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ON THE TRIVIAL EXTENSIONS OF TUBULAR ALGEBRAS

BY

JERZY BIALKOWSKI (Torun)

Abstract. The aim of this note is to give an affirmative answer to a problem raised in
[9] by J. Nehring and A. Skowroniski, concerning the number of nonstable P; (K)-families
of quasi-tubes in the Auslander—Reiten quivers of the trivial extensions of tubular algebras
over algebraically closed fields K.

1. Introduction. Throughout, by an algebra we mean a basic con-
nected, finite-dimensional associative K-algebra with an identity over a
(fixed) algebraically closed field K. Any such algebra A can be written as a
bound quiver algebra, that is, A =2 KQ/I, where Q = @ 4 is the Gabriel quiver
of A and [ is an admissible ideal in the path algebra K@ of ). An algebra
A is called symmetric if there is a nondegenerate symmetric K-bilinear form
(—,—): A x A — K which is associative in the sense that (ab,c) = (a,bc)
for all a,b,c € A. An important class of symmetric algebras is formed by the
trivial extensions T(B) of algebras B by their minimal injective cogenera-
tors D(B) = Homg (B, K). Recall that T(B) is the algebra whose K-linear
structure is that of the K-vector space B @ D(B), and whose multiplication
is given by

(a, £)(b,g) = (ab,ag + fb)

for a,b € B and f,g € pD(B)g. We note that the Grothendieck groups
Ky(B) and Ky(T(B)) are isomorphic. Recall also that, for a symmetric al-
gebra A, the Auslander-Reiten operator D Tr coincides with the square 22
of Heller’s syzygy operator (2, and hence the D Tr-periodicity of modules
coincides with their (2-periodicity. Recently, the class of tame symmetric
algebras with all nonprojective indecomposable finite-dimensional modules
(2-periodic has been classified by K. Erdmann and A. Skowronski [4]. In
particular, it is shown in [4] that the class of tame symmetric algebras
with singular Cartan matrices and all nonprojective indecomposable finite-
dimensional modules {2-periodic coincides with the class of trivial extensions
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T(B) of tubular algebras B (in the sense of C. M. Ringel [11]). The represen-
tation theory of trivial extensions of tubular algebras has been established by
J. Nehring and A. Skowroniski in [9]. Moreover, it has been proved by Z. Po-
gorzaly and A. Skowronski [10] that the class of trivial extensions of tubu-
lar algebras is closed under the stable (respectively, derived) equivalences of
module categories. We know from [9] that the Auslander—Reiten quiver I'p(p)
of the trivial extension T(B) of a tubular algebra B is of the form

* Viear— Ta VqG@‘f % %
T T

qEQl 7

where, for each ¢ € {0,1,...,7 — 1}, 7; is a nonstable P;(K)-family of
quasi-tubes (in the sense of [13]), and for each ¢ € QZH =Qn(p,p+1),
0<p<r—1,7;is a P;(K)-family of stable tubes. Moreover, the number
r = r(T(B)) of nonstable IP; (K )-families of quasi-tubes in I'r(p is at least 3
and at most the rank rk Ky(B) of the Grothendieck group Ky(B) of B. Re-
call also that the tubular algebras are tubular extensions (equivalently, tubu-
lar coextensions) of tame concealed algebras [6] of tubular types (2,2,2,2),
(3,3,3), (2,4,4), (2,3,6), and their Grothendieck groups have respectively
ranks 6,8, 9,10 [11, Section 5]. Further, it has been proved by D. Happel and
C.M. Ringel in [5] that »(T(C)) = 3 for canonical tubular algebras C. In
[9, Section 5] J. Nehring and A. Skowrorniski asked if there are tubular alge-
bras B (necessarily of tubular type (2,3,6)) with (T(B)) = 10. The aim of
this note is to give an affirmative answer to this problem. In fact, the main
result of this note gives a complete answer to the following more general
problem: when for a tubular algebra B do we have r(T(B)) = rk Ko (B)?

For basic background on the representation theory of algebras considered
here we refer to [1], [11], [14], and on selfinjective algebras of tubular type
to [2], [8], [9], [12].
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2. The main result. Let B be an algebra and e, ..., e, be a complete
set of primitive orthogonal idempotents of B such that 1 = e; 4+ -+ + e,.
Denote by @ p the (Gabriel) quiver of B with the set of vertices {1,...,n}
corresponding to the set e1, ..., e,. For each vertex i € Qp, denote by Pp(1)
the indecomposable projective B-module e;B and by I5(i) the indecompos-
able injective B-module D(Be;). Then, for a sink i € Q g, the reflection S;" B
of B at i is the quotient of the one-point extension B[I5(i)] by the two-sided
ideal generated by e;. The quiver a;r Qp of Sj B is called the reflection of
Qp at i. Observe that the sink 7 of (Jp is replaced in O';r @B by a source 7’.
Moreover, we have

T(B) = T(S; B).
A reflection sequence of sinks is a sequence i1, ...,i; of vertices of Qp such
that i, is a sink of 0} -+ 07 Qp for 1 < s <t (see [7, (2.8)]).

