
COLLOQU IUM MATHEMAT I CUMVOL. 103 2005 NO. 1
ON pq-HYPERELLIPTIC RIEMANN SURFACESBYEWA TYSZKOWSKA (Gda«sk)Abstra
t. A 
ompa
t Riemann surfa
e X of genus g > 1 is said to be p-hyperellipti
if X admits a 
onformal involution ̺, 
alled a p-hyperellipti
 involution, for whi
h X/̺is an orbifold of genus p. If in addition X admits a q-hyperelipti
 involution then wesay that X is pq-hyperellipti
. We give a ne
essary and su�
ient 
ondition on p, q and

g for existen
e of a pq-hyperellipti
 Riemann surfa
e of genus g. Moreover we give some
onditions under whi
h p- and q-hyperellipti
 involutions of a pq-hyperellipti
 Riemannsurfa
e 
ommute or are unique.1. Introdu
tion. A Riemann surfa
e X = H/Γ of genus g ≥ 2 issaid to be p-hyperellipti
 if X admits a 
onformal involution ̺, 
alled a
p-hyperellipti
 involution, su
h that X/̺ is an orbifold of genus p. In the par-ti
ular 
ases p = 0, 1, X is 
alled a hyperellipti
 and an ellipti
-hyperellipti
Riemann sufa
e respe
tively. The Hurwitz�Riemann formula asserts that a
p-hyperellipti
 involution has 2g + 2− 4p �xed points. In [4℄ we proved thatfor g in the range 3p + 2 < g ≤ 4p + 1, any two p-hyperellipti
 involutions
ommute and X 
an admit at most two su
h involutions. Thus their produ
tis a 
entral q-involution for some q 6= p. This leads to the study of surfa
es Xadmitting two involutions ̺ and δ su
h that X/̺ and X/δ have genera p and
q respe
tively. We shall 
all them pq-hyperellipti
 and for simpli
ity we shallsay that ̺ and δ are their p- and q-involutions. We prove that the genus of a
pq-hyperellipti
 Riemann surfa
e X does not ex
eed 2p+2q+1, whi
h in par-ti
ular gives the result of H. Farkas and I. Kra from [2℄ that a p-hyperellipti
involution is unique and 
entral in the group of all automorphisms of X if
g > 4p + 1. On the other hand for p ≤ q, the genus of su
h a surfa
e 
annotbe smaller than 2q−1 sin
e 2g+2−4q is the number of �xed points of its q-involution. Consequently, for q > 2p+1, the p-involution of X is unique. Fur-thermore we argue that for any g in the range 2q−1 ≤ g ≤ 2p+2q+1, thereexists a pq-hyperellipti
 Riemann surfa
e of genus g with 
ommuting p- and
q-involutions and for g ≥ 2p+2q−2, their produ
t is a (g−p−q)-involution.In parti
ular we 
on
lude that a Riemann surfa
e whi
h is simultaneously2000 Mathemati
s Subje
t Classi�
ation: Primary 30F10; Se
ondary 20H10.Key words and phrases: p-hyperellipti
 surfa
es, automorphisms of Riemann surfa
es,�xed points of automorphisms. [115℄



116 E. TYSZKOWSKAhyperellipti
 and ellipti
-hyperellipti
 has genus 2 or 3 and the produ
t of its
0- and 1-involutions is a 1-involution or a 2-involution respe
tively. Finally,we noti
e that p- and q-involutions of a Riemann surfa
e 
ommute if its genussatis�es 3p + 3q + 2 < 2g ≤ 4p + 4q + 2. This allows us to prove that for
2 ≤ p < q < 2p and g > 3q+1, the p- and q-involutions of a Riemann surfa
e
X of genus g are 
entral and unique in the full automorphism group of X.In [1℄, A

ola proved some similar results using detailed analysis ofbran
hing 
overings.2. Preliminaries. We shall be using the Riemann uniformization the-orem stating that ea
h 
ompa
t Riemann surfa
e X of genus g ≥ 2 
an berepresented as the orbit spa
e of the hyperboli
 plane H under the a
tion ofsome Fu
hsian surfa
e group Γ . Furthermore any group of automorphismsof a surfa
e X = H/Γ 
an be represented as Λ/Γ for another Fu
hsiangroup Λ. The algebrai
 and geometri
 stru
ture of a Fu
hsian group Λ isdetermined by its signature(1) σ(Λ) = (g; m1, . . . , mr),where g, mi are integers satisfying g ≥ 0, mi ≥ 2. The group with signature(1) has a 
anoni
al presentation given by(2) { generators: x1, . . . , xr, a1, b1, . . . , ag, bg,relations: xm1

