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Abstract. In [11] we have considered a family of almost anti-Hermitian structures
(G, J) on the tangent bundle TM of a Riemannian manifold (M, g), where the almost
complex structure J is a natural lift of g to T'M interchanging the vertical and horizontal
distributions VI'M and HTM and the metric G is a natural lift of g of Sasaki type,
with the property of being anti-Hermitian with respect to J. Next, we have studied the
conditions under which (T'M, G, J) belongs to one of the eight classes of anti-Hermitian
structures obtained in the classification in [2]. In this paper, we study some geometric
properties of the anti-Kéhlerian structure obtained in [11]. In fact we prove that it is Ein-
stein. This result offers nice examples of anti-K&hlerian Einstein manifolds studied in [1].

1. Introduction. Let (M, g) be an n-dimensional Riemannian manifold
and denote by 7 : TM — M its tangent bundle. There are several Rieman-
nian and semi-Riemannian metrics induced on T'M from the Riemannian
metric g on M. Among them, we may quote the Sasaki metric and the com-
plete lift of the metric g. On the other hand, there are natural lifts of g to
T M, leading to several new geometric structures with many nice geometric
properties (see [3], [4], [13]).

In [11] we have considered an almost anti-Hermitian structure (G, .J),
defined on T'M by using some natural lifts of the Riemannian metric g.
The vertical distribution VI'M and the horizontal distribution HT'M are
interchanged by the almost complex structure J, and the metric G is a
natural lift of ¢ of Sasaki type with the property of being anti-Hermitian with
respect to J. We have studied the conditions under which the almost anti-
Hermitian structure (TM, G, J) belongs to one of the eight classes obtained
in [2].

In this paper we consider the case when the almost anti-Hermitian struc-
ture considered in [11] is anti-K&hlerian, and we show that in this case
(TM,G,J) is an Einstein manifold.
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The manifolds, tensor fields and other geometric objects we consider in
this paper are assumed to be differentiable of class C*° (i.e. smooth). We use
the computations in local coordinates in a fixed local chart but many results
may be expressed in an invariant form by using the vertical and horizontal
lifts. The well known summation convention is used throughout this paper,
the range of the indices h, 1, j, k,[ being always {1,...,n}.

2. An anti-Kéahlerian structure on TM. Let (M, g) be a smooth
n-dimensional Riemannian manifold and denote its tangent bundle by 7 :
TM — M. Recall that TM has a structure of a 2n-dimensional smooth
manifold, induced from the structure of smooth n-dimensional manifold
of M. Every local chart (U, ) = (U,z!,...,2™) on M induces a local chart
(r~YU),®) = (r—1(U),2',....2", y',...,y"), on TM, as follows. For a
tangent vector y € 71 (U) C TM, the first local coordinates z!,...,z"
are the local coordinates x!,... 2" of its base point = 7(y) in the lo-
cal chart (U,¢) (in fact we abuse notation, identifying z° with 7*z' =
xtor7, i=1,...,n). The last n local coordinates y',...,y" of y € 7= 1(U)
are the vector space coordinates of y with respect to the natural basis
((0/0x1)1¢y)s - - -, (0/0x1)1(y)), defined by the local chart (U, ), ie. y =

yz(a/axz)'r(y)'

We shall use the horizontal distribution HT M, defined by the Levi-
Civita connection V of ¢, in order to define some natural lifts to TM of the
Riemannian metric g on M. Denote by VI'M = Ker 1, C T'T'M the vertical
distribution on T'M. Then we have the direct sum decomposition

(1) TTM = VTM @ HTM.

If (r~Y(U),®) = (+~1(U),x',..., 2™, y',...,y") is a local chart on TM,
induced from the local chart (U, ¢) = (U,x!,...,2"), then the local vector
fields 9/0y*, ..., 0/0y™ on 71 (U) define a local frame for VI'M over 7= (U
and the local vector fields §/6x!,...,5/6x™ define a local frame for HT M
over 7~ H(U), where

5 0 n O
Szt O 0 Hyh
and I'}(x) are the Christoffel symbols of g.

The set (9/0y",...,0/0y™,6/6x',...,5/5z™) defines a local frame on

T M, adapted to the direct sum decomposition (1). Note that

o (9N s o\
oyt \oxzt) > dat \Ooxi) ’

where XV and X* denote the vertical and horizontal lifts of the vector field
X on M.

h k h
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Let C = y'0/dy" be the Liouville vector field on TM and consider the
horizontal vector field C' = y'§/6z* on TM, defined in a similar way.

