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AN ANTI-KÄHLERIAN EINSTEIN STRUCTURE

ON THE TANGENT BUNDLE OF A SPACE FORM

BY

VASILE OPROIU and NECULAI PAPAGHIUC (Iaşi)

Abstract. In [11] we have considered a family of almost anti-Hermitian structures
(G, J) on the tangent bundle TM of a Riemannian manifold (M, g), where the almost
complex structure J is a natural lift of g to TM interchanging the vertical and horizontal
distributions V TM and HTM and the metric G is a natural lift of g of Sasaki type,
with the property of being anti-Hermitian with respect to J . Next, we have studied the
conditions under which (TM,G, J) belongs to one of the eight classes of anti-Hermitian
structures obtained in the classification in [2]. In this paper, we study some geometric
properties of the anti-Kählerian structure obtained in [11]. In fact we prove that it is Ein-
stein. This result offers nice examples of anti-Kählerian Einstein manifolds studied in [1].

1. Introduction. Let (M, g) be an n-dimensional Riemannian manifold
and denote by τ : TM →M its tangent bundle. There are several Rieman-
nian and semi-Riemannian metrics induced on TM from the Riemannian
metric g onM . Among them, we may quote the Sasaki metric and the com-
plete lift of the metric g. On the other hand, there are natural lifts of g to
TM , leading to several new geometric structures with many nice geometric
properties (see [3], [4], [13]).
In [11] we have considered an almost anti-Hermitian structure (G, J),

defined on TM by using some natural lifts of the Riemannian metric g.
The vertical distribution V TM and the horizontal distribution HTM are
interchanged by the almost complex structure J , and the metric G is a
natural lift of g of Sasaki type with the property of being anti-Hermitian with
respect to J . We have studied the conditions under which the almost anti-
Hermitian structure (TM,G, J) belongs to one of the eight classes obtained
in [2].
In this paper we consider the case when the almost anti-Hermitian struc-

ture considered in [11] is anti-Kählerian, and we show that in this case
(TM,G, J) is an Einstein manifold.
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The manifolds, tensor fields and other geometric objects we consider in
this paper are assumed to be differentiable of class C∞ (i.e. smooth). We use
the computations in local coordinates in a fixed local chart but many results
may be expressed in an invariant form by using the vertical and horizontal
lifts. The well known summation convention is used throughout this paper,
the range of the indices h, i, j, k, l being always {1, . . . , n}.

2. An anti-Kählerian structure on TM . Let (M, g) be a smooth
n-dimensional Riemannian manifold and denote its tangent bundle by τ :
TM → M . Recall that TM has a structure of a 2n-dimensional smooth
manifold, induced from the structure of smooth n-dimensional manifold
of M . Every local chart (U,ϕ) = (U, x1, . . . , xn) on M induces a local chart
(τ−1(U), Φ) = (τ−1(U), x1, . . . , xn, y1, . . . , yn), on TM , as follows. For a
tangent vector y ∈ τ−1(U) ⊂ TM , the first local coordinates x1, . . . , xn
are the local coordinates x1, . . . , xn of its base point x = τ(y) in the lo-
cal chart (U,ϕ) (in fact we abuse notation, identifying xi with τ∗xi =
xi ◦ τ, i = 1, . . . , n). The last n local coordinates y1, . . . , yn of y ∈ τ−1(U)
are the vector space coordinates of y with respect to the natural basis
((∂/∂x1)τ(y), . . . , (∂/∂x

1)τ(y)), defined by the local chart (U,ϕ), i.e. y =

yi(∂/∂xi)τ(y).

We shall use the horizontal distribution HTM , defined by the Levi-
Civita connection ∇̇ of g, in order to define some natural lifts to TM of the
Riemannian metric g on M . Denote by V TM = Ker τ∗ ⊂ TTM the vertical
distribution on TM . Then we have the direct sum decomposition

TTM = V TM ⊕HTM.(1)

If (τ−1(U), Φ) = (τ−1(U), x1, . . . , xn, y1, . . . , yn) is a local chart on TM ,
induced from the local chart (U,ϕ) = (U, x1, . . . , xn), then the local vector
fields ∂/∂y1, . . . , ∂/∂yn on τ−1(U) define a local frame for V TM over τ−1(U)
and the local vector fields δ/δx1, . . . , δ/δxn define a local frame for HTM
over τ−1(U), where

δ

δxi
=
∂

∂xi
− Γ h0i

∂

∂yh
, Γ h0i = y

kΓ hki

and Γ hki(x) are the Christoffel symbols of g.