1
= · · · = xmr

r = x1 · · ·xr[a1, b1] · · · [ag, bg] = 1.Su
h a set of generators is 
alled a 
anoni
al set of generators and often,by abuse of language, the set of 
anoni
al generators. Geometri
ally xi areellipti
 elements whi
h 
orrespond to hyperboli
 rotations and the remaininggenerators are hyperboli
 translations. The integers m1, . . . , mr are 
alled theperiods of Λ and g is the genus of the orbit spa
e H/Λ. Fu
hsian groups withsignatures (g;−) are 
alled surfa
e groups and they are 
hara
terized amongFu
hsian groups as those whi
h are torsion free.The group Λ has a fundamental region whose area µ(Λ), 
alled the areaof the group, is(3) µ(Λ) = 2π
(

2g − 2 +

r
∑

i=1

(1 − 1/mi)
)

.An abstra
t group Λ with presentation (2) is isomorphi
 to a Fu
hsiangroup with signature (1) if and only if the right hand side of (3) is greaterthan 0; in that 
ase (1) is 
alled a Fu
hsian signature.If Γ is a subgroup of �nite index in Λ, then we have the Hurwitz�Riemannformula(4) [Λ : Γ ] =
µ(Γ )

µ(Λ)
.



RIEMANN SURFACES 117We shall use the following result of Ma
beath [3℄ 
on
erning the numberof �xed points of an automorphism of a Riemann surfa
e.Theorem 2.1. Let G = Λ/Γ be an automorphism group of a Riemannsurfa
e X = H/Γ and let x1, . . . , xr be ellipti
 
anoni
al generators of Λwith periods m1, . . . , mr respe
tively. Let θ : Λ → G be the 
anoni
al epi-morphism and for 1 6= g ∈ G let εi(g) be 1 or 0 a

ording as g is or is not
onjugate to a power of θ(xi). Then the number F (g) of points of X �xedby g is given by the formula(5) F (g) = |NG(〈g〉)|

r
∑

i=1

εi(g)/mi.

3. On pq-hyperellipti
 Riemann surfa
es. A Riemann surfa
e X ofgenus g ≥ 2 is said to be pq-hyperellipti
 if there exist two involutions ̺ and
δ of X su
h that X/̺ and X/δ have genera p and q respe
tively. First weshow that the genus of su
h a surfa
e is bounded.Theorem 3.1. For arbitrary integers 0 ≤ p ≤ q ex
ept p = q = 0,the genus g of a pq-hyperellipti
 Riemann surfa
e satis�es 2q − 1 ≤ g ≤
2p + 2q + 1.Proof. Suppose that a Riemann surfa
e X = H/Γ of genus g admitsa p-involution δ and a q-involution ̺. Then g ≥ 2q − 1 sin
e 2g + 2 −
4q is the number of �xed points of ̺. The involutions ̺ and δ generate adihedral group G, say of order 2n, and there exist a Fu
hsian group Λ and anepimorphism θ : Λ → G with kernel Γ . If xi is a 
anoni
al ellipti
 generator of
Λ 
orresponding to some period mi > 2 then θ(xi) ∈ 〈̺δ〉. But no 
onjugateof ̺ nor of δ belongs to 〈̺δ〉 and so in the notation of Ma
beath's theorem
εi(̺) = εi(δ) = 0. Now if n is odd then ̺ and δ are 
onjugate and so p = q.Moreover |NG(〈̺〉)| = 2 and F (̺) = 2g+2−4p imply that Λ has 2g+2−4pperiods equal to 2. If n is even then |NG(〈̺〉)| = 4 and so g+1−2p 
anoni
alellipti
 generators are mapped by θ onto 
onjugates of ̺. Similarly another
g+1−2q 
anoni
al ellipti
 generators are mapped by θ onto 
onjugates of δ.So in both 
ases σ(Λ) = (γ; 2, s. . . , 2, ms+1, . . . , mr) for s = 2g + 2 − 2p − 2qand some integer r ≥ s. Now applying the Hurwitz�Riemann formula for
(Λ, Γ ), we obtain 2g − 2 = 2n(2γ − 2 + g + 1 − p − q +

∑r
i=s+1

(1 − 1/mi)),whi
h implies(6) g − 1 ≥ n(g − 1 − p − q).Sin
e n ≥ 2, it follows that g ≤ 2p + 2q + 1. Thus for g > 2p + 2q + 1, X isnot pq-hyperellipti
.The above theorem yields the following result of Farkas and Kra [2℄.



