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THE HEYDE THEOREM ON a-ADIC SOLENOIDS

MARGARYTA MYRONYUK (Kharkov)

Abstract. We prove the following analogue of the Heyde theorem for a-adic solenoids.
Let &1, & be independent random variables with values in an a-adic solenoid X, and
with distributions g1, pe. Let «j,5; be topological automorphisms of X, such that
Bragt £ Baay ! are topological automorphisms of X, too. Assuming that the conditional
distribution of the linear form Lo = $1&1 4 B2€2 given L1 = a1&1 + a2s is symmetric, we
describe the possible distributions 1, po.

1. Introduction. Many studies have been devoted to characterizing
Gaussian distributions on the real line. Specifically, in 1970 Heyde proved
the following theorem, which characterizes a Gaussian distribution by the
symmetry of the conditional distribution of one linear form given another.

THE HEYDE THEOREM (Heyde [12]; see also [13], Section 13.4.1]). Let
£1,.-,&n, n > 2, be independent random variables, and oj, 3; be nonzero
constants such that Bz-ai_l + Bjocj_l =% 0 whenever i # j. If the conditional
distribution of the linear form Lo = [1&1 + -+ + Bnén given L1 = o1& +
-+ any is symmetric then all the random variables &; are Gaussian.

In recent years, a great deal of attention has been devoted to generalizing
the classical characterization theorems to random variables with values in
locally compact Abelian groups (see e.g. [1]-[4], [6]-[8], [14], [15]; see also
[5] and references therein). The articles [2]-[4], [14], [15] (see also [5, Chap-
ter VI]) were devoted to finding group-theoretic analogues of the Heyde
theorem. This article continues this research.

Let X be a second countable locally compact Abelian group, and Aut(X)
be the group of topological automorphisms of X. Let {;, j = 1,...,n,n > 2,
be independent random variables with values in X and with distributions ;.
Let o, B; € Aut(X) be such that ;a; ! iﬁjaj_l € Aut(X) whenever i # j.
Define the linear forms Ly = a1&1 4+ - -+ + apé, and Lo = 1€+ -+ - + Bnén.

We formulate the following problem.
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PROBLEM 1. Assuming that the conditional distribution of Lo given Ly
is symmetric, describe the possible distributions ;.

Problem 1 was solved for finite Abelian groups in [2], [14] and then for
countable discrete Abelian groups in [4], [I5]. Problem 1 for a-adic solenoids
was formulated in the book [5].

a-adic solenoids are important examples of connected Abelian groups.
We note that if X is a connected Abelian group of dimension one then X is
topologically isomorphic to either the real line R, or the circle group T, or an
a-adic solenoid. Problem 1 was solved for X = R by Heyde. For X = T the
problem is vacuous because there are no topological automorphisms «;, 3;
such that B;a; ' + ﬂjaj_l € Aut(X) whenever i # j.

In this article we solve Problem 1 for a-adic solenoids (Theorem 3.1). It
turns out that the answer depends on the topological automorphisms a;, 3;.
Note that it follows from [3] (see also [5, §16.2]) that under the condition
that the characteristic functions of the distributions p; do not vanish, the
symmetry of the conditional distribution of Lo given L; implies that the p;
are all Gaussian.

2. Notation and definitions. Let X be a locally compact Abelian
group, Y = X* be its character group, and (z,y) be the value of a character
y €Y at an element z € X. Let K be a subgroup of X. Denote by

AY,K)={yeY :(z,y)=1foralz € K}

the annihilator of K. If § : X — X is a continuous endomorphism, then
the adjoint endomorphism § : Y — Y is defined by (z,dy) = (dz,y) for all
z € X, y € Y. We note that d € Aut(X) if and only if & € Aut(Y). For each
integer n #£ 0, let f,, : X — X be the endomorphism

fnx = nx.

Set
XMW = fo(X), X = Ker fo.

It is clear that the adjoint endomorphism ﬁz :Y — Y is the mapping f;y =
ny, i.e. f = fn. Denote by R the additive group of real numbers, by Z
the additive group of integers, by Q the additive group of rational numbers
with the discrete topology, and by Z(n) the finite cyclic group of order n.
For a fixed prime p denote by Z(p>) the set of rational numbers of the form
{k/p":k=0,1,...,p" —1,n=0,1,...} equipped with addition modulo 1.
Then Z(p) is an Abelian group, which we endow with the discrete topology.
Denote by Aut(X) the group of topological automorphisms of the group X.

