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Abstract. This paper introduces the class of Cohen p-nuclear m-linear operators
between Banach spaces. A characterization in terms of Pietsch’s domination theorem is
proved. The interpretation in terms of factorization gives a factorization theorem similar
to Kwapient’s factorization theorem for dominated linear operators. Connections with the
theory of absolutely summing m-linear operators are established. As a consequence of our
results, we show that every Cohen p-nuclear (1 < p < co) m-linear mapping on arbitrary
Banach spaces is weakly compact.

1. Introduction and notation. The success of the theory of absolutely
summing linear operators has motivated the investigation of new classes
of multilinear mappings and polynomials between Banach spaces. The first
possible directions of a multilinear theory of absolutely summing multilinear
mappings were outlined by several authors (we mention, for example, [1} 2]
13HT6l 19, 22, 23], 25] 26]).

The aim of this paper is to introduce and study a new class of multilin-
ear operators, the Cohen p-nuclear multilinear operators. The space ./\/;;”
of Cohen p-nuclear multilinear operators defined on Banach spaces is a
Banach space and this kind of m-linear operators satisfy a natural ana-
log of the Pietsch domination theorem. The original motivation for our re-
search is to give a multilinear version of Kwapieri’s factorization theorem:
N¥ =Dt o (Ily, . .., II,) where II,, is the Banach space of all p-summing
linear operators and Dy the Banach space of all Cohen strongly p-summing
multilinear operators. We also show that every Cohen p-nuclear (1 < p < o0)
m-linear mapping on arbitrary Banach spaces is weakly compact.

This paper is organized as follows. In Section 1, we give some basic
definitions and properties. In Section 2, we introduce a multilinear version
of Cohen p-nuclear operators for which the resulting vector space is a Ba-
nach space. We prove a natural analog of the Pietsch domination theorem
for such operators similar to the linear case. In Section 3, we characterize
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the class of Cohen p-nuclear m-linear operators as products of absolutely
p-summing and Cohen strongly p-summing m-linear operators, generalizing
a linear result of Kwapien. Finally, in Section 4, we obtain certain connec-
tions between the classes investigated in this paper (for other recent papers
comparing different classes of multilinear mappings related to summability,
we refer to [4H7, 20, 21]) and apply our results to prove that every Cohen
p-nuclear (1 < p < oo) m-linear mapping on arbitrary Banach spaces is
weakly compact.

Now, we fix the notation used in this paper. Let m € N and X,..., X,
Y be Banach spaces over K (real or complex scalar field). We denote by

L(X1,...,Xm;Y) the Banach space of all continuous m-linear mappings from
X1 %+ x X, toY, under the norm ||T'|| = SUP,eBy, |T(x1,...,2m)|, where
By, denotes the closed unit ball of X. If Y =K, we write £(X1,...,X).
In the case X; =--- = X,, = X, we simply write L("X;Y).

Let now X be a Banach space and 1 < p < oo. We denote by /;(X) the
space of all sequences (z;)1<i<pn in X with the norm

- /
l@heiznlgon = (3 haill?) .
=1

and by (1;;)“(X) the space of all sequences (z;)1<i<n in X with the norm

lew )"

l(z)1<i<nll@n)- (X) = (
||5Hx*—1
where X* denotes the topological dual of X.

Let [,(X) be the Banach space of all absolutely p-summable sequences
()22, in X with the norm

- /
Il 00 = (X laal) ™"
=1

We denote by [;/(X) the Banach space of all weakly p-summable sequences
()22, in X with the norm

(@)1l x) = sup [[(§(xi))iZ1 o, (x)-
€]l x==1
If p = oo we consider bounded sequences and in I (X) we use the sup norm.
We know (see [12]) that [,(X) = [J(X) for some 1 < p < oo if, and
only if, dim(X) is finite. If p = o0, we have Io(X) = I (X). If K is a
Hausdorff compact topological space, C(K) denotes the Banach space, un-
der the supremum norm, of all continuous functions on K. We denote by
Le(X1,...,Xm;Y) the space of all m-linear mappings of finite type, which



