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Abstract. The aim of the paper is two-fold. First, we investigate the 1-Bessel po-
tential spaces on jo_rl and study some of their properties. Secondly, we consider the
fractional powers of an operator of the form

o}
61‘n+1 ’

n+1

—Atr = —(Dy) + (at/,anrl) S RO+ ,

where t(D,) is an operator with real continuous negative definite symbol ¢: R — R. We
define the domain of the operator —(—A+)® and prove that with this domain it generates
an Lp-sub-Markovian semigroup.

0. Introduction. Consider the operator

(01) (A2)" = (0(D2) £ 57

Tn+1

(0%
) ) 0<a<1,x:(x’,xn+1)eRgil,

where 9 (D,) is an operator with a real-valued continuous negative definite
symbol, satisfying some special conditions, and Rgil =R" x [0, 00).

It has been proved that the operator with a real continuous negative
definite symbol is the generator of an L,-sub-Markovian semigroup, and it
is even possible to determine the domain of such an operator in L, in terms
of certain function spaces (see [FJS] and also [J2]). In [JK1] and [Kn2]
these results were extended to some cases when the symbol of the operator
considered is not necessarily real.

The aim of this paper is to show that the operator of the form (0.1)
with a suitable domain is the generator of an L,-sub-Markovian semigroup
in LP(RBLII) and investigate these semigroups, which will depend on the
condition on the boundary x,+1 = 0. We note that this problem was con-
sidered in [Kr] (see also [JK2]) for the situation when the operator can be
decomposed into two parts: one is the one-dimensional fractional deriva-
tive for which the boundary value problem is posed, and the other is some
pseudo-differential operator, which acts “inside” the boundary.
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222 V. KNOPOVA

To handle this problem we first need to determine the domain of (—A4 )<,
0 < a < 1, in terms of appropriate function spaces. In view of [JK1] or [Kn1],
the natural candidates for such domains are the R-Bessel potential spaces
on Rgil, where 8 = Resymb(—A4)“. Note that semigroups generated by
(—AL)* depend on the boundary conditions.

In the first section we collect fundamental results on -Bessel potential
spaces, fractional powers of operators, and subordination in the sense of

Bochner.

In Section 2 we define the 1-Bessel potential spaces of order s on the half-
space Ry, , i.e. H;pybi and H;ﬁb‘:, and investigate some of their properties,
namely we find some dense sets in these spaces, isomorphisms between such
spaces of different order, prove the existence of retractions and coretractions,

as well as interpolation theorems.

In the third section we prove that the operators (—(—A4)®, Hgf(’)%r) and

(—(—Axp)“, f[g? (’)2+) are generators of Ly-sub-Markovian semigroups, and find
explicit representations of these semigroups. Solving this problem, we find,

using the Laplace transform technique, the solutions to the equation

02) O+ (ADF@) =g@), o= (7o) € R,
where f € Hgff)i or ﬁg&, and g € Lp(jofl), with the Dirichlet (zero or

non-zero) and zero Neumann boundary conditions. Then the representations
of the resolvents of (0.2) give us the corresponding semigroups. In [Kn3] we
considered the operator (0.1) with zero Dirichlet boundary condition; now
we will treat a more general situation.

Acknowledgments. The author thanks Prof. Niels Jacob for a lot of
fruitful discussions and Dr. René Schilling for useful remarks.

1. Preliminaries. In this section we summarize the main results from
the theory of semigroups and subordination in the sense of Bochner, and
recall the definition of 1-Bessel potential spaces. We refer to [Y], [J2], and
[FJS].

There is one-to-one correspondence between the Bernstein functions f
and the convolution semigroups (7;):>0 via the Laplace transform, i.e.