118 E. TYSZKOWSKACorollary 3.2. A p-hyperellipti
 involution of a Riemann surfa
e Xof genus g > 4p + 1 is unique and 
entral in the full automorphism groupof X.Proof. Let G be the full automorphism group of a Riemann surfa
e X ofgenus g > 4p + 1 and let ̺ ∈ G be a p-involution. By the previous theorem,
̺ is unique in G. Moreover given g ∈ G, g̺g−1 has the same number of �xedpoints as ̺. So by the Hurwitz�Riemann formula it is also a p-involution,whi
h implies that g̺g−1 = ̺.Furthermore using Theorem 3.1, it is easy to show that for appropriateparameters g, p, q, any p- and q-involutions of a pq-hyperellipti
 Riemannsurfa
e of genus g 
ommute.Corollary 3.3. Let X be a pq-hyperellipti
 Riemann surfa
e of genus g.If q > 2p + 1 then a p-hyperellipti
 involution is 
entral and unique in thefull automorphism group of X. Furthermore for (p, q) 6= (0, 0), any p- and
q-involutions of X 
ommute if the genus g of X satis�es 3p+3q +2 < 2g ≤
4p + 4q + 2.Proof. If q > 2p + 1 then by Theorem 3.1, g ≥ 2q − 1 > 4p + 1 andso by Corollary 3.2, a p-involution of X is 
entral and unique in the fullautomorphism group of X.Now, let (p, q) 6= (0, 0). Then any p- and q-involutions of X generate adihedral group of order 2n, for some n satisfying (6). Sin
e n ≥ 3 implies
2g ≤ 3p + 3q + 2, it follows that p- and q-involutions 
ommute if 2g >
3p + 3q + 2.Now we shall show that the ne
essary 
onditions from 3.1 on the genusof a pq-hyperellipti
 Riemann surfa
e are also su�
ient for the existen
e ofsu
h a surfa
e.Theorem 3.4. Let g ≥ 2 and q ≥ p ≥ 0 be integers su
h that 2q − 1 ≤
g ≤ 2p + 2q + 1. Then there exists a Riemann surfa
e of genus g admitting
ommuting p- and q-involutions whose produ
t is a t-involution if and onlyif t is a nonnegative integer with (g + 1)/2 − (p + 1) ≤ t ≤ (g + 1)/2 su
hthat p + q + t − g is even and nonnegative.Proof. Assume that a Riemann surfa
e X = H/Γ of genus g admits a
p-involution δ and a q-involution ̺ whose produ
t is a t-involution. Then Xis pt-hyperellipti
 and so by Theorem 3.1, 2t − 1 ≤ g ≤ 2t + 2p + 1. Thus
g/2 − p ≤ t ≤ g/2 or (g + 1)/2 − (p + 1) ≤ t ≤ (g + 1)/2 a

ording as g iseven or odd. Sin
e ̺ and δ generate a group Z2⊕Z2, there exists a Fu
hsiangroup ∆ with signature (γ; 2, r. . . , 2) and an epimorphism θ : ∆ → Z2 ⊕ Z2with kernel Γ . By Theorem 2.1, r = 3g + 3 − 2p − 2q − 2t and so applying



RIEMANN SURFACES 119the Hurwitz�Riemann formula for (∆, Γ ) we obtain γ = (p + q + t − g)/2,whi
h implies that p + q + t − g is even and nonnegative.Conversely, let g be an integer with 2q−1 ≤ g ≤ 2p+2q +1 and supposethat p + q + t − g is nonnegative and even for some nonnegative integer twith (g + 1)/2− (p + 1) ≤ t ≤ (g + 1)/2. Then for γ = (p + q + t− g)/2 and
r = 3g + 3 − 2p − 2q − 2t, there exists a Fu
hsian group ∆ with signature
(γ; 2, r. . . , 2). De�ne an epimorphism θ : ∆ → Z2 ⊕Z2