GENERALIZATIONS OF NUCLEAR OPERATORS 87

is generated by the mappings of the special form
Tyop og = a1 @@ @y ()0, a™) o af(@)) @™y

for some non-zero zj € X7 (1 < j <m) and y € Y. In [16], the adjoint of
an m-linear operator is defined as follows: 7% : Y* — L(X1,..., X)), yv* —
T*(y*) : X1 X -+ X Xy — K, with T*(y*) (2}, ..., 2™) = y*(T(2}, ..., 2™)).
Recall that a p-summing linear operatoru : X — Y (notation: ue IT,(X;Y))
between Banach spaces transforms p-weakly summing sequences into p-
strongly summing sequences, i.e.

[(w(@i))1<i<nllinx) < Cll(@n)1<icnllgnyx)-

The infimum of the C' defines a norm m, on II,(X;Y) (see [24, [12]).
e Following [23], an ideal of multilinear mappings (or multi-ideal) is a
subclass M of all continuous multilinear mappings between Banach spaces

such that for all m € N and Banach spaces X1,...,X,, and Y, the compo-
nents M(X1,..., X;;Y) = L(X1,..., X0 V) N M satisfy:

(i) M(Xy,...,X;n;Y) is a linear subspace of £(X1,...,X;;Y) which
contains the m-linear mappings of finite type.

(ii) The ideal property: If T € M(G1,...,Gm; F), uj € L(X;,Gj)
for j =1,...,m and v € L(F,Y), then v o T o (uy,...,uy) is in
M(X1, .. X V).

If || |am s M — RT satisfies

(i) M(X1,..., Xm;Y), || - |lm) is a normed (Banach) space for all
Banach spaces X1,...,X,, and Y and all m,

" 7™ K™ — K : T (2, ..., 2™) = 2! ... 2|y = 1 for all m,
(ii") if T e M(Gh,...,Gm; F), uj € L(X;,Gj) for j = 1,...,m and
vEL(F,Y), then [lvoTo(uy, ..., um)l|p < [0l 1T |amlluall - - [[uml],

then (M, ] - ||m) is called a normed (Banach) multi-ideal.

We begin by presenting different classes of ideals of multilinear mappings
related to the concept of absolutely summing operator:

e Let m € N. An m-linear operator T € L(Xy,...,X,,;Y) is Cohen
strongly p-summing (1 < p < oo) if there exists a constant C' > 0 such that
for any le,,:z:% €X; (1<j<m)andany yj,...,y; € Y*, we have

14T e i nsisally < (S TT )

i=1 j=1

sup. [ ()
yEBy

o

Again the class of all Cohen strongly p-summing m-linear operators from
Xy x -+ x X into Y, denoted by Dp'(X1,..., Xy Y), is a Banach space
with the norm (1) which is the smallest constant C' as above. For p = 1,
we have DI"(X1,..., X, Y) = L(X1,..., X;m; Y).
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It is well known (see [I, Theorem 2.4]) that T is Cohen strongly p-
summing (1 < p < o) if, and only if, there exists a constant C' > 0 and
a Radon probability measure p on By« such that for all (z!,...,2™) €
X1 X+ x X, and y* € Y*, we have

et <e TR )

BY**
e A multilinear operator T' € L(Xy,...,Xn;Y) is r-dominated (1 < r
< 00) if there exists a constant C' > 0 and Borel probabilities ;; on B X:
(1 <7 <'m) such that

2 7o < T § et )"

J

for every 2/ € X;. Moreover, in this case we define
0,(T) = inf{C > 0 : C satisfies (2)}.