(1.1) S e my(ds) = e @),
0
We recall that the convolution semigroup of measures 1 (dz) = o4(x,t)dx

with densities o4 (z,t), t > 0, corresponding to the Bernstein function f(x)
=z is called the one-sided stable semigroup of order c.
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Some properties of the functions o (x,t), t > 0, will be helpful.
(1) The Laplace transform of o,(z,t), x > 0, with respect to ¢ is

T eq (2, 1)
(1.2) S e Mog(x,t)dt = 2222 41> 0,
0 —H
where e/, (x,u) is the derivative of the Mittag-Leffler type function
ea(T, 1), p > 0:
[e.e]
(=) yo*
1.3 = Eo1(—puy®) = —_—t 0.
(1.3) ea(, 1) == Eq1(—py”) E%ka+n, x>

Here E,, 5(2) is the Mittag-Leffler function. For the properties of such
functions see [BE, Vol. 3, §18.1].

(3) The Laplace transform of L‘Z") in x is

/
1
(1.4) Ly, [ea(m,u)} = , Rez>0.
—H pA 2
(4) The Laplace transform of e, (z, 1) in x is
ZCM
(1.5) Ly leq(z, p)] = P Rez > 0.

We will need the notion of the subordinated semigroup. Starting with a
sub-Markovian semigroup (7})¢>0 on a Banach space X, and the convolution
semigroup (7:)¢>0 which corresponds to the Bernstein function f, we can
construct the subordinated semigroup
oo

(1.6) thu = S Tsung(ds), ue€X,
0

which is again sub-Markovian (see [J1]).

Starting with a closed linear operator (A, D(A)) on the Banach space
X we may apply the Hille-Yosida theorem to check if this operator is the
generator of a strongly continuous contraction semigroup. We will quote the
version of the Hille-Yosida theorem given in [J1].

Denote by R(A) the range of the operator A.

THEOREM 1.1 (Hille-Yosida theorem). A closed operator (A, D(A)) on
a Banach space (X, ||-||x) is the generator of a strongly continuous contrac-
tion semigroup (13)¢>0 if and only if the following conditions hold:
(1) D(A) C X is dense;
(2) A is a dissipative operator, i.e. |[(A=A)u||x > A||u|| for allu € D(A)
and some X > 0;
(3) RIA—A) = X for some A > 0.
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Having the generator (A, D(A)) of a strongly continuous contraction
semigroup (7;):>0 on a Banach space X one may construct for 0 < a < 1
the fractional powers of —A:

(1.7) (—A)%u = F(ia) Ogot_a_l(Ttu —u)dt, wue D(A),
0
and -
(1.8) (—A)u = ﬁ | o " Tudt, wex.
0

Formulae (1.7) and (1.8) are called Balakrishnan’s formulae (see [Y] and
[S]).
We recall the definition of 1-Bessel potential spaces on R™. Qur refer-
ences on these spaces are [FJS] and [J2].
Let ¢ : R” — R be a continuous negative definite function with the
representation
(1.9) WO = | (1 cos(y-&)v(dy),
R™\{0}
where the Lévy measure v(dy) is such that SRn\{O}(]y\Q A1) v(dy) < oo.
Further, let A be the generator of an L,-sub-Markovian semigroup (7})¢>o,
associated with 1. For s > 0 define the -Bessel potential space of order s
as
Hy* = H*(R") = (I = A)~(Ly(R™)),
with the norm given by
lall s = I1fllz,  for u= (I —A)~*2f.

The space Hg} * coincides (see [FJS]) with the closure of S(R™), the Schwartz
space on R", with respect to the norm

(1.10) I+ 9 ()0,

The spaces H;f * are defined for a real-valued continuous negative definite
function ; however, in some cases we can define them for complex-valued

functions. Let x(€) = $(€) + ibns1, £ = (€,6n1) € ™1, where ¢ is
real-valued continuous negative definite function with representation (1.9).

Then we can define the y-Bessel potential space HX*' = HX*!(R7H1) as
the closure of the tensor product H;f 2® HI} with respect to the graph norm
of the operator with symbol x(£) (see [Knl] for details). Here H} is the
classical Sobolev space of order 1.

