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A CONSTRUCTION OF COMPLEX SYZYGY PERIODICMODULES OVER SYMMETRIC ALGEBRASBYANDRZEJ SKOWRO�SKI (Toru«)Abstrat. We onstrut arbitrarily ompliated indeomposable �nite-dimensionalmodules with periodi syzygies over symmetri algebras.Introdution. Throughout the paper, by an algebra we mean a �nite-dimensional assoiative K-algebra with an identity over a �xed (ommu-tative) �eld K. For an algebra A, we denote by modA the ategory of�nite-dimensional (over K) right A-modules and by D the standard duality

HomK(−, K) on modA. For a module M in modA, onsider its minimalprojetive resolution
→ Pi

di→ Pi−1 → · · · → P1
d1→ P0

d0→ M → 0and all Ωi
AM = Ker di−1 the ith syzygy of M . Then M is said to be periodiif Ωi

AM ∼= M for some i ≥ 1, and the minimal i with this property will bealled the period of M . Note that if modA admits a periodi module then
A is of in�nite global dimension.An algebra A is alled self-injetive if A ∼= D(A) in modA, that is,the projetive A-modules are injetive. Further, A is alled symmetri if
A and D(A) are isomorphi as A-A-bimodules. The lassial examples ofself-injetive algebras are provided by the bloks of group algebras of �nitegroups and Hopf algebras. Further, it is known that if all simple modulesover an algebra A are periodi, then A is self-injetive [14, Theorem 1.4℄. Aninteresting open problem onerns the lassi�ation (up to Morita equiva-lene) of the self-injetive algebras all of whose nonprojetive indeomposable�nite-dimensional modules are periodi. These are quite exeptional self-injetive algebras and the distinguished lasses of suh algebras are providedby the self-injetive algebras of �nite representation type ([15℄, [16℄, [8℄),the self-injetive algebras of tubular type and their sole deformations(see [5℄�[7℄), the algebras of quaternion type (see [9℄), and the deformedpreprojetive algebras of generalized Dynkin type (see [2℄, [4℄, [11℄). On the2000 Mathematis Subjet Classi�ation: 16D50, 16G10, 16G70, 18G10.Key words and phrases: symmetri algebra, syzygy, periodi module, stable tube.Supported by the Polish Sienti� Grant KBN No. 1 P03A 018 27.[61℄



62 A. SKOWRO�SKIother hand, there are many self-injetive algebras without periodi modules.For example, this is the ase for all self-injetive algebras of wild tilted type(see [10℄).The aim of this paper is to prove a quite surprising fat: for every �nite-dimensional module M over an arbitrary algebra A, there exist indeompos-able symmetri algebras Λ suh that A is a fator algebra of Λ and M is asubfator of many indeomposable periodi Λ-modules with given sequenesof even periods (see Theorem 2.1). We present expliit onstrutions of suhsymmetri algebras and periodi modules, invoking the trivial extension al-gebras [12℄ and generalized anonial algebras introdued in [21℄.For an algebra A, we denote by ΓA the Auslander�Reiten quiver of Aand by τA the Auslander�Reiten translation D Tr in ΓA. We do not distin-guish between an indeomposable module in modA and the vertex of ΓAorresponding to it. Further, for a module X in modA, we denote by pdA Xthe projetive dimension of X in modA. Finally, we denote by N1 the set ofall positive integers and by P1(K) the projetive line over K.For basi bakground on representation theory we refer to [1℄, [3℄, [13℄and [17℄.
1. Trivial extensions of algebras. Let A be an algebra. We denote by

T(A) the trivial extension A⋉D(A) of A by its injetive ogenerator D(A).Reall that T(A) = A⊕D(A) as K-vetor spaes, and the multipliation in
T(A) is de�ned by

(a, f)(b, g) = (ab, ag + fb)for a, b ∈ A and f, g ∈ AD(A)A. It is known that T(A) is a symmetrialgebra. The ategory modT(A) is equivalent to the ategory
modA ⋉ (−⊗A D(A))whose objets are morphisms in modA of the form α : X ⊗A D(A) → X,with X from modA, satisfying the ondition α(α ⊗ 1) = 0. Moreover, if α :