Consequently, r1-dominated implies ro-dominated for r1 < ro. We denote by
L4(X1,..., X Y) the vector space of all r-dominated m-linear operators
T from X7 x --- x X,,, into Y, which is a quasi-Banach space with the
quasi-norm 6, (7). If » > m, then 6,(7") is a norm.

e We say that an m-linear operator 7' € £(X1,...,Xn;Y) is absolutely
p-summing (1 < p < o0) if there is a constant C' > 0 such that for any n € N
and (2))1<i<n C Xj (1 <j <m), we have

n
@ (XITE.. up) < cH @) 1<izall gy (X5).
i=1
The space of all absolutely p-summing m—hnear mappings from X1 x---xX,,
into Y will be denoted by Lasp(X1,...,Xm;Y), and the infimum of the C
for which (3) always holds defines a norm ||T'[|asp on Lasp(X1,. .., Xm;Y).
elet 1 <p<oo. ThenT € L(X1,...,X;n;Y) is strongly p-summing if
there exists a constant C' > 0 such that for every x{, .. .,m?@ €eX; (1<
< m) we have

- /
@ (Il )
=1 n
< s (Mleteheamp)
=1

PEBL(Xq,...Xm)

Again the class of all strongly p-summing m-linear operators from X x - - -
X X into Y, denoted by Lgas p(Xi1,...,Xm;Y), is a Banach space with the
norm ||7||sasp which is the smallest constant C' such that (4) holds.
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e An m-linear operator T : Xy X --- X Xpp, — Y is fully (or multiple)
p-summing if there is a constant C' > 0 such that for any z7,..., 2} € X;
(1 <j <'m) we have

6 (Y Tk ar)” <cH\| D21l x,)

21, yim=1

We denote the vector space of all such mappings by Leas »(X1, ..., Xm;Y),
and the smallest C satisfying (5) by ||7||fasp- This defines a norm on
Lias p( X1, .o X3 V).

e We say that T' € L(X1,...,X;n;Y) is p-semi-integral (notation: T €
Lsip(X1,..., X5 Y)) if there exists a constant C' > 0 and a regular prob-
ability measure p on the Borel o-algebra of Bxx x -+ X Bx; endowed
with the product of the weak star topologies U(X;‘,Xj), 1 < j < m, such
that

T <o( § ) om™ P om)

BXT XX Bxx

for every x’ € Xj and j = 1,...,m. The infimum of the C' defines a norm
|| - |lsi,p on the space of p-semi-integral mappings.

It is well known [7, Theorem 1] that T" € Ly ,(X1,...,Xm;Y) if and
only if there exists C' > 0 such that

© (STt amp)”
=1 n
<C  sw (Z\gbl(x})...¢m(x;n)|f?)1/p.
i=1

¢‘7€BX]*7]:177m

Since Pietsch’s paper [23], several generalizations of absolutely summing
operators to the multilinear setting have been investigated. The ideal of Co-
hen strongly p-summing multilinear operators was introduced by of Achour—
Mezrag [1]. Dominated mappings were first explored by Geiss [14], Schneider
[26] and Matos [15]. The ideal of strongly p-summing multilinear opera-
tors was introduced by Dimant [I3]. The ideal of multiple summing, also
called fully summing, multilinear mappings was first vaguely sketched by
Ramanujan and Schock [25], and introduced independently by Matos [16]
and Pérez-Garcia and Villanueva [22], and exhaustively explored in recent
years (we mention, for example, [I7, 20]). The semi-integral mappings were
introduced by Alencar—Matos [2].

2. Cohen p-nuclear mappings. We will extend to multilinear opera-
tors the class of p-nuclear operators introduced by Cohen [10] and general-
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ized to Cohen (p, ¢)-nuclear operators by Apiola [3]. We prove directly the
principal result of this section, which is the domination theorem.

For the convenience of the reader we start by recalling the linear case.
A linear operator T between Banach spaces X,Y is Cohen p-nuclear (for
1 < p < o0) if there is a positive constant C' such that for all n € N,
Zi,...,2n, € X and yj,...,y, € Y™ we have

<C swp @ (@)l s

p [1(y7 )i, -
x*EBX* yEBy

n
> T
i=1
The smallest constant C, denoted by n,(7'), such that the above inequal-
ity holds, is called the Cohen p-nuclear norm on the space N,(X,Y) of all
Cohen p-nuclear operators from X into Y, which is a Banach space. For p = 1
and p = oo we have N1(X,Y) = II1(X,Y) and Noo(X,Y) = Do (X, Y) (for
1 <p < oo, Dp(X,Y) is the Banach space of all strongly p-summing linear
operators, see [10]).
We now give our definition.

