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LIFTING OF LINEAR VECTOR FIELDS TO
FIBER PRODUCT PRESERVING VERTICAL GAUGE BUNDLES

BY

J. KUREK (Lublin) and W. M. MIKULSKI (Krakéw)

Abstract. We classify all natural operators lifting linear vector fields on vector
bundles to vector fields on vertical fiber product preserving gauge bundles over vector
bundles. We explain this result for some known examples of such bundles.

Introduction. Let m,n be fixed positive integers. The category of vec-
tor bundles with m-dimensional bases and vector bundle maps with embed-
dings as base maps will be denoted by VB,,,. The category of vector bundles
with m-dimensional bases and n-dimensional fibers and vector bundle em-
beddings will be denoted by VB, .

Let F' : VB,, — FM be a covariant functor. Let Bra : FM — Mf
and Byg,, : VB,, — Mf be the base functors.

A gauge bundle functor on VB, is a functor F' as above satisfying;:

(i) (Base preservation) Bga o F = Bypg, . Hence the induced projec-
tions form a functor transformation m : F' — Byg, .

(ii) (Localization) For every inclusion of an open vector subbundle i :
E\U — E, F(E|U) is the restriction 7= *(U) of 7 : FE — Bygp,, (E)
to U and Figy is the inclusion 7= '(U) — FE.

(iii) (Regularity) F transforms smoothly parametrized systems of V13,,-
morphisms into smoothly parametrized families of F M-morphisms.

m

A gauge bundle functor F' on VB, is fiber product preserving if for any

fiber product projections FEj &El X Eo %Eg in the category VB,,,
F F
FE; Pt} F(Ey x Es) -\ FEs are fiber product projections in the cate-

gory FM. In other words, F(Ey Xy E2) = F(Ey) Xa F(E3).

A gauge bundle functor F' on VB, is called wvertical if for any VB,,-
objects £ — M and E; — M with the same basis, any x € M and any
VB,,-map f : E — FE; covering the identity of M the fiber restriction
F.f:F,E — F,F; depends only on f, : E, — (F1),.

2000 Mathematics Subject Classification: 58 A05, 58 A20.
Key words and phrases: gauge bundle functors, natural operators, natural transfor-
mations, natural affinors, jets.

(33]



34 J. KUREK AND W. M. MIKULSKI

From now on we are interested in vertical fiber product preserving gauge
bundle functors on V13,,.

The most known example of vertical fiber product preserving gauge
bundle functor F' on VB3,, is the so-called vertical r-jet prolongation functor
J) VB, — FM, where for a VB,,-object p : E — M we have a vec-
tor bundle JJE = {jlv | v is alocal map M — E,, x € M} and for a
VB,,-map f : By — E3 covering f : M1 — Mj we have a vector bundle map
Jof 2 JUEL — Jy B, where Jy f(jiy) = jj (fovyo f71) for jivy € J)Ev.

Another example is the vertical Weil functor VA on VB, correspond-
ing to a Weil algebra A, where for a VB,,-object p : E — M we have
VAE = U,en T4(E,) and for a VB,-map f : By — Ey we have VAf =
Usens, TA(fz) : VAE, — VAE,. The functor V4 is equivalent to F ® A.

The fiber product Fy X pg,,; Fa: VB, — FM of vertical fiber product
preserving gauge bundle functors Fy, Iy : VB,, — FM is again a vertical
fiber product preserving gauge bundle functor on VB5,,.

In [6], we observed that any fiber product preserving gauge bundle func-
tor on VB, has values in the category VIB,,. Hence we can compose fiber
product preserving gauge bundle functors on VB,,. The composition of ver-
tical fiber product preserving gauge bundle functors on VB, is again a
vertical fiber product preserving gauge bundle functor on VB5,,.

In [6], we classified all fiber product preserving gauge bundle functors F
on VB, of finite order r in terms of triples (V, H,t), where V is a finite-
dimensional vector space over R, H : GI' — GL(V) is a smooth group homo-
morphism from G}, = inv J§(R™,R™)q into GL(V) and t : D}, — gl(V) is
a (G7 -equivariant unity preserving associative algebra homomorphism from
Dr, = JJ(R™ R) into gl(V'). Moreover, we proved that all fiber product
preserving gauge bundle functors F' on VB, are of finite order. Analyz-
ing the construction on (V, H,t) one can easily see that the triple (V, H,t)
corresponding to a vertical F' in question has trivial . This implies that
all vertical fiber product preserving gauge bundle functors on VB,, can be
constructed (up to VB,,-equivalence) as follows.

Let V : Mf,, — VB be a vector natural bundle. For any VB,,-object
p:E— M weput F¥E = E ®); VM and for any VB,,-map f : E; — F»
covering f : My — My we put FVf=fw®; Vf: FVE, — FVE,. The
correspondence FV : VB,, — FM is a vertical fiber product preserving
gauge bundle functor on VB,,.

