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UNIVERSAL COMPLETELY REGULAR DENDRITESBYK. OMILJANOWSKI (Wro
ªaw) and S. ZAFIRIDOU (Patras)Dedi
ated to the memory of Professor Janusz J. CharatonikAbstra
t. We de�ne a dendrite E{n} whi
h is universal in the 
lass of all 
ompletelyregular dendrites with order of points not greater than n. In parti
ular, the dendrite E{ω}is universal in the 
lass of all 
ompletely regular dendrites. The 
onstru
tion starts withthe standard universal dendrite D{n} of order n des
ribed by J. J. Charatonik.We use the term 
ontinuum to mean any nonempty, 
ompa
t and 
on-ne
ted metrizable spa
e. A 
ontinuum X is said to be:� regular if X has a basis of open sets with �nite boundaries;� 
ompletely regular if ea
h nondegenerate sub
ontinuum of X has non-empty interior (in X);� a dendrite if X is lo
ally 
onne
ted and 
ontains no simple 
losed 
urve.It is well known that any dendrite is regular ([8, �51, VI, p. 301℄), anyplanar, 
ompletely regular 
ontinuum is regular and every regular 
ontinuumis hereditarily lo
ally 
onne
ted ([8, �51, IV℄). Thus any 
ompletely regular
ontinuum that 
ontains no simple 
losed 
urve is a dendrite.For more results 
on
erning the properties of dendrites and their behaviorunder some spe
ial mappings we refer the reader to [3℄.A spa
e X is said to be universal for a 
lass F of spa
es provided that

X ∈ F and ea
h member of F 
an be homeomorphi
ally imbedded in X.Note that the de�nition of a universal spa
e does not guarantee its unique-ness.It is known that:(1) There exists a universal dendrite ([13℄).(2) There is no universal regular 
ontinuum ([12℄, 
ompare [9, Th. 1.6℄).(3) There exists a universal 
ompletely regular 
ontinuum ([5℄).(4) There is no universal planar regular 
ontinuum ([6℄, 
ompare [10,Th. 4.2℄).
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150 K. OMILJANOWSKI AND S. ZAFIRIDOUThe problem of existen
e of a universal element in the 
lass of all planar
ompletely regular 
ontinua raised by J. Krasinkiewi
z ([7℄) is still open.The universal dendrite, �rst 
onstru
ted by Wa»ewski, is des
ribed in [1℄(denoted as Dω). In [2℄, [4℄ there are des
riptions of dendrites D{n} whi
hare universal in the 
lass of all dendrites with order of points not greaterthan n.In this paper we de�ne dendrites E{n} with similar properties in the 
lassof 
ompletely regular dendrites.

D{4} E{4}For the reader's 
onvenien
e we pi
ture the dendrites D{4} and E{4} (D{4}is sometimes 
alled the Janiszewski 
emetery). They are limits of the follow-ing spa
es. Starting with a square we indu
tively repla
e ea
h square witha small 
opy of the appropriate pattern: for D{4} and for E{4}.The dendrites E{n} will be de�ned axiomati
ally.First we re
all the 
on
ept of order of a point (see [8, �51℄). By the order ofa point p in a spa
e X, written ord(p, X), is meant the least 
ardinal number
n su
h that p has an arbitrarily small neighborhood in X with boundary of
ardinality ≤ n. We say that p is of order ω in X if p has arbitrarily smallneighborhoods in X with �nite boundaries but ord(p, X) > n for any naturalnumber n.We put Ordn X for the set of all points of X of order n.A point of order 2 (resp. > 2) is 
alled an ordinary point (resp. a bran
hpoint).The set of all ordinary points is a dense subset of a dendrite and theset of all bran
h points of a dendrite is at most 
ountable ([8, �51, VI,Theorems 7, 8℄.The symbol pq stands for the ar
 with end points p and q. An ar
 pq issaid to be free in a spa
e X if pq\{p, q} is an open subset of X. For dendritesthis is equivalent to pq \ {p, q} not 
ontaining any bran
h points.Note that the above de�nition of order of a point in a regular 
ontinuum
oin
ides with the de�nition of order of a point p as the number of ar
sinterse
ting exa
tly in their 
ommon end point p (see [8, �51, I, 8, and thefollowing remark℄).