DEFINITION 2.1. An m-linear operator T : X1 X --- X X;;,, — Y is Cohen
p-nuclear (1 < p < oo) if there is a constant C' > 0 such that for any

i, ...,xh € X; (1 <j<m)and any yi,...,y" € Y*, we have

GED S ACNINEORT
=1

n m J v 1p 1/p * .

<0 swp STTNalatl) " sup 6 )l

Ij*EBX; i=1j=1
1<j<m

Again the class of all Cohen p-nuclear m-linear operators from Xj x - - - x
Xy into Y, which is denoted by Nj" (X1, ..., X;n;Y), is a Banach space with

the norm n;'(T'), which is the smallest constant C' such that (7) holds.

For p = oo, (7) becomes

STt 0, 00) W W)y
=1

m

<c( sw JTllelllx,) sup |
1<i<n yeBy

It is clear that every T' € N"(X1,...,X};Y) is continuous and ||T]| <

ny' (T).

PROPOSITION 2.2.

(a) N{n(Xl,,Xm,Y) = £si,1(X17~-- ,Xm;Y).
(b) N(X1,..., Xm;Y) =D2(X1,..., X3 Y).
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Proof. (a) Let T € N{"(X1,...,Xm;Y). Then

n
DICACERRETORYS
=1

<ap@)( sw Y[ 1) 1) sup (67 ()l

CL’JEBX*iljl yEby
1<]<m

<n(T)( sup NI 1) sup [y -
7

ol €Bxx i=1 j=1
1<]<m

On the other hand, we have

n n
STl = sup {| S (Tl e, )
=1 =1

This implies

n
STt el < aPT) sup 30T ekt
i=1

x]*EBx*i 1j=1
1<]<m

Thus by (6), T" is 1-semi-integral and ||T'||s,1 < n{"(T).
Conversely, let T' be a 1—semi—integral m-linear operator. We have

Do (T o)) < sup | S ITGh )
=1

=1

<||T|six  sup ZH\% 27*) | sup [ly; ||
o7 €Bxx =1 j=1 !
1<3<m

sup i) < 1},
1

<[|Tlsiy sup ZHIJJ 27" Sup I1Cy ()l -

IJ*EBx*i 1j=1
1<]<m
Thus T is a Cohen 1-nuclear m-linear operator and n{*(T") < ||T'||si 1.
(b) is obvious. =

ExAMPLE 2.3. Let K be a compact Hausdorff space, let u be a pos-
itive regular Borel measure on K and let 1 < p < oo. Each g € Ly(u)
defines an m-linear multiplication operator T, € L(™C(K);L(u)) with
T,(fY ..., fM)y=g-ft--- f™. This map is Cohen p-nuclear and n;'(Ty) =

19112, ()-

The next proposition asserts that (N)*(X1,...,Xp;Y),np"(T)) is a

P
normed (Banach) multi-ideal. We omit the proof.
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PROPOSITION 2.4.

(i) Every m-linear mapping of finite type is Cohen p-nuclear, that is,
Le(X1,. o X YV) CNJH( X, oo, X3 YY),

(ii) (Ideal property) If T € Ny*(X1,...,X;m;Y), uj € L(E;, X;), j =
1,...,m, and w € L(Y,Z), then wo T o (uy,...,uy) is Cohen p-
nuclear and

m
ny (woT o (u,...,um)) < [|w|lny' (T) H [|wjl].
j=1

(iii) npy (T™ K™ - K: T (2t . 2™ =2t . 2™) =1 for all m.

This class satisfies a Pietsch domination theorem which is the principal
result of this section. For the proof we will use Ky Fan’s lemma (see [12]
p. 190]).