LEMMA 1.2. Suppose that the operators (A, D(A)) and (B, D(B)) with
D(A) C Ly(X,dp1) and D(B) C Ly(Y,du2) can be extended to generators
of strongly continuous contraction semigroups (T1(t))t>0 and (T2(t))t>0 on
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L,(X,dp1) and Ly(Y,dps). Then the closure (C, D(A) ®D(B)”'”C) of the
operator C = A®B = A®Ix+Iy @B with domain D(A)®@D(B) generates a
strongly continuous contraction semigroup (T'(t))i>0 on Ly(X XY, dpi@dus).
The operator (C, D(C)) is sub-Markovian if (A, D(A)) and (B, D(B)) are.

Here || fllc = ||C fllp.x xy =+ fllp.x xy is the graph norm of the operator C'.
The proof of the strong continuity and contractivity of (T'(t))t>0 =
(T1(t) & Ta(t))¢>0 is standard and we omit it (see [Knl] and [Kr]).

2. The ¢-Bessel potential spaces on Rj, . In the previous section we
gave the definition of the 1-Bessel potential spaces on R"™. Now we extend
this definition to the case of half-spaces.

DEFINITION 2.1. Let ¥ be a continuous negative definite function with
representation (1.9). We define

HYS = {f:3g € H*, [ =gleg, }

with the norm

1A+ = flwspr = inf o gllysp,
9€Hy ", f=gley

and
H;f’j ={f: fe€ H;f’s, supp f C Ry, }
with the norm of HY"*.

Similarly we can define the spaces H;fj * and fIg} =,
Though we do not need a more general definition, we point out that in
Definition 2.1 we can replace the space R, by an arbitrary G C R".

We also note that this definition is also applicable to the spaces Hﬁ’zl,
where x+(¢) = ¥(¢) £i&i1, € = (€,&11) € R and the continuous
negative definite function 1) admits representation (1.9).

One may see that

) E— E) ~w’
(2.1) HPw = HY*/H®,  seR.
Knowing dense sets in Hg) *, we can easily find dense sets in H;f ’Os+ and
s
p,0+"
THEOREM 2.2. (a) CP(RE,) = C°(R™)|re, is dense in HYS for all
0 0+ 0 0+ p"‘l‘
s> 0.
(b) C3°(RY) = {f: f € C5°(R™), supp f C Ry, } is dense in ﬁ;;bj for all
s> 0.

For the proof we refer to [Kn2].
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Consider the R-Bessel potential spaces, where 8 = Resymb(—A1)® =
(x+£)* 0 < a < 1. In [Kn2] it was proved that under some conditions
the operators (—A4)® are isomorphisms between ng * and ng 572 These
conditions are:

(A1) (&) = f(p(&)), where f is a Bernstein function, and ¢ is a real
continuous negative definite function such that for all 7, 1 <17 < n,
¢ exists for |&| > 0 and does not depend on &j, i # j (we denote
by g, the derivative of g(&1, ..., &,) with respect to &);

(A2) For £ € R" with || > 0,

sup 5151@%%

ceRn, []>0 ¢

<oo, k=1,...,n.

It follows from the Paley—Wiener theorem that the operator (—A)® is also

an isomorphism between ng o, and ng 63:2.

THEOREM 2.3. Let —co <t < oo and 1 < p < oo. Then

SRE L TRE-2
(=A% Hpy — Hp

isomorphically, where AL is an operator with symbol X 4.

Proof. We proceed similarly to [T2, Theorem 2.10.3|. It was proved in
[Knl] that (—A4)®: ng’t — ng’t_% What we need to know is that if f €
C§e(R™ 1) with supp f C Rgil, then supp (—A1)4f C Rg_tl. For this we
use the Paley—Wiener theorem (see [Y, pp. 226-229]).