UNIVERSAL DENDRITES 151We use the following 
on
ept of ar
-density.
Definition 1. We say that a set Q ⊂ X is ar
wise dense at a ∈ X if

Q∩ ab \ {a} 6= ∅ for any ar
 ab ⊂ X; Q is ar
wise dense in X if Q is ar
wisedense at ea
h a ∈ X.In [2℄ and [4℄ there are some generalizations 
on
erning the uniqueness ofsome spe
ial universal dendrites. They may be summarized in the followingtheorem.
Theorem 2 ([2℄, [4℄). Let ∅ 6= S ⊂ {3, 4, . . . , ω} be given. There exists aunique DS with the following two properties:

(D′
S
) the order of any bran
h point of DS belongs to S,

(D′′
S
) Ords DS is ar
wise dense in DS for any s ∈ S.Moreover , if m = maxS, then DS and D{m} are universal in the 
lassof dendrites having orders at most m. In parti
ular D{ω} is a universaldendrite.We de�ne axiomati
ally 
ompletely regular dendrites ES with similarproperties.
Definition 3. Let ∅ 6= S ⊂ {3, 4, . . . , ω} be given. We denote by ESany dendrite X satisfying the following three 
onditions:

(E ′
S
) the order of any bran
h point of X belongs to S,

(E ′′
S
) Ords X is ar
wise dense at any non-ordinary point of X for any

s ∈ S,
(E ′′′) for any ar
 ab ⊂ X there is a free ar
 a′b′ in X 
ontained in ab.We show the existen
e and uniqueness of ES , and that ES is universal inthe 
lass of 
ompletely regular dendrites with bran
h points having ordersin S. But �rst we des
ribe some details of a method of repla
ing points withar
s.Let q be a separating point of a 
ontinuum X and let X\{q} = C0∪C1 bethe union of disjoint open sets. We 
an repla
e q with an ar
 by atta
hing itsend points to C0 and C1. Formally, we 
an de�ne this new spa
e A(X, {q})as the subspa
e of the produ
t X × [0, 1]:

A(X, {q}) = (C0 × {0}) ∪ ({q} × [0, 1]) ∪ (C1 × {1}).Note that if q separates X into exa
tly two 
omponents, then A(X, {q}) isuniquely de�ned (up to homeomorphism).For a 
ountable set Q = {q1, q2, . . .} of separating points of a 
ontinuum
X we may repla
e these points with ar
s indu
tively. In short, if X \ {qn} =
C0

n ∪ C1
n, where C0

n and C1
n are open and disjoint for n = 1, 2, . . ., then weput

A(X, Q) = {(x, t1, t2, . . .) ∈ X × [0, 1]ω : x ∈ Ci
n ⇒ tn = i}.



152 K. OMILJANOWSKI AND S. ZAFIRIDOUNote that if for any qn ∈ Q the set X \ {qn} has exa
tly two 
omponents,then the spa
e A(X, Q) is uniquely de�ned (up to homeomorphism) and itdoes not depend on the enumeration of elements of Q.Observe that the proje
tion π : A(X, Q) → X is monotone sin
e π−1(q)is a free ar
 of A(X, Q) for q ∈ Q, and π−1(x) is a singleton for x 6∈ Q.
Proposition 4. Let Q be a 
ountable set of ordinary points of a den-drite X.(i) Then A(X, Q) is a dendrite.(ii) If Q is ar
wise dense in X, then A(X, Q) is 
ompletely regular.Proof. (i) Of 
ourse A(X, {q1}) is a dendrite and the proje
tion f1 :