The set (∂/∂y1, . . . , ∂/∂yn, δ/δx1, . . . , δ/δxn) defines a local frame on
TM , adapted to the direct sum decomposition (1). Note that

∂

∂yi
=

(
∂

∂xi

)V
,

δ

δxi
=

(
∂

∂xi

)H
,

where XV and XH denote the vertical and horizontal lifts of the vector field
X on M .
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Let C = yi∂/∂yi be the Liouville vector field on TM and consider the

horizontal vector field C̃ = yiδ/δxi on TM , defined in a similar way.

Since we work in a fixed local chart (U,ϕ) onM and in the corresponding
induced local chart (τ−1(U), Φ) on TM , we shall use the following simpler
notations:

∂

∂yi
= ∂i,

δ

δxi
= δi.

Denote by

t =
1

2
‖y‖2 = 1

2
gτ(y)(y, y) =

1

2
gik(x)y

iyk, y ∈ τ−1(U),(2)

the energy density defined by g at the tangent vector y. We have t ∈ [0,∞)
for all y ∈ TM . Consider real-valued smooth functions a1, a2, b1, b2 defined
on [0,∞) ⊂ R and define a tensor field J of type (1, 1) on TM , obtained as a
natural lift, by using these coefficients and the Riemannian metric g, just like
the first order natural lifts of g to TM are obtained in [3]. If the coefficients
a1, a2, b1, b2 are related by some specific algebraic relations, the tensor field
J will define an almost complex structure on TM . The expression of J is
given by (see [5], [14], [12], [6], [7], [9])

{
JXHy = a1(t)X

V
y + b1(t)gτ(y)(y,X)Cy,

JXVy = −a2(t)XHy − b2(t)gτ(y)(y,X)C̃y.
(3)

The expression of J in adapted local frames is given by

Jδi = a1(t)∂i + b1(t)g0iC,

J∂i = −a2(t)δi − b2(t)g0iC̃.
Now, we consider the following particular first order natural lift G of g to

TM , defined by four real-valued smooth functions c1, d1, c2, d2 : [0,∞)→ R:




Gy(X
H , Y H) = c1(t)gτ(y)(X,Y ) + d1(t)gτ(y)(y,X)gτ(y)(y, Y ),

Gy(X
V , Y V ) = c2(t)gτ(y)(X,Y ) + d2(t)gτ(y)(y,X)gτ(y)(y, Y ),

Gy(X
H , Y V ) = Gy(Y

V , XH) = 0.

(4)

The expression of G in local adapted frames is

G
(1)
ij = G(δi, δj) = c1gij + d1g0ig0j, G

(2)
ij = G(∂i, ∂j) = c2gij + d2g0ig0j ,

G(∂i, δj) = G(δi, ∂j) = 0.

If the coefficients a1, a2, b1, b2, c1, c2, d1, d2 are related by some specific
algebraic relations, the tensor fieldsG, J will define an almost anti-Hermitian
structure on TM .

Proposition 1. The Levi-Civita connection ∇ of the pseudo-Rieman-
nian metric G on TM has the following expression in the local adapted frame
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(∂i, . . . , ∂n, δi, . . . , δn):

∇∂i∂j = Qhij∂h, ∇δi∂j = Γ hij∂h + P hjiδh,
∇∂iδj = P hijδh, ∇δiδj = Γ hijδh + Shij∂h,

where the M -tensor fields P hij, Q
h
ij , S

h
ij are given by

P hji =
c′1
2c1
g0jδ

h
i +
d1
2c1
g0iδ

h
j −
c′1d1 + (d1)

2 − c1d′1
2c1(c1 + 2td1)

g0ig0jy
h

+
d1

2(c1 + 2td1)
gijy

h − c2
2c1
Rhij0 −

c2d1
2c1(c1 + 2td1)

Rj0i0y
h,

Qhij =
c′2
2c2
(g0iδ

h
j + g0jδ

h
i ) +

2d2 − c′2
2(c2 + 2td2)

gijy
h +
c2d
′

2 − 2d2c′2
2c2(c2 + 2td2)

g0ig0jy
h,

Shij = −
d1
2c2
(g0iδ

h
j + g0jδ

h
i )−

c′1
2(c2 + 2td2)

gijy
h

+
2d1d2 − c2d′1
2c2(c2 + 2td2)

g0ig0jy
h − 1
2
Rh0ij ,

Rlikj denoting the local coordinate components of the Riemann–Christoffel

tensor of ∇̇ on M , and R0ikj = Rlikjyl, R0ij0 = Rlijkylyk.
The condition under which the almost anti-Hermitian structure defined

by (G, J) on TM is anti-Kählerian is expressed by the relation F = 0, where
the tensor field F of type (0, 3) is given by