Let g € C§°(R) be such that suppg C (—o0,¢) for some € > 0. Then
we derive an estimate for the Fourier-Laplace transform g(z) of g, where
z =&+

—1zx
e

(22) (1 +]2D"5(2)| = ‘ | W(l —(=4)*)Ng(x) du

€ eTn—izé )
_ T AN/2\N ne
for all N € N and some constant Cj .
Consider
F (i1 + () F(€))
= | J el (i, 1+ (€)F(E) déns dE.
R™ —oo

Since the function iz + ¢ (¢’), z € C, has a root zo: Rezp = 0, Im z9 = (&)

~

> 0, we extend (see [T, §3.1]) the function (iz + ¥ (&) f(¢, 2) to the lower
half-plane of C. Consider the rectangle {—k < Rez < k, —N < Imz < 0},
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where k, N > 0. In view of (2.2) for f € C§°(R™"!) with supp f C R" x
(—o0,¢€), we have

(2.3) 1+ (&) + 2D (', 2)] < Cpvee™
for some constant Cf . (uniformly in &', because we can make N large,
and the growth in ¢’ in the denominator will “kill” the growth in £ in the
numerator).

The integrals along {Re z = —k, Im z from —N to 0} and {Rez = k, Im 2
from 0 to —N} tend to 0 as k — oo. Indeed, integrating along {Re z = —k,
Im z from —N to 0} we obtain

S ez’(m’,&’)—ikrn+1—xﬂ'(_ik — T+ Q,Z)(él))a (5/’ —k+ iT) dr

-N
0 2 N \2\a/2
(e—n41)T (k + (w(f) T) )
= G _SNe (+ 0(€) + (2 + k2 17

and the right-hand side tends to 0 as k — oo by the Lebesgue dominated
convergence theorem. For the integral along {Rez = k, Im z from 0 to —N'}
the estimate is similar.

Therefore in view of the Cauchy theorem, we obtain

S ei(x/7§/)+ixn+1z<iz + w(é-/))a A(g) dz
—iN+k ‘ .
— lim S 6%($',§/)+zwn+12(iz + ¢(§’))°‘ (f’, z)dz
R Nk
_ S i@ &) Fiwn 17— Nan i1 (it + N + (&) A(f/, T —iN)dr.

In view of (2.3), for some large IV and a constant Ct . we have
el T Nens (i 4 N 4 p(€)) F(€, 7 — iN)|
Cpavee™Em N (72 4 (N 4+ p)2)o?
=TI+ R NN

and thus by the Lebesgue dominated convergence theorem we get

S ei(x’,ﬁ/)ﬂxn“zuz + (€)™ A(f’, z)dz = 0.

—00

Thus, if f € C§°(R™1) and supp f C R" x (—oo,¢) then
(2.4) FH (i1 +9(E))* F(O)) (@ wns1) = 0,
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and letting e — 0 we obtain (2.4) for f € C§°(R"™!) with supp f € R" x
(00, 0]. By density arguments,

~

supp F (i1 + 9(€))* F(€)) (@, 2nr1) C R x [0,00)
for all f € ﬁg?f .
From Theorem 2.3 we immediately derive, in view of (2.1),
THEOREM 2.4. Let —co <t < oo and 1 < p < oo. Then
Rt R,t—2
(2.5) (=A-)*:H,; — Hy
isomorphically, where A_ is an operator with symbol x _.

Now we want to prove the existence of retractions and coretractions
between the spaces Hg?f (see [T2, §1.2.4]).

Denote by L(A, B) the space of continuous linear operators from A to B,
where A and B are normed vector spaces.

Let A and B be two complex Banach spaces. The operator R € L(A, B)
is called a retraction if there exists an operator S € L(B, A) such that
(2.6) RS =1.

An operator S such that (2.6) holds is called a coretraction corresponding
to R.

THEOREM 2.5. Let 1 < p < oo and s € R. Then for all s there exists a
coretraction from Hgff to HI?’S, and for all s with |s| < 2N there exists a
retraction from Hgt’s to ﬁg?j:

The idea of the proof is the following. We want to construct the retrac-
tion and the coretraction using the known result, proved in [T2, Theorem

2.10.4/2], for the case of Triebel-Lizorkin spaces. We formulate this theorem
for the Bessel potential spaces H, (= F},).