A(X, {q1}) → X is monotone. Observe that for n = 1, 2, . . . we have byindu
tion
A(X, {q1, . . . , qn, qn+1}) = A(A(X, {q1, . . . , qn}), (f1 ◦ · · · ◦ fn)−1(qn+1)),hen
e the spa
e A(X, {q1, . . . , qn, qn+1}) is a dendrite and the natural pro-je
tion fn+1 : A(X, {q1, . . . , qn+1}) → A(X, {q1, . . . , qn}) is monotone.So A(X, Q) is homeomorphi
 to the inverse limit

lim
←−

{A(X, {q1, . . . , qn}), fn}of the system of dendrites with monotone bonding mappings, hen
e it is adendrite (see [11, Theorem 10.36℄).(ii) As Q is ar
wise dense in X, the sets π−1(X\Q) and cl(π−1(X \Q)) arezero-dimensional. Therefore ea
h nondegenerate sub
ontinuum of A(X, Q)
ontains an interior point of some free ar
 π−1(qn), hen
e it has nonemptyinterior.
Theorem 5. Let ∅ 6= S ⊂ {3, 4, . . . , ω} be given.(i) If Q is a 
ountable set of ordinary points of the dendrite DS whi
his ar
wise dense in DS , then the dendrite A(DS , Q) has properties

(E ′
S
), (E ′′

S
) and (E ′′′).(ii) If a dendrite X has properties (E ′

S
), (E ′′

S
) and (E ′′′), then it is hom-eomorphi
 to A(DS , Q) for some 
ountable ar
wise dense set Q ofordinary points in DS.(iii) Let Q′, Q′′ be 
ountable sets of ordinary points of the dendrite DSwhi
h are ar
wise dense in DS. Then there exists an autohomeo-morphism h of DS su
h that h(Q′) = Q′′. Moreover , A(DS , Q′) ishomeomorphi
 to A(DS , Q′′).Proof. (i) By Proposition 4 the spa
e A(DS , Q) is a 
ompletely regulardendrite, hen
e it has property (E ′′′).



UNIVERSAL DENDRITES 153It follows easily from the 
onstru
tion of A(DS , Q) that ord(z,A(DS, Q))
= ord(π(z), DS) for ea
h z ∈ A(DS , Q), and therefore properties (D′

S
) and

(D′′
S
) of DS yield properties (E ′

S
) and (E ′′

S
) of A(DS , Q).(ii) First, noti
e that (E ′′

S
) implies that the end points of any free ar
 in

X are ordinary. Therefore maximal free ar
s are pairwise disjoint. Now weidentify points of free ar
s; formally, we de�ne x ≈ y i� x = y or xy is a freear
 in X.We shall prove that the quotient spa
e X/≈ is the dendrite DS .Sin
e the natural proje
tion p : X → X/≈ is monotone, the spa
e X/≈is a dendrite and for any nonfree ar
 ab of X the proje
tion p(ab) is anar
 of X/≈. One 
an easily verify that ord(x, X) = ord(p(x), X/≈) for ea
h
x ∈ X. Therefore, sin
e X satis�es 
onditions (E ′

S
) and (E ′′

S
), the dendrite

X/≈ satis�es 
onditions (D′
S
) and (D′′

S
) of Theorem 2. Thus X/≈ is thedendrite DS .Let Q denote the set of all nondegenerate equivalen
e 
lasses of ≈. Sin
efor any q ∈ Q the set p−1(q) is a maximal free ar
 of X, Q is a 
ountableset of ordinary points of X/≈. From (E ′′′) it follows that Q is ar
wise densein X/≈.It is easy to see that A(X/≈, Q) is homeomorphi
 to X.(iii) The proof of the existen
e of the homeomorphism h is similar tothe proof of Theorem 6.2 of [4℄ (
f. Lemma 6.13 of [4℄), therefore it is omit-ted. Of 
ourse h indu
es a natural homeomorphism between A(DS , Q′) and

A(DS , Q′′).
Theorem 6. Let ∅ 6= S ⊂ {3, 4, . . . , ω} be given. There exists a uniquedendrite ES with properties (E ′

S
), (E ′′

S
) and (E ′′′). The spa
e ES is universalin the 
lass of 
ompletely regular dendrites with bran
h points having ordersin S, i.e. in the 
lass of dendrites whi
h satisfy (E ′