X⊗AD(A) → X and β : Y ⊗AD(A) → Y are objets of modA⋉(−⊗AD(A))then a morphism f : α → β in modA⋉ (−⊗A D(A)) onsists of a morphism
f : X → Y in modA suh that β(f ⊗ 1) = fα, and the morphism ompo-sition in modA ⋉ (−⊗A D(A)) is the morphism omposition in modA (see[12, Setion 1℄). We identify modT(A) with modA⋉(−⊗A D(A)). Then theategory modA is identi�ed with the full subategory of modT(A) onsist-ing of the zero homomorphisms 0 : X ⊗ D(A) → X, where X runs throughmodules in modA.We need the following proposition whose proof in the hereditary ase anbe found in [22℄�[24℄.



COMPLEX SYZYGY PERIODIC MODULES 63Proposition 1.1. Let A be an algebra. Then τT(A)X ∼= τAX for anymodule X in modA with pdA X = 1.Proof. For modules X, Y in modA and an A-homomorphism α : X ⊗A

D(A) → Y , we denote by (X, Y, α) the indued T (A)-module
(X ⊗A D(A)) ⊕ (Y ⊗A D(A)) = (X ⊕ Y ) ⊗A D(A)

(
0

α

0

0

)
−−−−→ X ⊕ Y.Observe that then a module X from modA is identi�ed with the triple

(X, 0, 0) = (0, X, 0). Sine T(A) is a symmetri algebra, the projetive mod-ules in modT(A) are injetive, and are of the form P̃ = (P, P ⊗A D(A), 1),where P is a projetive module in modA and 1 : P ⊗AD(A) → P ⊗AD(A) isthe identity homomorphism. Moreover, we have τT (A)
∼= Ω2

T (A) [3, (IV.3.8)℄.Consider the Nakayama funtor
νA = D HomA(−, A) : modA → modAon modA, equivalent to the funtor −⊗A D(A) (see [13, (2.1)℄).Let X be a module in modA with pdA X = 1. Then X admits a minimalprojetive resolution in modA of the form

0 → P1
d1→ P0

d0→ X → 0and we have in modA an exat sequene
0 → τAX → νA(P1)

νA(d1)
−−−−→ νA(P0)

νA(d0)
−−−−→ νA(X) → 0(see [13, (2.5)℄). Invoking the equivalene νA
∼= −⊗A D(A) we get an exatsequene in modA of the form

0 → τAX → P1 ⊗A D(A)
d1⊗1
−−−→ P0 ⊗A D(A)

d0⊗1
−−−→ X ⊗A D(A) → 0.We now alulate the seond syzygy Ω2

T(A)X of the module X = (X, 0, 0)in modT(A). Observe that the projetive over of X in modT(A) is of theform
P̃0 = (P0, P0 ⊗A D(A), 1)

(d0,0)
−−−−→ (X, 0, 0) → 0and hene Ω1

T(A)X
∼= (P1, P0 ⊗A D(A), d1 ⊗ 1). Then the projetive over of

Ω1
T(A)X in modT(A) is of the form

P̃1 = (P1, P1 ⊗A D(A), 1)

(
1P1

α

0

d1⊗1

)
−−−−−−→ (P1, P0 ⊗A D(A), d1 ⊗ 1) → 0and hene Ω2

T (A)X
∼= (0, Ker(d1 ⊗ 1), 0) ∼= (τAX, 0, 0). Therefore, we obtain

τAX ∼= Ω2
T(A)X

∼= τT(A)X.Reall that a onneted omponent C of an Auslander�Reiten quiver ΓAis alled regular if C ontains neither a projetive module nor an injetivemodule.



64 A. SKOWRO�SKIAs an immediate onsequene of the above proposition we obtain thefollowing useful fat.Corollary 1.2. Let A be an algebra and C a regular onneted ompo-nent in ΓA onsisting entirely of modules of projetive dimension one. Then
C is a regular onneted omponent in ΓT(A).