In this note we study the problem how a linear vector field X on a
vector bundle E from VB, , can induce canonically a vector field A(X)
on F'E for some vertical fiber product preserving gauge bundle functor
F :VB,, — FM. This problem is reflected in the concept of V13, ,-natural
operators A : Tin|vB,,.,, ~» TF in the sense of [3]. We can assume that
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F = FV for some vector natural bundle V : Mf,, — VB. We prove that
any such operator A is of the form

AX) = \F'X + L® B(X)

for some real number A and some M f,,-natural operator B : Ty, ~ TV
of vertical type transforming vector fields X € X (M) from m-dimensional
manifolds M into linear vertical vector fields B(X) on VM, where X denotes
a linear vector field on a VB, ,-object E, X is the underlying vector field
of X, FV X is the flow lifting of X, and L is the Liouville vector field on E.

In Section 3, we explain this main result for some known examples of
vertical fiber product preserving gauge bundle functors F' on VB,,,. Thus for
Jy we recover the result from [6] saying that any VB, ,-natural operator
A Tinys,,.,, ~ TJ; is a linear combination with real coefficients of the
flow operator, the Liouville vector field on J; and some explicitly defined
natural operators V* for s =0,1,...,7r.

The trivial vector bundle R™ x R™ over R” with standard fiber R" will
be denoted by R™". The coordinates on R™ will be denoted by z!,... ™.
The fiber coordinates on R”™ will be denoted by ', ..., y".

All manifolds are assumed to be finite-dimensional and smooth. Maps
are assumed to be smooth, i.e. of class C*°.

1. The main result. From now on, let F' be a fiber product preserving
gauge bundle functor on VB3,,. We can assume that ¥ = F" for some natural
vector bundle V : M f,, — VB, where FV is described in the Introduction.

Let p : E — M be a vector bundle. A projectable vector field X on
FE with the underlying vector field X on M is linear if X : E — TFE is a
vector bundle map from p : E — M into the vector bundle Tp : TE — T M
covering X : M — TM. Equivalently, the flow of X is formed by vector
bundle maps. The space of all linear vector fields on E will be denoted by
Xiin (E).

A VB, n-natural operator Tynyg,, , ~» TFY is a VB, p-invariant fam-
ily of regular operators A : Xjjn(E) — X(FVE) for VB, ,-objects E. The
invariance means that if linear vector fields X’ and X" on VB,, ,-vector
bundles are f-related then A(X’) and A(X") are FV f-related. The regu-
larity means that A transforms a smoothly parametrized family of linear
vector fields into a smoothly parametrized family of vector fields.

We now present examples of VB,, ,-natural operators A : Ty, vg,, .,
~ TFV.

EXAMPLE 1 (The flow operator). Let X be a linear vector field on a
VB, n-object E. The flow F IX of X is formed by VB, n-morphisms. Apply-
ing FV we obtain a flow FV (FI;¥) on FV E. The last flow generates a vector
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field FV' X on FVE. The corresponding VB, n-operator F V. DinvBo.n ~
TFV is called the flow operator.

EXAMPLE 2. Suppose we have a vertical type M f,,-natural operator
B : Ty, ~» TV lifting vector fields X on m-manifolds M to linear vector
fields B(X) on VM. Let X be a linear vector field on a VB, ,-object E — M
with the underlying vector field X on M. Applying B to X we produce the
linear vertical vector field B(X) on VM. On E we have the Liouville vector
field L generated by fiber homotheties of E. Clearly, L is vertical and linear.
Then we have the tensor product L ® B(X) € X, (FV E) (generated by the
tensor product of the flows of L and B(X)). Thus we have the corresponding
VB, n-natural operator L ® B : Tiinys,, ,, ~ TFV of vertical type.

The main result of the present paper is the following classification theo-
rem.

THEOREM 1. Let V : Mf,, — VB be a natural vector bundle. Any
VB n-natural operator A : Ty, vs,, , ~ TFV is of the form

AX) = F'X + L® B(X)

for some real number X\ and some M fp,-natural operator B : Ty, ~ TV
lifting vector fields X on m-manifolds M to vertical linear vector fields B(X)
on VM, where X denotes a linear vector field on a VB, n-object E, X 1is
the underlying vector field of X, FV X is the flow lifting of X, and L is the
Liouville vector field on E.

2. Proof of Theorem 1. Since any linear vector field X with the non-
vanishing underlying vector field is locally 9/0z! in some VB, ,,-trivializa-
tion, A is uniquely determined by A(d/dz!) over 0 € R™.