THEOREM 2.6. Let 1 < p < o0 and —oo < s < 00. Define
N+1

Bp() = 1p,20(@) (#(2) = 3 asp(a’s=jzn)), ¢ € CR(R),
j=1

where 1¢, >0y 18 the characteristic function of Ry, 0 < Ay < -+ < Anp1
< 00 and the coefficients a; are such that

ak , N+1 8k ,
ch(az , T = Z a; ng(x ,—AjZn)

x,=0 zn,=0

Then R extends to a continuous retraction R Jrom Hp to fNI;7+, |s| < N,

with coretraction -0
Sf _ { fa In =Y,
0 =z, <0.
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We also refer to Theorem 2.10.3.a in [T2], where it was proved that
Jof = F~ izp + (14 |2/]'/2)° )
is an isomorphic mapping from H° ot tO HI‘; g
Proof of Theorem 2.5. Since (—A+)® : Hg%’s — ng’s_2 is an isomor-
phism (see [JK1]), we can deduce, applying (—A;)*® N times, that
(A )N HEE’QN — L, is an isomorphism, and then, by Theorem 2.3,

that so is (—A;)*N: fIEfN — Ly. Then, using Theorem 2.6 and Theo-
rem 2.10.3.a of [T2] we can construct the diagrams

—AL )N J-1
H}z)ﬂzN (=44) Lp s H;

u -

~ 2N (—At)-an Js  73s
Hpyy Lp+ Hp ¢

and

_ aN
H;p,2N (=44) L, Js s

g

— -1
~p 2N (mAL)™E Js ' i
Hp7+ Lp7+ Hp7+

and without loss of generality we can put s = 2N in the definition of J;.
Since here all operators are isomorphisms, it follows that

So = (—A4) NN S Jon (=AY

. . ~RON 2N
is a coretraction from Hgf ’ to ng ’

tion Ry = (—A;) NIy R Jon(—AL)*N. The same is true for }NIEIQN
and H, ®=2N Then, by applying Theorem 1.2.4 of [T2], we conclude that

RSy = I, that is, So and Ry are a coretraction and retraction for the
spaces Hg)?Jr and H§Rs |s|] <2N. =

which corresponds to the retrac-

Analogously, we obtain

THEOREM 2.7. For all —oo < s < 00 and 1 < p < 0o, and o satisfying
conditions (A1) and (A2), the restriction from ng’s to H;ff is a retraction
and for all N there exists a coretraction which does not depend on p and s,

|s|] < N.

Proof. The proof is a modification of the proof of Theorem 2.5 by taking
the coretraction S1 given by

[ Tp >0,
Suf = { ZN_H ajf(x'; —Njzn), zn <0,
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instead of S; 51 corresponds to the retraction Ri, restriction to the half-
space Ry, . Next, we apply the operators I, f = FY A+ |€2)Y2 —ig,)5 f)
and (—A_)T® to construct the desired retraction and coretraction between

R,s R,s
Hp’Jr and H, ™. =

The interpolation theorem for the spaces I;'g 51 follows immediately from
Theorem 1.17.1/1 of [T2]:

THEOREM 2.8. Let 1 < pg,p1 < 00, —o0 < 8§p,51 < 00, 0 < 0 < 1,
1/p=(1-0)/po+0/p1, and s = (1 — 0)sg + 0s1. Then

R,50 77R,s1 s
[Hpo,+7 Hp1,+]9 - Hp,+‘

REMARK 2.9. Since ngf = Hgt’S/Hg?f, for the same parameters we
have

R,s0 R,s1 _ N,s
[HP0,+’ Hp1,+]9 - Hp,+'

This follows from Theorem 1.17.2 in [T2].

3. Semigroups generated by (—(—A4)* D((—A+)%). Now we are
ready to formulate our main results. We start with the case a = 1, i.e. we
want to prove that (—Ax, D(A4)) with symb(AL) = x+ = (&) + &y,
£ = (¢,&,11) € R are generators of L,-sub-Markovian semigroups on
Lp(Rgil). First we note that we can define the operators —A.4 on the tensor
product of H;f’2 and H;’Jr (or IA—IZ;,JF), and the closure of H;m ® le,-i- (resp.
H;f 2 ® IA—IZ; ) with respect to the graph norm of A gives us the domains
of A4+. We show this in detail in the proof below.