2. The main result. Let A be an algebra. A omponent in ΓA of theform ZA∞/(τ r), r ≥ 1, is said to be a stable tube of rank r. Therefore, a stabletube of rank r in ΓA is an in�nite onneted omponent onsisting of τA-periodi indeomposable A-modules having period r. Further, two onnetedomponents C and D in ΓA are said to be orthogonal if HomA(X, Y ) = 0and HomA(Y, X) = 0 for all modules X in C and Y in D . Following [19℄, afamily C = (Ci)i∈I of onneted omponents in ΓA is said to be generalizedstandard if the restrition of the in�nite radial rad∞(modA) of modA to Cis zero. We note that then the omponents Ci, i ∈ I, are pairwise orthogonal.Let A be an algebra. For modules M, N in modA and a positive integer
m, M is said to an m-multiple subfator of N if there is a hain of submodulesof N

X0 ⊂ X1 ⊂ · · · ⊂ Xm−1 ⊂ Xm ⊂ Nsuh that Xi/Xi−1
∼= M for i ∈ {1, . . . , m}. A module X in modA is saidto be sinere if every simple A-module ours as a omposition fator (1-multiple subfator) of X. A onneted omponent C in ΓA is alled sinereif it ontains an indeomposable sinere module. It is known that a stabletube T in ΓA is sinere if and only if all but �nitely many modules in T aresinere (see [17℄, [20℄). In fat, a sinere stable tube T in ΓA has the followingstronger property: for any positive integer m, all but �nitely modules X in

T are m-sinere, that is, every simple A-module is an m-multiple subfatorof X.The following theorem is the main result of the paper.Theorem 2.1. Let A be an arbitrary algebra and M be a �nite-dimen-sional right A-module. Let p : P1(K) → N1 be a funtion with p(λ) = 1for all but �nitely many λ ∈ P1(K). Then there exists an indeomposablesymmetri algebra Λ and a generalized standard family Tλ, λ ∈ P1(K), ofsinere stable tubes in ΓΛ suh that the following statements hold :(i) A is a fator algebra of Λ.(ii) For eah λ ∈ P1(K), Tλ onsists of indeomposable periodi moduleshaving period 2p(λ).(iii) For any m ∈ N1 and λ ∈ P1(K), the A-module M is an m-multiplesubfator of all but �nitely many modules in Tλ.



COMPLEX SYZYGY PERIODIC MODULES 65Proof. We identify P1(K) = K ∪ {∞}. Denote by Σ(p) the set of all
λ ∈ P1(K) with p(λ) > 1. By assumption Σ(p) is �nite. We may assumethat Σ(p) = {λ1, . . . , λr} is a subset of K and λ1 = 0 (if Σ(p) is nonempty).Moreover, we set pi = p(λi) for i ∈ {1, . . . , r}.We assign to the A-module M the faithful right A-module M0 = A⊕M .Consider the one-point extension

A′ = A[M0] =

[
K M0

0 A

]

of A by M0. Sine M0 is a faithful A-module, A′ admits a unique indeom-posable projetive faithful module Q′ with radQ′ ∼= M0. Next onsider theone-point oextension
A0 = [Q′]A′ =

[
A′ D(Q′)

0 K

]

of A′ by Q′. Then A0 admits a unique indeomposable projetive-injetivefaithful module P0 with P0/soc P0
∼= Q′. Observe that A0 is the matrixalgebra of the form

A0 =




K0 M0 K0

0 B0 D(M0)

0 0 K0


 ,

where K0 = K, B0 = A, and multipliation is given by the K-A-bimodulestruture of M0, A-K-bimodule struture of D(M0), the anonial K-K-bimodule struture of K, and the K-linear map ϕ0 : M0 ⊗A D(M0) → Kgiven by ϕ0(m0 ⊗ f0) = f0(m0) for m0 ∈ M0, f0 ∈ D(M0).For an integer n ≥ 2, denote by Tn(K) the algebra of n × n uppertriangular matries over K. We note that Tn(K) is isomorphi to the pathalgebra of the equioriented quiver
1 → 2 → · · · → n − 1 → n.A onstrution. Now, we onstrut a generalized anonial algebra(2.2) C = C(A, M, p)using the algebra A0, the module M and upper triangular matrix algebrasdepending on the funtion p : P1(K) → N1. This is a minor extension of theonstrution presented in [21℄, taking into aount that the algebra A (andhene A0) is possibly not basi.



