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ON THE NONEXISTENCE OF STABLE MINIMAL SUBMANIFOLDS
AND THE LAWSON-SIMONS CONJECTURE

BY

ZE-JUN HU and GUO-XIN WEI (Zhengzhou)

Abstract. Let M be a compact Riemannian manifold with sectional curvature K fva
satisfying 1/5 < K37 < 1 (resp. 2 < K37 < 10), which can be isometrically immersed as
a hypersurface in the Euclidean space (resp. the unit Euclidean sphere). Then there exist
no stable compact minimal submanifolds in M. This extends Shen and Xu’s result for
%—pinched Riemannian manifolds and also suggests a modified version of the well-known
Lawson—Simons conjecture.

1. Introduction. A minimal submanifold M in a Riemannian manifold
M is a critical point of the volume functional of M. M is said to be stable
if the second variation of the volume is always nonnegative for any nor-
mal deformation of M in M with compact support; otherwise M is called
unstable. It was proved by Simons [11] that there are no compact stable
minimal submanifolds in the Euclidean spheres. In [5], Lawson and Simons
made the following:

CONJECTURE. Let M be a compact simply-connected Riemannian man-
ifold with sectional curvature Kyr satisfying 1/4 < Ky < 1. Then every
compact minimal submanifold M in M is unstable.

Apparently this conjecture arose in connection with the sphere theorem.
There are several results supporting this conjecture (cf. [1, 3, 5, 8, 10]). In
particular, Aminov [1] proved that if M is homeomorphic to a two-sphere,
then the conjecture is true; Shen and Xu [10] proved that if 0.77 < Kj;
< 1, then the conclusion of the conjecture holds. Note that a Riemannian
manifold M is called §-pinched (§ > 0) if the sectional curvature K, satisfies
§< Ky <1.

We know from [5, 7] that the rank one symmetric spaces CP™, HP™
and CalP?, whose sectional curvatures are %—pinched, admit stable compact
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minimal submanifolds. Thus the pinched condition for sectional curvature
in the Lawson—Simons conjecture cannot be weakened in general.

For the special case that M is an m-dimensional compact Riemannian
manifold isometrically immersed in an (m + 1)-dimensional Euclidean space
E™T! some better results are known (cf. [4, 6, 7, 9-11]). In particular, Shen
and Xu [10] proved that the conjecture is true for :-pinched M. Note that
from the classical Hadamard theorem, every compact connected hypersuface
M in E™*! (m > 2) is diffeomorphic to the m-sphere provided that Kp; > 0
(cf. [2]). The Lawson-Simons conjecture together with this version of the
sphere theorem suggests that the following modified conjecture might be
correct.

CONJECTURE*. Let M be a compact connected hypersurface in E™+1
(m > 3) satisfying Kz > 0. Then every compact minimal submanifold in
M is unstable.

Since M is compact, we can assume without loss of generality that M
is d-pinched for some constant 6 > 0. Thus, Shen and Xu’s result [10] says
that Conjecture® is correct for 6 = 1/4. In this paper, we shall give a further
positive answer to Conjecture® by establishing Theorem 1* (see Section 3),
and as a special case we obtain

THEOREM 1. Let M be a compact connected hypersurface in E™+!
(m > 3) with sectional curvature satisfying 1/5 < Kz; < 1. Then there
exist no compact stable minimal submanifolds in M.

We note that Theorem 1 combined with the argument in the proof of
Proposition 1 of [6] implies the following

PROPOSITION 1. Let M be the m-dimensional (m > 3) ellipsoid in
Em+l.

2

T T

Dr+ T =1 1<ar << Ay
aj Amt1

If 1 <apme1 < 5 and ay > /Am+1, then there exist no compact stable

minimal submanifolds in M.

REMARK 1. It can be proved in a similar way that the above result re-
mains valid for stable n-currents on M. In fact, we can state the counterpart
of Theorem 1 as follows (for the concept of stable current and related results,
see Lawson—Simons [5]), which is better than the result in [9].

THEOREM 1’. Let M be a compact connected hypersurface in E™+!
(m > 3) with sectional curvature satisfying 1/5 < Kz; < 1. Then there
exist no compact stable n-currents in M for each n with 1 <n <m — 1.