∼= 〈̺〉⊕ 〈δ〉 by θ(x1) =
· · · = θ(xs1

) = ̺, θ(xs1+1) = · · · = θ(xs1+s2
) = δ, θ(xs1+s2+1) = · · · =

θ(xr) = ̺δ, where s1 = g + 1− 2q and s2 = g + 1− 2p. By Theorem 2.1 andthe Hurwitz�Riemann formula, ̺ and δ are 
ommuting q- and p-involutionsof a Riemann surfa
e of genus g and their produ
t is a t-involution.Corollary 3.5. For any integers g ≥ 2 and q ≥ p ≥ 0 su
h that
2q−1 ≤ g ≤ 2p+2q+1, there exists a Riemann surfa
e of genus g admitting
ommuting p- and q-involutions. Moreover if g ≥ 2p+2q−2 then the produ
tof p- and q-involutions is a (g − p − q)-involution.Proof. We need to �nd an appropriate t satisfying the 
onditions ofLemma 3.4. If simultaneously g = 2p − 1 and p = q then we 
an take
t = 1. In the remaining 
ases we 
an 
hoose t = g − p − q and it is easy to
he
k that for 2p + 2q − 2 ≤ g ≤ 2p + 2q + 1, su
h a t is unique and so theprodu
t of any p- and q-involutions of a Riemann surfa
e of su
h genus is a
(g − p − q)-involution.Corollary 3.6. There exists a Riemann surfa
e whi
h is simultane-ously hyperellipti
 and ellipti
-hyperellipti
. It has genus 2 or 3 and the prod-u
t of its 0- and 1-involutions is a 1- or a 2-involution respe
tively.Proof. By Theorem 3.1, the genus of a 01-hyperellipti
 Riemann surfa
eis 2 or 3. Moreover by Corollaries 3.2 and 3.5, su
h a surfa
e a
tually existsand the produ
t of its 0- and 1-involutions is a 1- or a 2-involution a

ordingas g is 2 or 3.The �nal theorem 
on
erns the number of p- and q-involutions of a pq-hyperellipti
 Riemann surfa
e.Theorem 3.7. If p < q < 2p and 3q + 1 < g ≤ 2p + 2q + 1 then p- and
q-involutions of a pq-hyperellipti
 Riemann surfa
e of genus g are 
entraland unique in the full automorphism group. Moreover a Riemann surfa
e ofgenus g with 3q + 2 < g ≤ 4q + 1 
an admit at most two q-involutions.Proof. For p ≤ q < 2p, let X = H/Γ be a pq-hyperellipti
 Riemannsurfa
e of genus g with 3q + 1 < g ≤ 2p + 2q + 1 and let T be the setof all p- and q-involutions of X. By Corollary 3.3, any two elements of T
ommute. Moreover, by Theorem 3.4, the produ
t of any two su
h elements
an be neither a p- nor a q-involution. So if X admits a p-involution ̺p and



120 E. TYSZKOWSKAtwo q-involutions ̺q and ̺′q then they generate the group G ∼= Z2 ⊕Z2 ⊕Z2whi
h 
an be identi�ed with ∆/Γ for some Fu
hsian group ∆, say withsignature (γ; 2, r. . . , 2). Let θ : ∆ → G be the 
anoni
al epimorphism and for
1 6= g ∈ G, let εi(g) be de�ned as in Theorem 2.1. Let sq =

∑r
i=1

εi(̺q), s′q =
∑r

i=1
εi(̺

′

q) and sp =
∑r

i=1
εi(̺p). By Theorem 2.1, sq = s′q = (g+1−2q)/2and sp = (g + 1 − 2p)/2. Thus applying the Hurwitz�Riemann formulafor (∆, Γ ), we obtain 2g − 2 = 8(2γ − 2 + (3g + 3 − 4q − 2p)/4 + s/2),where s = r − sq − s′q − sp. So γ = (2 + 2q + p − g − s)/4 ≥ 0 if andonly if g ≤ 2q + p + 2. Repeating the argument we see that X admits two

p-involutions and a q-involution only if g ≤ 2p + q + 2. Consequently, for
p < q, the p- and q-involutions of a Riemann surfa
e of genus g > 3q + 1 areunique and a Riemann surfa
e of genus g > 3q + 2 
an admit at most two
q-involutions.
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