Put a = (ag,a1,...), where all a; € Z, aj > 1. First we recall the defi-
nition of the group A, of a-adic integers [10], (10.2)]. As a set Ag coincides
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with the Cartesian product Py {0,1,...,a, — 1}. For x = (20, 21,...),
y = (Y0,Y1,...) € Aq let z = x +y be defined as follows. Let z¢ + yo =
toap + zo, where zg € {0,1,...,a9 — 1}, to € {0,1}. Assume that the num-
bers zg, 21, ..., 2 and tg,%1,...,t; have already been determined. Then set
Tpt1 + Y+l + te = thr1ap+1 + 211, where zgy1 € {0,1,...,ap11 — 1} and
tp+1 € {0,1}. This defines by induction a sequence z = (29, 21, 22,...). The
set A, with addition defined as above is an Abelian group, whose neutral
element is the identically zero sequence. Endow A, with the product topol-
ogy. The resulting group is called the a-adic integers. If all of the integers
a; are equal to some fixed prime number p, we write A, instead of Ag, and
call this object the group of p-adic integers. Note that Ay ~ Z(p*>) (see [10,
(25.2)]).

Consider the group R x A,. Let B be the subgroup of R x A, of the
form B = {(n,nu)}2>__, where u = (1,0,0,...). The factor group X =
(R x Ag)/B is called the a-adic solenoid. 1t is compact connected and has
dimension one [I0} (10.12), (10.13), (24.28)]. The character group of Xy is
topologically isomorphic to the subgroup Hy, C Q of the form

H, = {m:n—O,l,...;mEZ}.
apay ... Qp
We will assume without loss of generality that if X =23/ then Y =X*=H,.
Let Y be an Abelian group, f be a function on Y, and h € Y. Denote by
Ay, the finite difference operator

Anf(y) = fly+h) = f(y)-
A function f(-) on Y is called a polynomial if

Aptif(y) =0
for some n and for all y,h € Y. If Y is a subgroup of Q then this definition
of a polynomial coincides with the classical one.
Let M'(X) be the convolution semigroup of probability distributions
on X, let

i(y) = | (=, y) du(z)
X

be the characteristic function of a distribution p € M'(X), and let o(u)
be the support of p. If K is a closed subgroup of X and o(u) C K, then
iy +h) =py) forall y € Y and h € A(Y, K). If E is a closed subgroup
of Y and fi(y) =1 for y € E, then i(y+h) = o(y) for ally € Y and h € E,
and we have o(u) C A(X,E). For p € M(X) we define the distribution
[ € M*(X) by the rule i(B) = u(—B) for all Borel sets B C X. Observe

that ji(y) = [i(y)-
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A distribution v € M!(X) is called Gaussian ([16, §4.6]) if its charac-
teristic function can be represented in the form

Y(y) = (z,y)exp{—(y)}, yE€Y,

for some x € X and some continuous nonnegative function ¢ satisfying
(2.1) plu+0) + plu—v) = 20p(u) + (v)], wvEY.

Denote by I'(X) the set of Gaussian distributions on X. It is easy to see
that any nonnegative function ¢ on H, satisfying equation is of the
form ¢(y) = Ay?, where A > 0, y € H,. It is well-known that the support of
a Gaussian distribution on a locally compact Abelian group X is a coset of
a connected subgroup of X. Since all factor groups of H, are periodic, the
set of proper nonzero closed connected subgroups of Y, is empty. Thus, if
~ is a nondegenerate Gaussian distribution on X = Y, then o(y) = X.

Denote by I(X) the set of idempotent distributions on X, i.e. the set
of shifts of Haar distributions mg of compact subgroups K of X. Observe
that the characteristic function of mg is

1 yeAwK),
(2.2) mK<y>—{07 )

We note that if p € I'(X) x I(X), i.e. p = v * mg, where v € I'(X),
then p is invariant with respect to a compact subgroup K C X and under
the natural homomorphism X — X/K, u induces a Gaussian distribution
on the factor group X/K.

3. The Heyde theorem (the general case). Let £;,& be indepen-
dent random variables with values in X = Y/, and with distributions p1, peo.
Consider the linear forms L1 = a1&1 + aé2 and Ly = ($1&1 + (262, where
aj, B; € Aut(X) and ﬁlal_l :l:ﬁgocgl € Aut(X). Assume that the conditional
distribution of Lo given L; is symmetric. Taking into consideration new in-
dependent random variables 53- = o;§; we reduce the study of the possible
distributions p; on X to the case when L1 = &1 + & and Ly = 01&1 + 0282,
where 6; € Aut(X) and 6; £ 2 € Aut(X). Note that any topological auto-
morphism ¢ of X is of the form