REMARK 2. From Simons [11] we know that if M is a hypersurface in
the (m+1)-sphere S™*! with constant sectional curvature, then it does not
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admit compact stable minimal submanifolds. Using the same method as in
the proof of Theorem 1, we can strengthen this result by establishing:

THEOREM_2*. For m > n > 2, there is a positive constant o, , > 3
such that if M is a compact connected hypersurface in the unit sphere S™1
with sectional curvature satisfying 2 < Ky <1+ O'm n, then every compact

n-dimensional minimal submanifold in M is unstable.
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2. Basic formulas and notations. In this paper, we use the following
convention on the ranges of indices:

1<a,8,v,...<m; 1<4j,...<n; n+1<rs,...<m.

Let M™ — M™ be an n-dimensional compact minimal submanifold
isometrically immersed in M. Let N (M) be the normal bundle of M in M
and V be a cross-section in N (M) with compact support. Then the second
variational formula for V' is (cf. [10])

(2.1) 1w)= | {Z IVAVIE= Y (Bleses), V)P

1,j=1

—Z (e;, V Veﬁ}dv,

where dv is the volume element of M, V+ and B are the normal connection
and the second fundamental form of M in M respectively, R is the curvature
tensor of M, and {ei} is a local orthonormal frame field on M.

Now suppose M is isometrically immersed in the space forms R™*1(c)
(c=0,1) as a hypersurface, with R™*1(0) = E™*! being the Euclidean
space and R™T1(1) = S™*1(1) the unit sphere. Denote by D the canonical
connection of R™*!(c) and by V the induced connection on M. Then the
second fundamental form h of M in R™*1(c) is defined as

h(X,Y)ems1 = DxY —VxY for XY € TM,

where e,,11 is a unit normal vector field to M in R™%!(c). The following
proposition is well known (see, e.g., [5, 6]).

PROPOSITION 2. Let M be an m-dimensional compact hypersurface in
R™*1(c) with second fundamental form h. If M is an n-dimensional compact
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minimal submanifold in M and satisfies

22) | {—n(m —n)et+ Y 2h(ese)? = hles,ehler, er)]} dv < 0

for any local orthonormal frame field {e;, e, } on M such that {e,} is normal
to M, then M 1is unstable.

At a given point p € M in M, let A\, be the principal curvatures of M
corresponding to the principal directions {e7,} which form an orthonormal
basis of T, M and satisfy k(e ej;) = Aadap. Thus, from the Gauss equation

of M in R™*!(c) we have

(23) Raﬁaﬁ =c+ )\a>‘ﬁ (Oé # ﬁ)

at p € M, where Rogap = (R(ei,e%)e%,ei). Let {e;, e} be an arbitrary
local orthonormal frame around p € M. We can write

(2.4) Co = ZAQBE
B

for some special orthogonal matrix (A?). Then we have

(2.5) A= —n(m—n)c+ Z{Qh(ei, er)? — h(es, ei)h(er, e,)}

= —n(m—n)c+ > (M) (A7)2(A2)? + F(A, A),

where
(26)  FA4)=Y AaAﬁ{z S ApAPATAY - Z(Ag)?(AE)?}.
a#S3 @7 i,r

3. Proof of the results. We first prove Theorem 1. In fact, we will
prove the following stronger version.

THEOREM 1*. Form > n > 2, there is a positive constant op, , < 1/\/5
such that if M is a compact connected hypersurface in E™1 with sectional
curvature satisfying crf,w < Kz < 1, then every compact n-dimensional
minimal submanifold in M is unstable.

To prove Theorem 1*, we adopt an argument similar to that of [10].
Let M be o2-pinched for some ¢ > 0 and M be an n-dimensional compact
minimal submanifold in M. Our aim below is to find the least possible
constant o so that A < 0 on M.

We fix an arbitrary point p € M < M; all calculations are carried out
at p. From (2.3) we have

(3.1) o2 < Aarg <1 for a # S,
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which implies that all )\, are nonzero and have the same sign. Without loss
of generality, we may assume that

(3.2) 0< M <... <A

From (3.1) and (3.2), one can see that

(3.3) Ao >0 fora#1l;, Ay <1 fora#m;
(3.4) An <1/o and M\ > o2, since m > 3.
Since (A2) € SO(m), we have

(3.5) Z AZAD = Z A2 AT + Z AZAL = G0,

(3.6) (ZAgAE)Q + (ZAgAE) +23 APAP AT AR = 5.

(3.7) Gom = Q(ZA?A%“)Z +2(ZA?A:P)2
+ D {(ADP(AT)? 4+ (A7) (A7)},

which is nonnegative. Then, by (3.5) and (3.6), we have
(38) > Gam= Gam—2+2 Z(AZ-”)Q(AT)Q
aFtEm @ i
=nY (A7) +(m—n) D (A7) +2) (A7) (AD)

7 ’I"Z

> min{n,m —n} =: Ty, , > 1.