Ky FAN’S LEMMA. Let E be a Hausdorff topological vector space, and
let C be a compact convex subset of E. Let M be a set of functions on C with
values in (—oo, 00| having the following properties:

(a) each f € M is convex and lower semicontinuous;

(b) if g € conv(M), then there is an f € M with g(x) < f(x) for every
r€C;

(c) there is an v € R such that each f € M has a value not greater
than 7.

Then there is an xo € C such that f(xg) < r for all f € M.

THEOREM 2.5. ForT € L(X1,...,Xm;Y) and 1 < p < oo, the following
conditions are equivalent:

(i) The operator T is Cohen p-nuclear.

ii) No matter how we choose finitely many vectors ,a:% m X,
Y Y 1 J

(1<j<m)andyi,...,y: in Y*, we have
Y UT @, 2, )

<upm (s 3T I ) " sup 1 )l

xj*EBX;f i=1 j=1 yEBy

(i) There exist Radon probability measures pj € C(BX;)* (1<j<m)
and X\ € C(By«)* such that for all (z',...,2™) € X1 X --- X Xy,
and y* € Y™,
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8)  KT('....a™),y")| < CH 12512, (B ey i) V7 2 (B -
Jj=1

Proof. The implication (i)=-(ii) is trivial. The proof is omitted.

The main point of the proof, the implication (ii)=-(iii), follows the ideas
of [I4] and [I]. We consider the sets P(BX;) (1 <35 < m) and P(By=+~)
of probability measures in C(B X;)* and C(By=+)*, respectively. These are
convex sets which are compact when we endow C’(BX;)* and C(By=+)*
with their weak™ topologies. We are going to apply Ky Fan’s lemma with
E = C(BXT>*><'"XC(BX%)*XC(BYH)* and C = P(BXf)X "XP(BX%)X
P(By-).

Consider the set M of all functions f : C — R for which there exist
x{,,xﬁl €eX;(j=1,...,m)and y],...,y; € Y* such that

f(ul?"'?um?A)

= TGk ZH 1t )P dps ()

=1 =1 j= lBX*
—*Z V1w g ) P anw™)
=1 By**
for all (p1,...,4m,A\) € C. It is clear that all such f are continuous and

affine and that the set M is a convex cone and consequently conditions (a)
and (b) of Ky Fan’s lemma are satisfied.
For condition (c), since B x» and By are weak” compact and norming,

there exist for f € M elements xsj € BX*f and yg € By== such that

_— .
ap S TT1 o 0p = [T et
IJEBX*Z‘Ul i=1j=1
l<]<m

and

sSup || yz l” _Z|yz7y0
yEBy

Using the elementary identity
1\ 1 . .
(9) O[ﬁ =inf - — + 7(6/6)1) ) VO(,,B € R )
e0 | p\ € p*
we find by taking

a=( sup ST o) W) 8= sup @)l

I]*EBX*,,: 1j=1 yEBy
1<]<m
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and € = 1 that

FByt o bagm Byo)

:i\(T(x},.. )yz>‘—f< sup ZHW %) ’p>

2" €Bxx i=1 j=1
<]<m
C p*
—];yseull Gz Dl

< ST 40
=1
—c( sup ST o) ) sup 1| )l

IJ*GBx*i 1j=1
1<]<m

where 0, is the Dirac measure at x. The last quantity is less than or equal
to zero (by hypothesis (ii)) and hence condition (c) is satisfied with r = 0.
By Ky Fan’s lemma, there is (u1,..., tm,A) € C with f(p1,..., tm, A) <0
for all f € M. Then, if f is generated by the single elements (z!,...,2™) €
Xy x---x X, and y* € Y,