Since we work in a fixed local chart (U, ¢) on M and in the corresponding
induced local chart (771(U),®) on TM, we shall use the following simpler
notations:

0 )
- — Uj, <. 5’5
oyt ? oxt
Denote by
(2) t = §||y|| = §gT(y)(yay) = §gzk(x)y Y, yerT (U)7

the energy density defined by g at the tangent vector y. We have t € [0, 00)
for all y € TM. Consider real-valued smooth functions a1, as, b1, bo defined
on [0,00) C R and define a tensor field J of type (1,1) on T'M, obtained as a
natural lift, by using these coefficients and the Riemannian metric g, just like
the first order natural lifts of g to TM are obtained in [3]. If the coefficients
ai, a9, b1, by are related by some specific algebraic relations, the tensor field
J will define an almost complex structure on T'M. The expression of J is
given by (see [5], [14], [12], [6], [7], [9)
{JX;f = a1(t) X, + b1(t)gry) (4, X)Cy,

JX) = —a(t) X1 = ba(t)gr () (y, X)Cy.

The expression of J in adapted local frames is given by
J6; = a1(t)0; + b1(t)goiC,

J@Z = —ay (t)(gz — bQ(t)QOZ‘C.

Now, we consider the following particular first order natural lift G of g to
T M, defined by four real-valued smooth functions ¢, dy, c2, ds : [0,00) — R:

Gy(XTYH) = c1(8)gr() (X, Y) + di()gr () (4 X) 9 (9, V),
(4)  { Gy(XV,YY) = e2(t)gr ) (X, Y) + d2(t) gr(y) (4, X) gr() (4, Y),
Gy( X2 YY) =GV, x1) =o0.
The expression of G in local adapted frames is

Gz(;) = G(6;,05) = c19i5 + d1goigoy Gg-) = G(0;,05) = c29i5 + d290i90j,
G(0;,0;) = G(6;,0;) = 0.
If the coefficients aq, as, b1, bs, c1,c2,d1, do are related by some specific
algebraic relations, the tensor fields G, J will define an almost anti-Hermitian
structure on T M.

3)

PROPOSITION 1. The Levi-Civita connection V of the pseudo-Rieman-
nian metric G on T M has the following expression in the local adapted frame
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(81 ..‘,871,51‘,..‘,5”)1
V6,0j = Ql0n, V,0; = I)s0n + Plion,
Vo0 = Plon, V05 =I)i0k + S50,
where the M -tensor fields PZ}JL, ?j, Slhj are given by

dy Clldl + (d1)2 — Cldll

Pl = % 9o + el goi0! — 261 (s + 2tdy) 90i90Y"
+ m 9iy" — 26—021 Rl — #ﬁlmdl) Rjoioy",
Q?j = % (901‘5? + goj@h) + 2(2517_222) gz‘jyh + % QOiQijh7
S = _2% (90105 + 9080) = 57, 46—,12td2) gy
iﬁf{j—;;ﬁ;ﬁ) g0ig0;y" — % Ry,

Ry denoting the local coordinate components of the Riemann—Christoffel
tensor of V on M, and Ry;,; = Rlikjyl, Roijo = Rh-jkylyk.

The condition under which the almost anti-Hermitian structure defined
by (G, J) on TM is anti-Ké&hlerian is expressed by the relation F' = 0, where
the tensor field F' of type (0, 3) is given by

F(X,Y,Z)=G(VxJ)Y,Z), X,Y,ZeI(TM).

An equivalent condition is V.J = 0 (see [2], [8], [10], [11]). By using the
expression of F', presented above, we have shown in [11] that (T'M, G, J) is
anti-K&hlerian if and only if the base manifold (M, g) has constant sectional
curvature ¢ and the functions aq, b1, c1,d1, as, ba, ca, do are given by

al =V B + 2Ct7 bl — 0, Cl == A(B + 26t)7 dl p— —CA7

(5) 1 cA

az—\/ﬁ, by =0, c2=—A, d2—m,
where A is a nonzero real constant and B is a positive constant (see Theo-
rem 7 in [11]).

Note that if the sectional curvature ¢ of (M,g) is positive, we obtain
an anti-K&hlerian structure on the whole T'M, but if ¢ < 0, then the anti-
Kaéhlerian structure is defined only in the tube t < —B/2c¢ around the zero
section in T'M.

From now on, we assume that (T'M, G, J) is an anti-K&hlerian mani-
fold, i.e. the base manifold has constant sectional curvature ¢ and the func-
tions ay, b1, c1,dy, ag, by, c2, ds are given by (5). Then the expressions of the
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M-tensor fields P, Q" Sh which appear in Proposition 1 become

ijy Wij
P = ﬁ 900} — %gijyh + B(ij) g0ig07y"
(6) Q szy + B(BCi—cht) 90igoy",
Sy = —cgoso) + w giy" — %901‘ 9oy

The main result obtained in this paper is that the anti-K&hlerian man-
ifold (T'M, G, J) is an Einstein manifold. Recall that the curvature tensor
field K of the Levi-Civita connection V of G is defined by

K(X,Y)Z:vayZ—Vvaz—v[Xy}Z, X,Y,ZEF(TM).