F (X,Y, Z) = G((∇XJ)Y, Z), X, Y, Z ∈ Γ (TM).
An equivalent condition is ∇J = 0 (see [2], [8], [10], [11]). By using the

expression of F , presented above, we have shown in [11] that (TM,G, J) is
anti-Kählerian if and only if the base manifold (M, g) has constant sectional
curvature c and the functions a1, b1, c1, d1, a2, b2, c2, d2 are given by




a1 =
√
B + 2ct, b1 = 0, c1 = A(B + 2ct), d1 = −cA,

a2 =
1√
B + 2ct

, b2 = 0, c2 = −A, d2 =
cA

B + 2ct
,

(5)

where A is a nonzero real constant and B is a positive constant (see Theo-
rem 7 in [11]).

Note that if the sectional curvature c of (M, g) is positive, we obtain
an anti-Kählerian structure on the whole TM , but if c < 0, then the anti-
Kählerian structure is defined only in the tube t < −B/2c around the zero
section in TM .

From now on, we assume that (TM,G, J) is an anti-Kählerian mani-
fold, i.e. the base manifold has constant sectional curvature c and the func-
tions a1, b1, c1, d1, a2, b2, c2, d2 are given by (5). Then the expressions of the
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M -tensor fields P hij , Q
h
ij , S

h
ij which appear in Proposition 1 become




P hij =
c

B + 2ct
g0iδ

h
j −
c

B
gijy

h +
c2

B(B + 2ct)
g0ig0jy

h,

Qhij = −
c

B
gijy

h +
c2

B(B + 2ct)
g0ig0jy

h,

Shij = −cg0jδhi +
c(B + 2ct)

B
gijy

h − c
2

B
g0i g0jy

h.

(6)

The main result obtained in this paper is that the anti-Kählerian man-
ifold (TM,G, J) is an Einstein manifold. Recall that the curvature tensor
field K of the Levi-Civita connection ∇ of G is defined by
K(X,Y )Z = ∇X∇Y Z −∇Y∇XZ −∇[X,Y ]Z, X, Y, Z ∈ Γ (TM).

By a straightforward computation using Proposition 1 and formula (6), we
obtain

K(δi, δj)δk = K
h
kijδh, K(δi, δj)∂k = K

h
kij∂h,

K(∂i, ∂j)δk = L
h
kijδh, K(∂i, ∂j)∂k = L

h
kij∂h,

K(∂i, δj)δk = K
h
kij∂h, K(∂i, δj)∂k = L

h
kijδh,

where

Khkij =
c

AB
(G
(1)
jk δ
h
i −G

(1)
ik δ
h
j ), Lhkij =

c

AB
(G
(2)
jk δ
h
i −G

(2)
ik δ
h
j ).

From these expressions we deduce that the Ricci tensor S(Y, Z) = trace(X→
K(X,Y )Z) is expressed in the local adapted frame by





S(∂j , ∂k) =
2c(n− 1)
B

[
−gjk +

c

B + 2ct
g0jg0k

]
,

S(δj , δk) =
2c(n− 1)
B

[(B + 2ct)gjk − cg0jg0k],
S(∂j , δk) = S(δk, ∂j) = 0.

(7)

By using (5) and the expression of G in the local adapted frame, we get
from (7)



S(δj , δk) =

2c(n− 1)
AB

G(δj , δk), S(∂j , ∂k) =
2c(n− 1)
AB

G(∂j , ∂k),

S(∂j , δk) = S(δk, ∂j) = G(∂j, δk) = G(δk, ∂j) = 0.
(8)

Hence

S(X,Y ) =
2c(n− 1)
AB

G(X,Y ), X, Y ∈ Γ (TM),

i.e. the metric G is Einstein with the factor 2c(n− 1)/AB. Thus we may
state

Theorem 2. The anti-Kählerian structure (G, J) on TM defined by (3),
(4) with the coefficients a1, a2, b1, b2, c1, c2, d1, d2 given by (5) is Einstein.
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Remark. This result is quite interesting since it yields a large class of
Einstein anti-Kählerian manifolds studied recently in [1]. However, these
manifolds are not compact.
The authors wish to thank the referee for his careful reading of the

manuscript and for some suggestions concerning the simplification of the
initial form, leading to a much clearer formulation of the results obtained.
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