In the following we assume that

(3.1) BE) = U+ PR, ¢ ey,
for some 6, 0 < 6 < 2.
THEOREM 3.1. The operators (—A, H;,ffl) and (—A+,flg’z’1) are gen-

erators of Ly,-sub-Markovian semigroups (Tt(l))tzo and (1}(2)),520 respectively.
Moreover,

f@ =y 2 —OWi(Y') dy
32)  TVf@) = | (;)n/Q ! U irot (@)
Rn
h(z' =y Wa, () dy
| L ST
R’ﬂ

and

33)  TPf@) =

RTL

J@' =y 2y —OW(Y) dy
(271.)71/2 1{$n+12t} (Jf),
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where Wy = F~1(e V€Y exists as a function, 1 satisfies (A1), (A2) and
(3.1), h € trgn H;f’_z’l (the trace space of H;f’f’l on R™), and f(z',xp11) =0
for xpi1 <0 in (3.3).

REMARK 3.2. It is possible to find the trace spaces for the operators we
consider, but we will not do it now, because it requires the study of spaces of
generalized smoothness, which is not the aim of this paper. Now for us it is
important that the trace exists; for this we suppose below that 1/p < a < 1.

Proof. That (—A+,}~I;f’z’1) is the generator of the L,-sub-Markovian
semigroup (3.3) was proved in [Kn3]. Now we will prove the second part
of the theorem.

First we show that Hg’i’l and f[gfl are domains of A, i.e.

lI-lla

H?oH! " =H' and HY?®H.,

Indeed,

_ X321
= Hp,+ .

HY?@H)  ={f:f€H®H]., suppfC Ry

gives the second equality; the first is proved analogously.

By Lemma 1.2 the operators (—A, H;ffl) and (—A+,H;)ff’1) are gen-
erators of Ly-sub-Markovian semigroups. To find these semigroups, we con-
sider the equation

A+ AN f(z)=g(z), g€ LRy, zeRH,

3.4
(3:4) Af(@',0) = h(z'), h€ trgn HXP

Denote by g(&,n) the function Ly, —pFp—e(9(2’, n41)), where Ly, .y
is the Laplace transform, Fj/_,¢ the Fourier transform, and set g(¢’,0) =
Foe(g(2',0)) and g(&', 2ni1) = For—g (9(2, 2n41)).

Taking the Fourier transform F,/_,¢ of the left-hand side of (3.4),

Fx/—>§’((>‘ + A-i-)f)(gla xn-i—l)

N N 9 -~
= M(&, wp) +V(E)F(E, 2ng1) + mf(5/,$n+1),

and then the Laplace transform L, .y,

~ ~

Layy 1 —nFo—g (A + AL) ) anin) = A+ 0(E) + 1) f(6m) — f(£,0),
we finally derive that

~

2oy 9&n) + F(E0)
(&2) SN TR

is the Ly, | —nFp_¢-transform of the solution to (3.4); with some boundary
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conditions. Consider the operator

1 g(@" =y xnp1 — OV(Y') dy’
Tt( )g(gj) = S (;W)n/Q 1{zn+12t}(x)
Rn
h(z" =y )W, ., () dy’
S (27T)n/;1 Lz i<ty (),

Rn
where g € LP(RS:_FI) and h € trgn H;f’_f’l. It is bounded in LP(Rgil). Indeed,
since Wi(y') = F~ (e ?(€)) is an L,-multiplier, we have Tt(l)g(-,xnﬂ) €
L,(R") for g € Lp(Rgil). Further, the first term in the representation of

Tt(l)g(:v’, -) belongs to L,(Ro4 ) since g(2’, -) does, and the second is bounded
and with finite support with respect to 1.