Consider T o A(9/0xY)(y) € ToR™ = R™ for u € F)R™", where
7 : FVE — M is the bundle projection. Using the invariance of A(9/dz%)
with respect to the fiber homotheties we deduce that T o A(9/0x')(u) =
Tr o A(0/0xY)(tu) for any u € FYR™" t # 0. Then Tw o A(0/dz1)(u) =
Tr o A(9/0x1)(0) for u as above. Thus using the invariance of A(9/dz%)
with respect to the VB,, ,-maps (z1,tz?,... tz™ y, ... y") we deduce that
T o A(0/0z')(u) = Ne; for some real number \, where e; = (1,0,...,0)
€ R™. Now replacing A by A — AF" we have T'w o A(0/0z')(u) = 0 for any
u as above. Therefore A is of vertical type because of the first sentence of
the proof.

We define an M f,-natural operator B : Ty, ~ TV as follows.

Let X € X (M) be a vector field on an m-manifold M. We consider X
as the linear vector field X on the trivial vector bundle M x R™ over M.
Applying A we obtain the vertical vector field A(X) on FV (M x R™). Using
the invariance of A(X) with respect to the fiber homotheties of M x R™ we
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casily see that A(X) is linear. Define a fibered map A(X) : VM — VM
covering idps by

A(X)(y) = (pry 0 A(X)(es(2) @ y), €f),

y€ V.M, x€ M, wherepry : V(FYV (M xR")) 2 FV(MxR")x p FV (MxR")
— FV(M x R") is the projection on the second (essential) factor, = is the
usual identification of the vertical bundle V(FV (M x R™)) of the vector
bundle FY(M x R") with FV(M x ") xay F¥(M x R"), ex,. .., en is
the usual basis of sections of M x R™, and e, ..., e} is the dual baas Since

A(X) is linear, A(X) is a vector bundle map. Consequently, we have a linear
vertical vector field B(X) on VM such that

BEW) = | 0+ 1AX) )

fory € VoM, x € M. Let B : Ty, ~ TV be the corresponding M f,,-
natural operator.
It remains to show that A = L ® B. It is immediately seen that

{pryo (L® B(9/92"))(e1(0) ®y),€1(0)) = (pry o A(0/0z")(e1(0) @ y), €5 (0))
for all y € VoR™. Let i = 2,...,n. Then by the invariance of A(d/0xz')
and L ® B(9/0x"') with respect to a VB, ,-map of the form idgm x 1 for a
linear isomorphism v : R™ — R™ preserving e; and sending e into e] + €]
we obtain

(pryo (L® B(9/0x"))(e1(0) ®y), €;(0)) = (pry 0 A(9/0z")(e1(0) @ y), €} (0))
foralli=1,...,n and all y € VgR™. Then

pry o (L ® B(8/9z"))(e1(0) ® y) = pry 0 A(9/0x")(e1(0) @ y)

for all y € VoR™. Now by the invariance of L ® B(9/dx') and A(d/0x')
with respect to VB, ,-maps of the form idgm x 9 for linear isomorphisms
1 : R™ — R™ we deduce that

pry o (L ® B(0/0x))(e ® y) = pry 0 A(0/9z") (e @ y)
for all non-zero e € (R"")y = R™ and all y € VuR"™. Hence
pry 0 A(9/0x')(u) = pry o (L ® B(9/dx"))(u)

for all u € Fy'R™™. (Indeed, the e ® y as above generate (R"™")y ® VoR™,
and both 81des of the last equality are linear in u because of the invariance of
A(9/0z') and L ® B(9/dz') with respect to the fiber homotheties of R™™
and the homogeneous function theorem.) Thus A(9/dz') = L @ B(9/0x!)
over 0 € R™. Hence A = L ® B because of the first sentence of the proof.
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3. Applications. Let p be a positive integer. Let T®0) = QX'T :
M [, — VM be the natural vector bundle of tensor fields of type (p, 0) over
m-manifolds. Let F®0) = FT"” . YR, — FM, FPOE = E®, TP M,
FPOf = f@ ¥ T®9) f be the corresponding vertical fiber product preserv-
ing gauge bundle functor (see Introduction). In [2], I. Koldi showed that
any M fp,-natural operator B : Ty, ~ T T®9) lifting vector fields X
on m-manifolds M to linear vertical vector fields B(X) on T®O M is a
constant multiple of the Liouville vector field on T:%). Thus we have the
following corollary.

COROLLARY 1. Any VB, n-natural operator A : Ty vg,, . ~ TF®0)
is a linear combination with real coefficients of the flow operator and the
Liouville vector field on F#0),

Let T = (J"(-,R)o)* : Mf,, — VB be the linear r-tangent bundle
functor. Let T/ = FT VB,, — FM be the corresponding vertical
fiber product preserving gauge bundle functor. We call TV the [r]-tangent
gauge bundle functor (see [4]). In [9], we showed that any M f,,-natural
operator B : Ty, ~ TT) lifting vector fields X on m-manifolds M to
linear vertical vector fields B(X) on T ("M is a constant multiple of the
Liouville vector field on T(") (see also [1] in the case r = 2). Thus we recover
the following result.