By (2.6), (3.1) and (3.5)—(3.7), it follows that

F(A4, )
= 37 A ST{AATAT ATAT — (AZ)R(AT)? — (AT)2(A0)?)
a#Em T,
D Aadey 2474747 AT — (A7) (AD)%
a,B#m, a#3 Tyl
= - Z >\a>\mGa,m
aF#Em

- > )\a)\g{ ( Z A?Af)2 + (Z A?AE)Q + Z(A;*)?(Afﬁ}

a,B#m, a3
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—ot Y (S aral) () + o anan?),

a,B#m, a# 3 i
and then

(3.9)  F(A,A)

S {(Saral) + (Carar) + Doanarr)

< Tnn(0? = Aidm) + 07 )Y {242 A7 AZ AP — (A2)*(AD)?}

a#B i
= Tm,n(az - AMAm) — o’ Z(A?)2(A?)2
Fo? 3 {2A2ATATAD - (AD)2(AD)?)

a?ﬁ?,r7i

= T (07 = MAm) — o%n(m —n) — 0 3 (A?)(A9)°.

,Tr,i

Thus, we obtain an estimate for A:

(310) A=) (A A%)? 4 F(A,A)

OLTl

< Trm(0? = MAm) — o2n(m —n +Z )2(A%)2.

Since (A2) € SO(m), by (3.6), we see that, for any «,

Sy < 5 (So0a?) 5 (ean?) = 5 - Yraryagy,

i.e.,
1
. )2 )2 < =,
(3.11) (A48 <

According to (3.1)—(3.4), we have four cases: (1) \;y > cando < \,,, < 1;
2) M >cand 1<)\, <o 1 (3) M <cand o <\, <1;(4) A\ <o and
1<Am <o h
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CASE (1): Ay > 0 and 0 < \,;, <1. From (3.10) and (3.11), we have

AL Tpn(0® —oAy) — a?n(m —n) + s (A2, —o?)

= — )\2 TrnnOAm — % o? —a*n(m —n) + Tppno?

=01 ()\m)v
2

where g1 (z) = 2a? =Ty, nox—2to%—o*n(m—n)+Tp, 0 satisfies g (x) > 0,

g1(o) = —n(m —n)o? < 0 and
91(1) = =[m/4+n(m —n) — Trnn]o® = T o +m/4 = h(o)
with h(0) =m/4 > 0, h(1) = —n(m —n) < 0 and h”(z) < 0. Set

(3.12) olh, = o > 0.
2T n + /(m — 2T, 1) + 4mn(m — n)

An easy verification shows that

1
(3.13) o), < 7 for all m >n > 2,
1
(3.14) lim o) = ———  for each fixed n > 2,

m=oo ™" T+ dn

and h(am n) = 0. Hence gi(1) < Oforall o > o ) . This proves the following

CrLAIM 1. Foranya>amn, if M1 >0 and o < Ay, <1, then A <0.

CASE (2): Ay > o and 1 < )\, < o~ !. From (3.10) and (3.11), using
Ao < A;} for oo # m, we have

1 1
2 2 2 2 2
A< Tyn(c®—0dy) —0 n(m—n)%—z()\m—a )+Z Z(Aa—
aF#Em
T -0+ (g2 oY)

< Tn(0? —aXy) — o*n(m —n) + 1 1

1
= N 92 (Am)a

where go(z) = 2* — 4T, no2® + 4T, 1, — 4n(m —n) —m]o?x? +m— 1 satisfies
92(0) > 0, g2(400) = +o0 and has exactly one critical point (minimum) for
x > 0. Note also that

g2(1) = [AT . — 4n(m — n) — m]o? — 4T, o +m = 4h(c) <0
for every o > a%?n, and

gploH =01 4Tm7na*2 +4T, ., —4n(m —n) —1 <0
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for every o > a,(i)n, where

1

(2 _—
Um,n = )

which satisfies

(3.15) 07(73’)” < for all m >n > 2,

‘
—_
é‘

(3.16) lim 07(73’)” for each fixed n > 2.

m

Thus, we have

CLAM 2. For any o > max{a%,)n,a%,)n Jif M >ocand 1< N\, <ol
then A < 0.