Let S(RyT) = S(R"+1)|Rgi1, where S(R"*1) is the Schwartz space. If
we show that for g € S (Rgil) and h € S(R™) the resolvent
oo
Ryg = S e_’\tTt(l)g(:U) dt
0
solves (3.4), then by density of S(]Rgil) in Lp(]Rgil) we deduce that (Tt(l))tzo
defined on Lp(Rgil) is a semigroup generated by —A. .
Rewrite Tt(l)g(:z:) as

TV g(z) = (2m) 72 | @O EN G 2y — )1 )(D)
R’n

+ RE ) sy o) (1)} dE.

We want to check if the Laplace transform of the semigroup (Tt(l))tzo gives
us the solution to (3.4).

Applying the Fubini theorem to Ly, —pFo—¢ Ly (Tt(l)g) we get
1
LtﬂAan%‘l_)an,HS/ (Tt( )g)

—i(&x") [ — W (¢
e g\xr Y,Tn y
= Lt—aLiy i1 [1[t,oo)($n+1) S S ( (2m)" +1 —OWily) dy’ da;’]
R™ R™
DY NOALVY ( /)
€ =Y )Wania Y
t Lt—aLayyi—n [1[0,t)($n+1) S S ( (271.)”) = dy' dm']

R" R7
= Lt—>>\Ll‘n+1—>77 [Z]\(f/, Tp+1l — t)e*t’lb(él)l[t’oo) (xn-i-l)
+ Ljo) (@ng1 ) (€ )e ™1V (E)]
— ?]\(5/7 77) n ﬁ(&/)
A+9(E)+n " AA+9(E) +n)
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Thus for Af(2’,0) = h(x’) we have

~

@ g&n) f(£,0)
LiorLayiy—nFo—e (T g) = AYPE)+n  A+¢PE)+n’

which equals (3.5).

Therefore, the Laplace transform of Tt(l) g indeed gives the solution to
(3.4). Since there is one-to-one correspondence between the images and pre-
images of the Fourier-Laplace transform, we conclude that the operators

(Tt(l))tzo form a strongly continuous contraction semigroup with generator
(=Ay, HX*"), which proves (3.2).
Evidently, (3.3) can be obtained from (3.2) by putting h(z’) = 0. =

REMARK 3.3. The semigroup generated by (—Ay, Hf,"z‘l) can be differ-
ent, if we impose different boundary conditions in (3.4). If we take

/ —
8l'n+]_ f(ﬂj 70) - 0’

then the semigroup generated by (—A, H;,"M) is the following;:

, g(@' =y xny1 — WY dy’
@0 1) = | BERAT I
Rn
9@’ =y, 0)Wi(y') dy’
+ S (272 Loty (Zn+1)-
Rn

Analogously, we have
THEOREM 3.4. The operator (—A_,H;f’_a’l) is the generator of the Ly-
sub-Markovian semigroup (7}(3)),520 given by

fl@" =y xpp +OOV(Y) dy
(27T)n/2 :

(3.7) 19 f(z) = |

Rn

Now let us consider the fractional power of —A;, (—A4)%, 0 < a < 1.
First consider functions from D; = ﬁgfl and Dy = H;"fl. From [J1,
Theorem 4.3.7] the domain of the generator A, of a strongly continuous
contraction semigroup is dense in D((—A4)%), and D(A4) is a core for
(—A4)%, 0 < a < 1. Then

Dy =D — (4l < oo, supp £ © REF) = A

and analogously 5!.”(%*)& = H;ff. For the operator —(—A_)* with
symb(A_) = x_, the situation is similar.
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To solve the boundary-value problem for the operator (—A+)®, we need
the existence of the trace f(-,zp41) if f € D((—A+)?®). Since

W) + E2,1)°% > Ye(E) ‘; ’§n+1|a7

by the Lizorkin multiplier theorem (see [Liz]) we obtain
Hy? — HY"(Rm) @ H (Roy),

where the closure is taken with respect to the graph norm of the operator
Y(Dyp )+ (— Ay, ., ). Thus, since the trace in the space Hp(Roy) exists for

1/p < a < 1, for such « the trace will exist in the space Hg?f. Analogously,

for 1/p < a < 1 the trace exists in the space ﬁg?f and is equal to zero.