(T(a ... 2™),y%)|
C .
*H V @l e ) Pdus@) + = | [r ™) P dAy™)
Fix € > 0. Replacing z7 by e /™7, y* by ey* and taking the infimum over

all € > 0 (using the elementary identity (9)), we find

(T(a,...,2™),y)]
m P
C’[l((H [ 1, 279) P dpj(a” ))1/p/e)
b J= 1BXJ*
(e T 1 ) )
p By xx
O S , . /p*
<OTI( 1 1o ans@)) (] 1w sr axw) "
j=1 BXJ’_‘ By sx
Now we prove that (iii) implies (i). Let (z},...,2/") € X1 x -+ x X, and

y¥ € Y*. By (8), we have
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(T (o), yi)] < CH ||$j||Lp(BX*,uJ)||yz 1L By )
7j=1

< Z|<T(x},...,x§”),y5>l
< O (T 1o lep o 9y e )

=1 j=1

for all 1 <+4¢ < mn, and so

‘ i(T z}
i=1

We use Holder’s inequality to obtain

’Z R AN
<c(zmxmp b)) p(i||yz‘uLp*<BW,A>p*)”p*

i=1j5=1

:C(Z S |$1*(x21).._33m*(;pg”)|19d(u1®...®Mm)(l,1*7m’$m*)>l/p

=1 BXik X"'XBX;“,L

n

(X \yi‘(y**)!p*dk(y**)y/p*

i=1 By s
p*
1* m* m
< ( sup E 27 ( (") ) Sup(E i (y )
JCJ*EBX*i 1 yeBy
1<]<m

Therefore T' is Cohen p-nuclear and n;”(T) < C, as we wanted to prove. =

3. Kwapient’s factorization theorem. Comparing condition (iii) of
Theorem 2.5 with condition (b) of [11, Corollary 19.2], it is legitimate to say
that Cohen p-nuclear multilinear operators are a generalization of (p;p*)-
dominated linear operators. Therefore the following theorem can be regarded
as a multilinear version of Kwapien’s factorization theorem.

THEOREM 3.1 (Kwapieri’s Factorization Theorem). Let 1 < p < oo.
Then T € L(Xy,...,Xm;Y) is Cohen p-nuclear if and only if there ex-
ist Banach spaces G1,...,Gy,, absolutely p-summing linear operators u; €
L(X;,G;) and a Cohen strongly p-summing m-linear mapping S € L(Gq, . . .,
Gn;Y) such that T = S(uq, ..., uny) Moreover,

n"(T) = sup {dg(S) [[7o(w): T =50 (us,... ,um)}
j=1
(i.e. Nj =Dy o (I, ..., IT,) isometrically).



96 D. ACHOUR AND A. ALOUANI

Proof. The “if” part follows from a straightforward combination of The-
orem 2.4 with Pietsch’s domination theorem for absolutely p-summing linear
operators.

To prove the “only if” part, take T € N"(X1,...,X;;Y). Then, by
(8), there exist Radon probability measures yi; € C(Bxx)* (1 < j < m)
and A € C(Bys«)* such that for all (z!,...,2™) € X3 x --- X X,;, and
yrevyr,

m
(T (. e,y < C] ”xjHLp(BX;,uj)Hy*HLP*(By**Y)\)-
j=1

Let (z!,...,2™) € X1 x -+ X X,,. Define u?(xj) = (%) € C(BX;) and
consider the diagram

X, XX X T v
ix, X, ST
in(Xl) X o X 1x (Xm>4>G1 Koo X Gm
™ (117---7Im)
N N

where [ : C(BX;) — Lp(p;) is the canonical injection, ix; : X; — C(Kj) is
the natural isometric injection and G is the closure of the space I; oug (X;),
uj(x?) = Ij(u?(a:j)). Since m,(I;) = 1 and Hu?” = 1, it follows that
mp(u;) < 1.
The operator S is defined on w1 (X1) X - - - XU, (Xo), u;(X;) = Ij(u?(xj))
(1<j<m) by
S(ur(xh), ... upm (™)) == T(xt, ... 2™),

and this definition makes sense because
|<S(u1(m‘1), e U (2™), Y|

<o (1) [T s @l ( § 1w w™) P dAw™)
j=1

By**

1/p*

It follows that S is continuous on u1(X7) X -+ X %y, (X,,) and has a unique
extension to w1 (X1) X - - XU (Xpm) = G1 X - - X Gyy; moreover, the inequality
implies that
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157" = sup LS (). (@), ™)1 o)) < 1)
<) § 1wy aw)
By

which means that S* is absolutely p*-summing. From [I8, Theorem 2.7],
S is a Cohen strongly p-summing m-linear operator and dy'(S) = mp«(S™)
< ny'(T). This ends the proof.