CASE (3): My <o and 0 < A\, < 1. From (3.10) and (3.11), we have

1 —1
A< —o’n(m —n) + 1 Z(ai —0?) < —o*n(m —n) + mT (1-0*<0
a#l
/ m—1 _. (3
for o > m = 0Om,n, and
1

V5

5
(3.18) lim o® — 1
m—oco ™" /T +4dn

Thus, we have

(3.17) o3 < — for all m >n > 2,

for each fixed n > 2.

Cram 3. For any o > 07(5’,)", if M<oando <M\, <1, then A <DO0.

CASE (4): My < o and 1 < )\, < o~ !. From (3.10) and (3.11), using
Ao < 1/Am (@ #m) and Ay > 02/Xg > \02, we have

A S 71777,,77,(0—2 - AIA'm) - 02n(m - TL) + Z ()‘i - 0’2)<A?)2(A?)2

a#lrd
1 -2 1
< Tnlo? = 0*A2) = o*n(m —n) + 7 (A%, — %) + 7 (E B ”2>
1
:imgs()\fn),

where g3(z) = (1 — 4Ty, o) 2% + [ATm 0 — 4n(m —n) — m + 1]o?z +m — 2
satisfies

g3(1) = —[4n(m —n) +m —1]o* +m -1 <0 for o > o®

m,n’

93(0'72) = 0'74 - 4Tm,n0-72 + 4Tm,n - 4n(m - 7’L) -1<0 for o > O-SYQL,)n
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Note that if 1 — 4T}, ,0? < 0, then g4 (z) < 0 and g3(z) has no critical
points for x > 0; if 1 — 47, ,02 > 0, then g§(x) > 0 and g3(x) has exactly

one critical point (minimum) for x > 0. These facts imply that gs(xz) < 0

provided that 1 <z < ¢~ 2 and o > max{am " Jﬁ,?f)n} Thus, we have

CLAIM 4. For any o > max{am n,m(n)n if M<oand 1<\, <o !,
then A < 0.

Summing up Claims 1-4 and choosing o, , = max;<;<3 G%),n, we com-
plete the proof of Theorem 1*.

Proof of Theorem 2*. Suppose 2 < K37 < 1+ o2. Then, from (2.3), for
any a # (8 we have

(3.19) 1< Aag < 02

By assuming 0 < A1 < ... < \,,, we can see that
Aa>1 fora#1l;, Ay <o fora#m;
Ap <02 and A\ >1/0, since m > 3.

From these and by the same procedure as in deriving (3.10), we can obtain
an estimate for A:

(320) A< Tmn(l—MAm) —2n(m—n)+ > (A2 )2(A%)2,

Q'I’"L

Our aim below is to find the greatest possible o so that A < 0 at p € M.
Now we also have four cases: (i) Ay > 1land 1 < \,, < o; (ii) Ay > 1 and
o< A <o (i) M <land 1 <\, <o; (iv) A1 <1and o < A\, < 02

CASE (i): Ay > 1and 1 <\, <o. From (3.11) and (3.20), we have

A< Tn(1 = A) — 20(m —n) + 2 (X2, - 1).

Let aﬁ,i?n =m 2T, + /8mn(m —n) + (2T,,,, — m)2}. Then A < 0 if
o< oM in this case
m,n .
CASE (ii): Ay > 1 and 0 < A, < 02 From (3.11) and (3.20), using
Ao < 02/\,, for a # m, we have

1, ., m—1(c*
ASTm,nu—m—2n<m—n>+1<xm—1>+T<g_1>.

Let o5 = 2Tmn + /@Tmm — 1)2+8n(m—n). Then A < 0 if 0 <

min{a%)n, ag)n} in this case.
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CASE (iii): A\ <1 and 1 < A\, <o. From (3.11) and (3.20), we have
m—1 .,

A§—2n(m—n)+T()\

Let ag?n = \/W. Then A< 0ifo < O'S;)n in this case.

CaSE (iv): Ay < 1 and 0 < A\, < 0% From (3.11) and (3.20), using
A1 > )\;1 > Apo 2 and A\, < 02X ! for a # m, we have

A< Tn(l=MAm) = 2n(m—n)+ > (A = 1)(A7)*(AD)?

a#l;r

—1).

m

)\gn 1 2 m — 2 O'4
3Tmm< —§>—2”(m—n)+1(/\m—1)+T</\—2—1>.

Then, by the same argument as in case (4), we conclude that if o <

min{o\n, o\ }, then A < 0 in this case.

It is easily seen that 07(7?,” > 3 fori =1,2,3. Thus we complete the proof

of Theorem 2* by choosing oy, , = min;<;<3 gffl),n_
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