S
) and (E ′′′).Proof. The existen
e and uniqueness of ES follow from Theorem 5. Toprove its universality let a 
ompletely regular dendrite X have orders of itsbran
h points in S. We 
an assume that X ⊂ DS (see Theorems 6.6�6.8of [4℄). Sin
e Ord2 DS is ar
wise dense in DS the set Ord2 DS ∩ X is ar
-wise dense in X. Sin
e X satis�es (E ′′′) we 
an �nd a 
ountable set Q1 ⊂

Ord2 DS ∩ X ar
wise dense in X whi
h is 
ontained in the union of the in-teriors of all free ar
s in X. Of 
ourse Q1 ⊂ Ord2 X. One 
an easily verifythat A(X, Q1) is homeomorphi
 to X.Further let Q2 be a 
ountable set ar
wise dense in DS \ X su
h that
Q2 ⊂ Ord2 DS . Observe that for any ar
 ab ⊂ DS we have (Q1∪Q2)∩ab 6= ∅,i.e. Q1∪Q2 is ar
wise dense in DS . Theorem 5 shows that A(DS , Q1∪Q2) ishomeomorphi
 to ES . Obviously A(X, Q1) is homeomorphi
 to a subspa
eof A(DS , Q1 ∪ Q2).The proof is 
omplete.
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Corollary 7. Let ∅ 6= S ⊂ {3, 4, . . . , ω} be given and suppose m =

maxS exists. Then ES and E{m} are universal in the 
lass of 
ompletelyregular dendrites with bran
h points of orders at most m. In parti
ular, E{ω}is universal in the 
lass of all 
ompletely regular dendrites.
REFERENCES[1℄ J. J. Charatonik, Monotone mappings of universal dendrites, Topology Appl. 38(1991), 163�187.[2℄ �,Homeomorphisms of universal dendrites, Rend. Cir
. Mat. Palermo (2) 44 (1995),457�468.[3℄ J. J. Charatonik, W. J. Charatonik and J. R. Prajs,Mapping hierar
hy for dendrites,Dissertationes Math. 333 (1994).[4℄ W. J. Charatonik and A. Dilks, On self-homeomorphi
 spa
es, Topology Appl. 55(1994), 215�238.[5℄ S. D. Iliadis, Universal 
ontinuum for the 
lass of 
ompletely regular 
ontinua, Bull.A
ad. Polon. S
i. Sér. S
i. Math. 28 (1980), 603�607.[6℄ S. D. Iliadis and S. S . Za�ridou, Planar rational 
ompa
ta and universality, Fund.Math. 141 (1992), 109�118.[7℄ J. Krasinkiewi
z, On two theorems of Dyer, Colloq. Math. 50 (1986), 201�208.[8℄ K. Kuratowski, Topology, Vol. II, A
ademi
 Press, New York, 1968.[9℄ J. C. Mayer and E. D. Tym
hatyn, Universal rational spa
es, Dissertationes Math.293 (1990).[10℄ �, �, Containing spa
es for planar rational 
ompa
ta, ibid. 300 (1990).[11℄ S. B. Nadler, Jr., Multi
oheren
e te
hniques applied to inverse limits, Trans. Amer.Math. So
. 157 (1971), 227�234.[12℄ G. Nöbeling, Über regular-eindimensionale Räume, Math. Ann. 104 (1931), 81�91.[13℄ T. Wa»ewski, Sur les 
ourbes de Jordan ne renfermant au
une 
ourbe simple ferméede Jordan, Ann. So
. Polon. Math. 2 (1923), 49�170.Institute of Mathemati
sUniversity of Wro
ªawPl. Grunwaldzki 2/450-384 Wro
ªaw, PolandE-mail: komil�math.uni.wro
.pl

Department of Mathemati
sFa
ulty of S
ien
eUniversity of Patras26500 Patras, Gree
eE-mail: zafeirid�math.upatras.grRe
eived 26 August 2004;revised 21 Mar
h 2005 (4483)