EXAMPLE 3.2. The operator T : Iy X Iy — Iy given by T((x})k, (73)r) =

(z}x?)) is 1-nuclear.

Proof. Let
Silaxly—1y,  ((@p)r (T0)k) = (hai)k,

for all (z})k, (¥3)k € l2. Then, for all n € N and all (a:]1 Bks s (azfI p)k € L2
(1<7i<2),y},...,y; € leo, we have

n

DS (@t e (@F0)n), )]

i=1

< Z 19(om @200l ]

sZ(ka\) (irx%

9 1/
)" sup sup 1v7 (w)

i=1 = i yeBy,
SZHII !kl e sup [y; (v)|

1=1 j5=1
SZHII ;1 )kllis Sup 95 (W)l

=1 j=1

Thus S is Cohen strongly 1-summing. On the other hand, the canonical
operator I : [y — Iy (1 <j <2)is l-summing. We conclude by Theorem 3.1
that T = S(Iy, 1) : I3 X I — [y is Cohen 1-nuclear. =

4. Relations between different classes of summability. In this
section we will obtain certain inclusions between different classes investi-
gated in this paper and establish the position of Cohen p-nuclear mappings
with respect to other concepts. As a consequence of our results, we show
that every Cohen p-nuclear (1 < p < oo) m-linear mapping on arbitrary
Banach spaces is weakly compact.

We also need the definition of integral multilinear operators.
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DEFINITION 4.1. [§] We say that T' € L(X1,...,Xm;Y) is integral (no-
tation: T' € Z(X1, ..., Xm; Y)) if there exists a constant C' > 0 such that for

every m € N, and all families (:cj)1<i<n C X; and (y])i<i<n C Y™, we have

n
YTl e <0 sw Hle* e @
N ]* Y*
i=1 EB * —
1<]<m
The infimum of the C' defines a norm || - ||[; on the space of integral

mappings. In the case Y = K this definition was given in [23] (see also [14]).

In [27], the author introduces the ideal of integral multilinear mappings
as those satisfying a certain integral condition. Cilia and Gutiérrez [9] prove
that the various definitions of integral multilinear mappings are equivalent.

THEOREM 4.2 ([7, Theorem 3]).

(1) [,S(Xl,,Xm,Y) C‘Csi,p(le--me;Y)-
(11) £si,p(X17 ce. ,Xm; Y) C[ffas,p(Xla ce ,Xm; Y) Cﬁas,p(Xla . ,Xm; Y)
(111) ‘CSi,p(le ooy X Y) C Esas,p(Xla v Xoms Y)

The following theorem yields inclusions of the class of Cohen p-nuclear
mappings in other classes of multilinear mappings investigated in this pa-
per.

THEOREM 4.3. Let 1 <p < o0, let Xq,...,Xm,Y be Banach spaces and
letT: X1 X+ XX — Y be an m-linear operator.

(1) FTeNS(X1,..., Xy Y) then TEDY (X1, ..., X Y) and dy (T)
< ny'(T).

(i) If T € NJ*(X1,..., Xy, Y) then T € Ly(X1,..., X3 Y) for all
r>p and 6. (T) < ny*(T).

(iii) If 1 <p <2 and T € NJ*(X1,...,Xp;Y), then T is absolutely
q-summing for all q.