66 A. SKOWRO�SKI
Case 1. Assume Σ(p) is empty. Then C(A, M, p) is de�ned as

C(A, M, p) =




K M0 K0 ⊕ K1

0 B0 D(M0)

0 0 K


 ,

where K0 = K1 = K, and the algebra struture is given by the algebrastruture of A0 and the anonial K-K-bimodule struture of K0⊕K1 = K2.
Case 2. Assume Σ(p) is not empty. For i ∈ {1, . . . , r}, we denote by Aithe upper triangular matrix algebra Tpi+1(K). Observe that

Ai =




Ki Mi Ki

0 Bi D(Mi)

0 0 Ki


 ,

where Ki = K, Bi = Tpi−1(K) for pi ≥ 3 and Bi = K for pi = 2, Mi is theunique indeomposable projetive-injetive Bi-module, and multipliation isgiven by the K-Bi-bimodule struture of Mi, the Bi-K-bimodule strutureof D(Mi), the Ki-Ki-bimodule struture of Ki, and the anonial K-linearmap ϕi : Mi ⊗Bi
D(Mi) → Ki given by ϕi(mi ⊗ fi) = fi(mi) for mi ∈ Mi,

fi ∈ D(Mi). Consider the matrix algebra
R =




K M0 ⊕ M1 ⊕ · · · ⊕ Mr K0 ⊕ K1 ⊕ · · · ⊕ Kr

0 B0 ⊕ B1 ⊕ · · · ⊕ Br D(M0 ⊕ M1 ⊕ · · · ⊕ Mr)

0 0 K


 ,

where K0 = K1 = · · · = Kr = K, and the algebra struture is given bythe produt algebra struture of B = B0 ⊕ B1 ⊕ · · · ⊕ Br, the produt
K-B-bimodule struture of M0⊕M1⊕· · ·⊕Mr, the produt B-K-bimodulestruture of D(M0 ⊕M1 ⊕ · · · ⊕Mr) = D(M0)⊕D(M1)⊕ · · · ⊕D(Mr), theanonial K-K-bimodule struture of K0 ⊕ K1 ⊕ · · · ⊕ Kr = Kr+1, and theanonial K-bilinear map
ϕ0 : (M0⊕M1⊕· · ·⊕Mr)⊗B D(M0⊕M1 ⊕· · ·⊕Mr) → K0⊕K1⊕· · ·⊕Krindued by the maps ϕi : Mi ⊗Bi

D(Mi) → Ki, i = 1, . . . , r.
Case 2.1. If r = 1, we put C(A, M, p) = R.
Case 2.2. Assume r ≥ 2. For i ∈ {0, 1, . . . , r}, denote by ui the anonialbasis vetor of K0 ⊕ K1 ⊕ · · · ⊕ Kr = Kr+1 having 1 on the ith oordinateand 0 otherwise. Further, denote by U the subspae of K0 ⊕ K1 ⊕ · · · ⊕ Krgenerated by the elements

ui + u0 + λiu1, i = 2, . . . , r.