In order to state the main result, consider the following family of bound
quiver algebras B; = KQ® /I 1 < i < 10 (where the dashed line means
that the sum of the parallel paths indicated by this line is a generator of the
ideal 1():
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The following theorem is the main result of this note
THEOREM 2.1. Let B be a tubular algebra and n be the rank of Ky(B)
Then r(T(B)) = n if and only if B is isomorphic to an algebra of the form
S;t“ - S B; for some j with 1 < j < 10 and a reflection sequence of sinks
. . 7it Of QBj = Q(])
We point out that the iterated reflections S’i': S’: Bj, 2 < j < 10,
1 <t <10, are tubular algebras of type (2,3,6) and give all solutions to the

prgble;n raised by J. Nehring and A. Skowroriski.
We also obtain the following consequences of Theorem 2.1 and its proof

COROLLARY 2.2. The trivial extensions T(Bj), 1 < j < 10, form a
complete family of pairwise nonisomorphic trivial extensions T(B) of tubular

algebras B with r(T(B)) = rk Ko(B).
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COROLLARY 2.3. Let B be a tubular algebra such that r(T(B)) =
rk Ko(B). Then B is a tubular extension of a tame concealed algebra of
FEuclidean type Eg, Ev, or Es.

In the proof of Theorem 2.1 a crucial role is played by the following result,
proved in [9, Section 4], describing the relationship between tubular algebras
with isomorphic trivial extension algebras.

THEOREM 2.4. Let B be a tubular algebra and n be the rank of Ky(B).

There is a sequence of natural numbers 1 < t; < --- < t, = n with
r > 3, uniquely determined by B, and a reflection sequence of sinks iy, ..., i,
Uyl - o5 Ut 1y Uty 41, -+ -5 0t 0 QB such that:

(a) S ---SiB=B.
(b) S;trj ---S;;B, 1 < j <, are tubular algebras of the same tubular type
as B.
(¢c) Every tubular algebra D with T(D) = T(B) is isomorphic to S;;
S;’I'Bforsomelgjgr.
Moreover, we have r = r(T(B)).

Therefore, in the notation of Theorem 2.4, we have r(T(B)) = n =
rk Ko(B) if and only if there is a reflection sequence of sinks i1, ..., i, such
that SZ-J; e S;; B, 1 < j < n, are tubular algebras. We will show that the
algebras Bj, ..., By (listed above) are tubular algebras having this property.
We will rely heavily on the Bongartz—Happel-Vossieck classification [3], [6]
of tame concealed algebras by quivers and relations.

(1) The algebra Bj is a tubular algebra of type (3, 3, 3) which is a tubular
extension of the concealed algebra of type IEG given by the vertices 1 to 7.
Then Sf B is of the form

and hence is a tubular algebra of type (3,3, 3) which is a tubular extension

of the concealed algebra of type Eg given by the vertices 2 to 8. Moreover, we
have S By = B{® and S5 S{" By = B (see [12, Example 3.4]). In particular,



264 J. BIALKOWSKI

the algebras S;T e SfBl, 1 < j < 8, are tubular algebras of type (3,3,3),

and tubular extensions of concealed algebras of type IEG.
(2) The algebra Bs is a tubular algebra of type (2, 3,6) which is a tubular

extension of the concealed algebra of type E7 given by all the vertices of ),
except 4 and 10. Then Sf By is of the form

/\
/\/\
\/\/

and hence is a tubular algebra of type (2, 3,6) which is a tubular extension of
the concealed algebra of type E7 given by all the vertices of 0] Qp, = Q St By

except 1’ and 6. Observe also that S;” By = ByP. The algebra Sy S]" By is of
the form

2 —=38

/\/
/\/\
\/

and hence is a tubular algebra of type (2,3, 6) which is a tubular extension
of the concealed algebra of type E; given by all the vertices of 05 0 Qp, =
Q StS+B, except 2’ and 8. The algebra S; S; Sf B> is of the form

//'x 2
/ N, A

and hence is a tubular algebra of type (2, 3, 6) which is a tubular extension of
the concealed algebra of type Esg given by all the vertices of 03 oo Qp, =
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Q Sf 58 B, eXcept 3. The algebra S --- S} By is of the form

