)}

n
i=1 if and only if(a) ui = 0 and uj = 2 for some i and j,(b) ∆i = +1 if ui = 0 and ∆i = (−1)pi if ui = 2,(
) Zf (t) = (1 − t2)−1 =

∏n
i=1(1 − ∆it

pi)(−1)ui+1 ,(d) if pi and pj are odd , then pi = pj ,(e) if pi > 2 for some i, then the data 
ontains one of the followingtriples : (2, 0, +1), (2, 2, +1) or (2, 1,−1).3. Proofs of Theorems 1 and 2. It is well known that the homol-ogy groups of the sphere with rational 
oe�
ients are H0(S
2, Q) = Q,

H1(S
2, Q) = 0 and H2(S

2, Q) = Q. Let f be a 
ontinuous self-map of S2.Then the indu
ed homomorphisms on homology are f∗0 = 1, f∗1 = 0 and
f∗2 = d where d is the degree of the map f . From (1) we have

Zf (t) = [det(I1 − tf∗0) det(I1 − tf∗2)]
−1 = [(1 − t)(1 − dt)]−1.Clearly d = 1 for orientation-preserving di�eomorphisms, and d = −1for reversing ones. Thus,

Zf (t) =

{

(1 − t)−2 if f is orientation-preserving,
(1 − t2)−1 if f is orientation-reversing.Proof of Theorem 1. Let f be an orientation-preserving Morse�Smale dif-feomorphism of S2. Clearly, sin
e a Morse�Smale di�eomorphism has �nitelymany periodi
 orbits, Per(f) is a �nite set of positive integers. Moreover, falways has �xed points. Indeed, by the previous paragraph, sin
e f preserves
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orientation we know that Zf (t) = (1 − t)−2. Therefore, Theorem 4 impliesthat 1 ∈ Per(f). So the �rst part of Theorem 1 is proved.Now, we prove the 
onverse, i.e. for a given �nite set S of positive integers
ontaining 1 we shall �nd an orientation-preserving Morse�Smale di�eomor-phism f su
h that Per(f) = S.By Corollary 6 there exists an orientation-preserving Morse�Smale dif-feomorphism f of S2 having a sink and a sour
e 
orresponding to the triples(1, 0, +1) and (1, 2, +1) respe
tively, and (p, 1,−1) and (p, 0,−1) for every
p ∈ S, so its Lefs
hetz zeta fun
tion is of the form

Zf (t) =
∏

p∈S

1 + tp

(1 − t)(1 − t)(1 + tp)
=

1

(1 − t)2
.

Clearly this orientation-preserving Morse�Smale di�eomorphism f of S2 sat-is�es Per(f) = S. Thus the proof of Theorem 1 is 
omplete.Proof of Theorem 2. Let f be an orientation�reversing Morse�Smale dif-feomorphism of S2. Then f2 is an orientation-preserving Morse�Smale di�eo-morphism. Hen
e, by Theorem 1, f2 has a �xed point and therefore Per(f)
ontains 1 or 2.Now by Theorem 7(d), Per(f) has at most one element odd, and state-ment (e) of this same result says that if Per(f) 6= {1} then it 
ontains 2.Thus, Per(f) is either {1}, or the union of {2} and a �nite set of positiveintegers (maybe empty) with no more than one element odd. This 
ompletesthe proof of the �rst part of Theorem 2.Now we prove the 
onverse. First we want to �nd an orientation-reversingMorse�Smale di�eomorphism f of S2 su
h that Per(f) = {1}. Consider here
S2 = {(x, y, z) ∈ R2 : x2 + y2 + z2 = 1}. Let f1 be an orientation-preservingdi�eomorphism of S2 for whi
h the point (0, 0, 1) is a global hyperboli
 at-tra
tor in S2 \ {(0, 0,−1)} and (0, 0,−1) is a hyperboli
 repellor, and let f2be the symmetry on S2 with respe
t to the x = 0 plane. Then f = f2 ◦ f1 isan orientation-reversing Morse�Smale di�eomorphism of S2 whi
h has onlytwo periodi
 points, the �xed points (0, 0,±1).Now let S be any �nite set of positive integers with at most one el-ement odd. We want to �nd an orientation-reversing Morse�Smale di�eo-morphism f of S2 su
h that Per(f) = S ∪ {2}. By Theorem 7 there ex-ists an orientation-reversing Morse�Smale di�eomorphism f whi
h has asink and a sour
e 
orresponding to the triples (p1, 0, +1) and (p2, 2, (−1)p2)with p1 = p2 = 2 respe
tively, and to the triples (2, 1, 1) and (p, 1,−1) and
(p, 0,−1) for every p ∈ S, so its Lefs
hetz zeta fun
tion is of the form

Zf (t) =
∏

p∈S

(1 − t2)(1 + tp)

(1 − t2)(1 − t2)(1 + tp)
=

1

1 − t2
.
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Clearly this orientation-reversing Morse�Smale di�eomorphism f of S2 sat-is�es that Per(f) = S ∪ {2}. So the proof of Theorem 2 is 
omplete.A
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