THEOREM 3.5. For1<p<oo and1/p<a <1 the operators (—(—A4)%,
H)?) and (—(—A_)*, H)7Y) with symb(—Ax) = x+(€) = $(€') £ i€nr1,
where 1) satisfies (A1), (A2) and (3.1), are the generators of Ly-sub-Marko-

vian semigroups (Tt(4))t20 and (Tt(5))t20 given by

Tn+1
(3.8) Tt(4)g(:c) = (2m) /2 S S 9@ =y xpi1 — s)Ws(y)oa(s, t) dsdy,
R™ 0
(3.9) Tt(5)g($) = (27T)_n/2 S S g(x/ - yla Tnt1 + S)Ws(y/)aa(sv t)ds dy/-
R™ 0

The statement about the operator (—(—A4)%, H, g? f) was proved in [Kn3|
by a straightforward application of the Hille-Yosida theorem (see also [Kn1]);
the second statement can be proved in a similar way. We only note that since
the operator (—A_)% 0 < a < 1, is an isomorphism between Hg?f and

LP(RS;I), the boundary condition with which (—A_)® generates (3.9) is

1 9@ =y, Oy
/ 0 - )
f(x ) ) F(a) §) Hén (27{')n/2t1_a
In Theorem 3.1 and Remark 3.3 we showed that (Tt(l))tzo and (Tt(ll))tzg

are strongly continuous contraction semigroups generated by (—A, H;fil)
with different boundary conditions. By Bochner subordination, the candi-
dates for the semigroups generated by (—(—A4)%, H;f f) are the semigroups
obtained by subordination with the Bernstein function f(x) = =%, = > 0,
O<a<l:

dy’ dt.

Tn+1
(3.10) Tt(G)g(ac) = (2m)7"/? S S 9@ =y w1 — s)Ws(y)oa(s, t) dy' ds
0 R»

+ (2m) /2 S S h(z" — ' Wa i (V)oa(s, t) dy' ds,

Tp4+1 R™
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which is obtained by subordination with f(x) from (Tt(l))tzo, and

Tn+1
311) T @) = @02 | {9’ =y 201 — HWa(y)oals,t) dy ds
0 Rm»
+ (2m)"/? S S g(@" — o, 00Ws (v )ou(s, t) dy ds,
Tp4+1 R™

which is obtained by subordination with f(z) from (Tt(ll))tzo. These semi-
groups are again (by [J1, Theorem 4.3.1]) strongly continuous and contract-
ing. A straightforward application of the Hille-Yosida theorem gives

THEOREM 3.6. Forl < p < oo and1/p<a <1, the operator (—(—A4)?,
H;ff) with symb(—A4) = x4+(&) = (&) + i&nt1, where ¥ satisfies (Al),
(A2) and (3.1), is the generator of the Ly,-sub-Markovian semigroups (3.11)
and (3.12), depending on the boundary conditions.

The strongly continuous contraction semigroup (Tt(G))tZO corresponds to
the boundary condition Af(z’,0) = h(z’), which can be shown by applying
the Laplace transform to Tt(ﬁ) f(x).

Let us show that

8 !
o fﬂ (@/,0)=0 for f(z) = Li_\T;"g(x).
We have
F(x) = LiAT " g(a)
Tnt1 ’ ’ AWN;
- n - S « 7)\
_ S S g(ﬂf Y, Tn+1 S)T)Z//VQ (y )6 (8 ) dy/ ds
o —\(27)
Tt 9@ =y OWs()el(Tni1,N)
+ S S s dy' ds.
o —A(2m)"/
Differentiating with respect to x,11, we get
9 it gleg(a =y — S)We(y)eh (s, )
fay="§ § o : s,
8xn+1 _)\(27r>n/2

0 Rn

which tends to zero a.e. if x, 11 — O:

10 —
T f(2,0) =0 ae.

Thus, the operator (—(—A4)%, H gf f) with the zero Neumann boundary con-

dition generates the semigroup (Tt(6/))t20.
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