COROLLARY 2 ([4]). Any VB, n-natural operator A : Ty g, .~ Tl
is a linear combination with real coefficients of the flow operator and the
Liouville vector field on TV,

Let T = J"(-,R)g : Mf,, — VB be the r-cotangent bundle functor.
Let F™* = FT"" . VB,, — FM be the corresponding vertical fiber product
preserving gauge bundle functor. From [8] it follows that any M f,,-natural
operator B : Thqy, ~» TT™ sending vector fields on M to linear vector
fields on T"* M is a constant multiple of the Liouville vector field on T7*.
Of course, F™*E = (TI"f'E*)*. Thus we recover the following result.

COROLLARY 3 ([4]). Any VB, n-natural operator A : Ty yg,, , ~ TF"™

is a linear combination with real coefficients of the flow operator and the
Liouville vector field on F"™.

Let E™ =T xR = J(-,R) : Mf,, — VB be the extended r-
cotangent bundle functor. The corresponding vertical fiber product preserv-
ing gauge bundle functor on VB, is equivalent to the vertical r-jet functor
J7 (see [6], [5])-

LEMMA 1. The vector space of all M f,-natural operator B : Thy,,
~ TE™ transforming vector fields X on m-manifolds M into linear vertical
vector fields B(X) on E™ M is of dimension less than or equal to r + 2.
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Schema of the proof. Any B in question is uniquely determined by the
linear map B = pr, o B(8/dz!) : T5*R™ x R — T§*R™ x R, where pry :
V(E™R™) =2 E™R™ x E™*R™ — E™R™ is the projection onto the second
(essential) factor. Using obvious inclusions and projections we see that Bis
determined by four obvious linear maps: T"*R™ — T™*R™, R — T™R™,
T™*R™ — R and R — R. The first map corresponds to a natural operator
Ty, ~> TT" with suitable properties. So, by the result from [9] mentioned
before Corollary 2, the first map is a constant multiple of the identity. The
last map is obviously a constant multiple of the identity. The second map is
zero as is easy to show using the invariance of B with respect to homotheties
and the homogeneous function theorem. The third map is determined by
the evaluations at ji(z1)® for s = 1,...,r as is easy to see by using the
invariance of B(9/0z') with respect to the M f,,-maps (z!,tz? ... ta™)
fort#0. m

Thus using the dimension argument we recover the following result.

COROLLARY 4 ([7]). Any VB, ,,-natural operator A : Ty g, , ~ TJ,
s a linear combination with real coefficients of the flow operator, the Liou-
ville vector field on J] and some operators V° for s = 0,...,r defined by
Vi (X)jre = %O(jga + tjr(X%0(x))), where X is a linear vector field on
E — M with the underlying vector field X, o : M — E, is a map, x € M,
and where X°o(x) = X o--- 0 Xo(x) (with X repeated s times) is treated
as the constant map M — E,.

We have the following obvious lemma.

LEMMA 2. Let V : Mf,, — VB be a natural vector bundle. Let V* :
M fm — VB be the vector natural bundle dual to V., V*M = (VM)*, V*f =
(V(f=1))*. Any Mfm-natural operator C : Taqy, ~> TV* lifting vector
fields X on m-manifolds M to vertical linear vector fields C(X) on V*M is
of the form C(X) = (B(X))* for some (uniquely determined by B) M f,-
natural operator B : Taqy,, ~ TV lifting vector fields X on m-manifolds M
to vertical linear vector fields B(X) on V.M, where given a linear vertical
vector field X on a vector bundle E, X* is the linear vertical vector field on

E* dual to X (if f; is the flow of X, then (fi')* is the flow of X*).
Using Lemma 2 and Theorem 1 we immediately obtain

COROLLARY 5. Let V : Mf,, — VB be a natural vector bundle. Any
VB, n-natural operator A : Ty s, , ~ TFV" is of the form A(X) =
MFV'X 4+ L ® (B(X))* for some real number X\ and some M f,,-natural
operator B : Taqy, ~ TV lifting vector fields X on m-manifolds M to

vertical linear vector fields B(X) on VM, where X denotes a linear vector
field over X.
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In particular, any VB, n-natural operator A : Ty, vz, , ~ TFE™ s
a linear combination with real coefficients of the flow operator, the Liou-
ville vector field on FE and the natural operators (V*)* for s =1,...,r,
(V)*(X) = (V3(X))*, where B = (J"(-,R))* : Mf, — VB is the ex-
tended linear r-tangent bundle and where the operators V* are as in Corol-
lary 4.

Since FF" B =~ (Jr E*)*, the second part of Corollary 5 is Theorem 8
in [7].
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