Proof. (i) If T is Cohen p-nuclear, then
(T (zh, ..., z™),y")]

m

<@L (S 1 epane) (5 1w aw) "

jil BXAf By**
J
. il o R e | /P
<np () ICswp (@ @D( T 1™y duy™))
j=1 €8x Byes
m . k% ok |p* ok 1/p"
<m0 (5 1™y duty™) ™
j:1 By**

Thus, by (1), T € Dp(X1,. .., Xm;Y) and d(T') < ny*(T).
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(i) If T' is Cohen p-nuclear, then

1Tt ™)

= sup ’<T(3}1,...,$m),y*>’
y*EByx

" /P
<@ [ I st s (§ 10" axw)

J=1 * By
< ny’ HH:U 1L, (Bx;) SUP Iyl
7=1

o) | (LR
j=1

Thus, by (2), T is r-dominated and 6,(T) < ny*(T).
(iii) By (ii), T is 2-dominated (r = 2); hence Proposition 4.3 in [6] shows
that T is absolutely ¢-summing for all ¢. =

THEOREM 4.4. FEwvery integral m-linear operator is Cohen p-nuclear.

Proof. Let T € L(X1,...,X;n;Y). If T is integral, we can use Holder’s
inequality to write

n
DICAEEREEO Ry
=1

<|Tl; sup ( sup
x;GBX;

1<j<m

S at*ad). o™ )]

veBy Loy

*

1
<ITlr_sup (ZW* ™ (a |P) sup (sz

6 X* i=1 yeBy )
1<]<m

Thus T is Cohen p-nuclear. m

COROLLARY 4.5.

(i) I(Xl, - ,Xm;Y) C N;%(Xl, . ,Xm;Y) C ﬁsi,ly(Xl, .. .,Xm;Y) (-
Loasp(X1,..., Xm;Y).
(i) N (X1, Xon3 ¥) C Lagp(X1, -0, X3 V).
(iil) Z(X1, .., X3 Y) and NN (X1, X YV) C Lpas p( X1 -+ o, X3 V).

As a consequence of Proposition 2.2(a) and [7, Remarks 1, 2 and Theo-
rem 4] we have
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REMARK 4.6.

1) The inclusion N{"(X1,..., Xm;Y) C Leas1 (X1, ..., X3 Y) is some-
times strict.

2) The inclusion N{"(X1,..., X3 Y) C Las1 (X1, ..., Xim;Y) is some-
times strict.

3) If X; (1 <j <m) has cotype 2, then we have N{"(X1,..., X Y) =
Eé(Xl, ooy X Y) for every Y.

4) The inclusion N7"(X1,..., Xm;Y) C Las1(X1,..., X, Y) is some-

times strict.

A multilinear mapping 1" between Banach spaces is weakly compact if T
can be written as 7' = v o R where R is a multilinear mapping and w is a
weakly compact linear operator. By Ly (X1, ..., X;n;Y) we denote the closed
subspace of L(X71,...,X;;Y) formed by the weakly compact mappings.

Let X1®y - - - ®xX,n denote the completed projective tensor product of
X1, ..., Xm. Recall that every m-linear operator T' € L(X1,..., X;,;Y) has
an associated linear operator 17, € E(X1<§>,r ... @WXm;Y). For 1 < p < o0,
it is not difficult to prove that 1" is Cohen strongly p-summing if and only
if Ty, is strongly p-summing.

Since strongly p-summing linear operators are weakly compact [10, Cor-
ollary 2.2.5(i)], we conclude by Proposition 3.2(a) in [5] that every T €
Dy (X1, ..., Xm;Y) is weakly compact.

Our main result of this section is the following corollary, which is a
straightforward consequence of Theorem 4.3(i) and [5, Proposition 5.7 and
Remark 5.9].

COROLLARY 4.7.

1) Every Cohen p-nuclear (1 < p < o0o) m-linear mapping on arbitrary
Banach spaces is weakly compact.

2) Let Ky, ..., Ky, be compact Hausdorff spaces. For m-linear mappings
from C(Ky) x --- x C(Ky,) to an arbitrary Banach space, we have

N CITo L C Laasp N Ly,
3) The statement of 1) is not true for p=1.
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