COMPLEX SYZYGY PERIODIC MODULES 67Then the vetor spae
I =




0 0 U

0 0 0

0 0 0




is a two-sided ideal of R, and C(A, M, p) = R/I is the required generalizedanonial algebra.Note that A is a fator algebra of C(A, M, p).If A (and hene A0) is a basi algebra then C = C(A, M, p) is a general-ized anonial algebra as de�ned in [21, Setion 2℄. In general, C is Moritaequivalent to the suitable generalized anonial algebra using the basi alge-bra of A. Applying [21, Theorem 2.1℄ (the proof works for an arbitrary �eld
K) we onlude that the Auslander�Reiten quiver ΓC of C admits a family
Tλ, λ ∈ P1(K), of pairwise orthogonal stable tubes suh that:(1) For eah λi ∈ Σ(p), Tλi

is a stable tube of rank pi = p(λi).(2) For eah λ ∈ P1(K) \ Σ(p), Tλ is a stable tube of rank 1 = p(λ).Moreover, sine by the above onstrution, the Mi are faithful Bi-modulesfor all i ∈ {0, 1, . . . , r}, applying [20, Theorem 2.1℄ again, we also have(3) For eah λ ∈ P1(K), Tλ is a faithful stable tube of ΓC .Reall that a omponent C of ΓC is alled faithful if the intersetion annCof the annihilators of all modules in C is zero. In partiular, every faithfulomponent of ΓC is sinere. We proved in [19, Lemma 5.3℄ that every faith-ful generalized standard omponent of an Auslander�Reiten quiver onsistsentirely of modules of projetive dimension one. Therefore, we also have(4) For eah λ ∈ P1(K), Tλ onsists of indeomposable C-modules ofprojetive dimension one.Reall also that the mouth of a stable tube T in ΓC is the unique τC -orbit of
T formed by the modules having exatly one diret predeessor (and exatlyone diret suessor). In [20, Setion 2℄, we presented an expliit desriptionof modules forming the mouth of the onsidered family Tλ, λ ∈ P1(K). Inpartiular, invoking the onstrution of the algebra A0, we obtain(5) For eah λ ∈ P1(K), the mouth of Tλ ontains an indeomposablemodule having the module M as a subfator. Moreover, for λi ∈

Σ(p), the remaining modules on the mouth of Tλi
are the pi − 1simple modules of the algebra Bi.Sine all modules of a stable tube T in ΓC are obtained by suitable iteratedextensions of modules lying on its mouth (see [17℄, [20℄), applying (5) weonlude that(6) For any m ∈ N1 and λ ∈ P1(K), the module M is an m-multiplesubfator of all but �nitely many modules in T .



68 A. SKOWRO�SKIFinally, we de�ne Λ to be the trivial extension algebra(2.3) Λ = C ⋉ D(C).Then Λ is a symmetri algebra, C is a fator algebra of Λ, and the simple
Λ-modules are the simple C-modules. Moreover, A is a fator algebra of Λ,beause A is a fator algebra of C, and hene (i) holds. Further, it followsfrom Corollary 1.2 and the property (4) that Tλ, λ ∈ P1(K), is a generalizedstandard family of stable tubes of ΓΛ. Moreover, eah Tλ is a sinere tube of
ΓΛ, beause Tλ is a faithful (hene sinere) tube of ΓC . We also know that
τΛ = Ω2

Λ, beause Λ is symmetri. Invoking now properties (1) and (2) weonlude that, for eah λ ∈ P1(K), Tλ onsists of indeomposable periodimodules of τΛ-period p(λ) and the required ΩΛ-period 2p(λ). Hene (ii)holds. Statement (iii) of the theorem follows from (6).Remark 2.4. If the �eld K is �nite then we have a bound on the numberof di�erent periods 2p(λ) of periodi modules in the tubular family Tλ, λ ∈
P1(K), ourring in Theorem 2.1. In [18℄, Ringel introdues the lass ofanonial algebras over an arbitrary �eld K, where the projetive line P1(K)is replaed by the (in�nite) set S(F MG) of the isomorphism lasses of simpleregular representations of a (tame) bimodule F MG over division rings F and
G having K in the enter and with (dim F M)(dimMG) = 4. One an extendin an obvious way our onstrution (2.2) of algebras C = C(A, M, p) with
p : S(F MG) → N1 and prove the orresponding version of Theorem 2.1.
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