-3

NN
SN

and hence is a tubular algebra of type (2, 3, 6) which is a tubular extension of

the concealed algebra of type Eg given by all the vertices of o - -0 Qp, =
QSZMSTBZ except 4’. The algebra ng e ST_BQ is of the form

5/

Y

_~ 3

N

/\/\
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and hence is a tubular algebra of type (2, 3,6) which is a tubular extension of
the concealed algebra of type [Eg given by all the vertices of a; ‘e af @B, =
QS;WS;,BQ except 5. The algebra S¢ --- S} By is of the form

5/

\
\
\

and hence is a tubular algebra of type (2,3,6) which is a tubular extension of
the concealed algebra of type Eg given by all the vertices of O'ér cofQp, =
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Q S5t B, €XCEPt 6'. The algebra S5 --- S By is of the form

2N
D NWAN
O\

and hence is a tubular algebra of type (2, 3, 6) which is a tubular extension of
the concealed algebra of type Eg given by all the vertices of J;r 07 Qp, =
QS7+~~SI+B2 except 7'. The algebra S; e SfBg is of the form

\/\/
\/\

and hence is a tubular algebra of type (2, 3, 6) which is a tubular extension of
the concealed algebra of type Eg given by all the vertices of O';_ 07 Qp, =
Q St S+ By except 8. The algebra Sy --- S, By is of the form

/\
\/\/
\/\

10<—4'

and hence is a tubular algebra of type (2,3,6) which is a tubular extension of
the concealed algebra of type Eg given by all the vertices of O'gr cofQp, =
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QS;MSTBZ except 9. Finally, S}, - S] B2 is of the form

/\/\
\/\/
\/

and hence is isomorphic to Bs.

Similarly, one proves that:

(3) Bsand S;" - S B for i € {4, 7} are tubular algebras of type (2,3, 6)
which are tubular extensions of concealed algebras of tubular type IE7, while
St SFBs for i € {1,2,3,5,6,8,9} are tubular algebrasNOf type (2,3,6)
which are tubular extensions of concealed algebras of type Es.

(4) St---S{ By for i € {1,4,7} are tubular algebras of type (2,3,6)
which are tubular extensions of concealed algebras of type IE7, while B4 and
S SFByforie {2,3,5,6,8,9} are tubular algebras of type (2, 3, 6) which
are tubular extensions of concealed algebras of type I~E8. Moreover By = B3P.

(5) Bs and S7 --- S Bs are tubular algebras of type (2,3,6) which are
tubular extensions of concealed algebras of type E7, while S}t -+ - S Bs fori €
{1,...,9} are tubular algebras of type (2, 3,6) which are tubular extensions
of concealed algebras of type Es.

(6) S;"---S{ Bg, for i € {1,4}, are tubular algebras of type (2,3,6)
which are tubular extensions of concealed algebras of type ]E7, while Bg and
S ... S Bg for i € {2,3,5,6,7,8,9} are tubular algebras of~type (2,3,6)
which are tubular extensions of concealed algebras of type Eg. Moreover
Bs = By”.

(7) Bz is a tubular algebra of type (2,3, 6) which is a tubular extension
of a concealed algebra of type E7, while St.. 8By fori e {1,...,9} are
tubular algebras of type (2,3,6) which are tubular extensions of concealed
algebras of type Eg.

(8) S Bg is a tubular algebra of type (2,3, 6) which is a tubular extension
of a concealed algebra of type I~E7, while Bg and S;" - - S B fori € {2,...,9}
are tubular algebras of type (2, 3, 6) which are tubular extensions of concealed
algebras of type Es. Moreover By 2 BP.

(9) By and S ---S{ By for i € {1,...,9} are tubular algebras of type
(2,3,6) which are tubular extensions of concealed algebras of type Es.
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(10) Byo and Sj - S By for i € {1,...,9} are tubular algebras of

type (2,3,6) which are tubular extensions of concealed algebras of type Eg.
Moreover By 2 BgP.

This finishes the proof of the sufficiency part of Theorem 2.1. The
necessity for tubular algebras of type (2,2,2,2) follows from [12, (3.3)].
For tubular algebras of types (3,3,3), (2,4,4) and (2,3,6) this is done
(see also [2, (5.1), (6.1)]) with the help of computer programs calcula-
ting:

e the lists of all tubular algebras of type (3,3,3), (2,4,4) and (2,3,6),
using the Bongartz-Happel-Vossieck list [3], [6] of tame concealed al-
gebras,

e the reflection equivalence classes of tubular algebras of types (3,3, 3),
(2,4,4) and (2,3, 6).

For details concerning these calculations we refer to the author’s home page
(http: //www.mat.uni.torun.pl/~jb/en/research/tubular/).
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