By a straightforward computation using Proposition 1 and formula (6), we

obtain
K (5:,0;)0k = Kpi0n,  K(6:,0;)0k = K30,

K (0:,0;)0, = Liyj0n,  K(0;,0;)0, = Lii;0n,
K(0i,0;)0, = Kpi0n, K(0:,6;)0% = Li;;0n,

1 1 C

From these expressions we deduce that the Ricci tensor S(Y, Z) = trace(X —
K(X,Y)Z) is expressed in the local adapted frame by

h
Ky =

2¢(n—1) c
S(04,0k) = 5 —9jk + mgojgl)k )
7 2c(n—1
(7) S(6;,01) = 2e(n —1) [(B + 2ct)gjr — cgo;9ok),

B
S(95,0x) = S(0x,0j) = 0.

By using (5) and the expression of G in the local adapted frame, we get
from (7)

(8) S<5J75k) = % G<5J76k) S(ajvak) - % G(ajvak)v
5(05,0r) = S(6k, 9;) = G(0;,0x) = G(b, 9;) = 0.
Hence
S(X,Y) = % G(X,Y), X,Y eI(TM),

i.e. the metric G is Einstein with the factor 2¢(n — 1)/AB. Thus we may
state

THEOREM 2. The anti-Kdhlerian structure (G, J) on T M defined by (3),
(4) with the coefficients a1, az, b1, by, c1,ca,d1,da given by (5) is Einstein.
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REMARK. This result is quite interesting since it yields a large class of
Einstein anti-Kdhlerian manifolds studied recently in [1]. However, these
manifolds are not compact.

The authors wish to thank the referee for his careful reading of the
manuscript and for some suggestions concerning the simplification of the
initial form, leading to a much clearer formulation of the results obtained.

REFERENCES

[1] A.Borowiec, M. Francaviglia and 1. Volovich, Anti-Kdahlerian manifolds, Differential
Geom. Appl. 12 (2000), 281-289.

[2] G. T. Ganchev and D. V. Borisov, Note on the almost complex manifolds with
Norden metric, C. R. Acad. Bulgare Sci. 39 (1986), 31-34.

[3] O. Kowalski and M. Sekizawa, Natural transformations of Riemannian metrics on
manifolds to metrics on the tangent bundles—a classification, Bull. Tokyo Gakugei
Univ. (4) 40 (1988), 1-29.

[4] 1. Koldr, P. Michor and J. Slovak, Natural Operations in Differential Geometry,
Springer, Berlin, 1993.

[6] V. Oproiu, A Kdhler Einstein structure on the tangent bundle of a space form, Int.
J. Math. Math. Sci. 25 (2001), 183-196.

[6] —, Some new geometric structures on the tangent bundles, Publ. Math. Debrecen
55 (1999), 261-281.

[7] —, A generalization of natural almost Hermitian structures on the tangent bundles,
Math. J. Toyama Univ. 22 (1999), 1-14.

[8] —, General natural almost Hermitian and anti-Hermitian structures on the tangent
bundles, Bull. Math. Soc. Sci. Math. Roumanie 43 (91) (2000), 325-340.

[9] —, Some classes of natural almost Hermitian structures on the tangent bundles,
Publ. Math. Debrecen 62 (2003), 561-576.

[10] —, Some classes of general almost Hermitian structures on the tangent bundle, Rev.

Roumaine Math. Pures Appl. 48 (2003), 521-533.

[11] V. Oproiu and N. Papaghiuc, Some classes of almost anti-Hermitian structures on
the tangent bundle, Mediterr. J. Math. 1 (2004), 269-282.

[12] M. Tahara, S. Marchiafava and Y. Watanabe, Quaternion Kdhler structures on the
tangent bundle of a complex space form, Rend. Istit. Mat. Univ. Trieste Suppl. 30
(1999), 163-175.

[13] M. Tahara, L. Vanhecke and Y. Watanabe, New structures on tangent bundles, Note
Mat. 18 (1998), 131-141.

[14] M. Tahara and Y. Watanabe, Natural almost Hermitian, Hermitian and Kdhler
metrics on the tangent bundles, Math. J. Toyama Univ. 20 (1997), 149-160.

V. Oproiu N. Papaghiuc
Faculty of Mathematics Department of Mathematics
University “Al. I. Cuza” Technical University
Tasi, Romania Tasi, Romania
E-mail: voproiu@uaic.ro E-mail: npapag@math.tuiasi.ro

Received 17 December 2004 (4545)