8= fpfy "
for some relatively prime p and ¢, where f,, f, € Aut(X). Note that for
any 0 € Aut(X) the conditional distribution of Ls given L; is symmetric
if and only if the conditional distribution of dLo given L; is symmetric.
Hence without loss of generality, we can assume from the beginning that
Ly = & + & and Ly = p& + ¢&2, where p,q € Z, pqg # 0, p and ¢ are
relatively prime, fy,, fy, fp+q € Aut(X).
Now we formulate the main result of this article.
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THEOREM 3.1. Let X = X,. Assume that fp, fq, fp+q € Aut(X), and p
and q are relatively prime. The following statements hold:

(i) Assume that pg = —3. Let &1,& be independent random variables
with values in X and distributions uy, po. If the conditional distribu-
tion of the linear form Lo = p&1+q&2 given Ly = &1 +&2 is symmetric
then at least one of the distributions p; is in I'(X) = I(X).

(ii) Assume that pqg # —3. Then there exist independent random vari-
ables &1,& with values in X and distributions py, o such that the
conditional distribution of Lo = p&1 + q€o given L1 = & + & is
symmetric and p; & I'(X) * I(X), j=1,2.

Theorem 3.1 can be regarded as a group analogue of the Heyde theorem
for a-adic solenoids.

REMARK 3.2. Let X = Y,. Note that in Theorem 3.1 we suppose that
there exist relatively prime p and ¢ such that f, and f, are automorphisms
and fp+q € Aut(X). It is easy to prove that X has this property if and only
if fo, f3 € Aut(X)

To prove Theorem 3.1 we need some lemmas.

LEMMA 3.3. Let X be a locally compact second countable Abelian group.
Let &1, &9 be independent random variables with values in X and distributions
w1, pa. Consider the linear forms L1 = a1&1 + aoés and Lo = ($1&1 + P26o,
where aj, 55 are continuous endomorphisms of X. The conditional distribu-
tion of Lo given L1 is symmetric if and only if the characteristic functions
of the distributions u; satisfy the equation

(3.1) fu(@rutBiv)fia(Gou+Pav) = fin(@ru—PFrv)fio(Gou—Pav), w,v €Y.
Lemma 3.3 was proved in [B, §16.1] in the case where a;, 3; € Aut(X).
The same proof is valid for arbitrary continuous endomorphisms «;, 8; of X.

LEMMA 3.4. Let either |q| = 2 or ¢ = 4m + 3, where m is an integer.
Let X = Ay. Then there exist independent identically distributed random
variables &1,& with values in X and distribution p & I(X) such that the
conditional distribution of Lo = &1 + g2 given Ly = & + & is symmetric.

Proof. Since X = Ay, we have Y ~ Z(2%).

Let go be an arbitrary positive definite function on Y. Set

. gO(y)7 ye }/'(2)’
9(y) =
07 Yy ¢ Y(2)
Then g is positive definite on Y ([11, §32]). By the Bochner theorem there

exists a distribution p € M'(X) such that i = g. It is clear that gg can be
chosen in such a way that p & I(X).
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Let &1, &2 be independent identically distributed random variables with
values in X and distribution p. We check that the conditional distribution
of Lo = &1+ qés given Ly = & +& is symmetric. By Lemma 3.3 it suffices to
show that the characteristic function fi satisfies which takes the form

(3.2) falu+v)i(u+ qu) = plu —v)i(u — qu), u,v €Y.

It is clear that if u,v € Y(y) then holds.

If either u € Y(g),v € Y(9) or u &€ Y(3),v € Y(9) then u £ v ¢ V(). Hence
f(u+v) = f(u—v) =0 and is satisfied.

Let u,v & Y(9). Suppose that the left-hand side of does not vanish.
Then

(3.3) u+v €Yy, u+tqueYy).

Let ¢ = 2. Tt follows from (3.3) that v € Y(y), contrary to the choice
of v. Hence the left-hand side of (3.2]) is zero. Similarly, we prove that the

right-hand side is zero.

Let ¢ = —2. It follows from that 3v € Y(y). Since f3 € Aut(Y') and
Y(2) is a characteristic subgroup, we have v € Y(3), contrary to the choice
of v. Hence the left-hand side of is zero. Similarly, we prove that the
right-hand side is zero.

Let ¢ = 4m + 3. It follows from that (¢ — 1)v € Y(g). Since ¢ — 1 =
2(2m + 1) and fomy1 € Aut(Y), we have 2v € Y(9). Hence v is an element
of order 4. So, gv = —v. It follows that holds.

Assume now that the right-hand side of does not vanish. Similarly,
we prove that in this case is an equality.

LEMMA 3.5. Let ¢ = 4m+1 where m ¢ {0, —1}. Let |2m+1| = plt - -pﬁf’“
be a prime decomposition of |2m +1|. Let X = Ay, x --- x A, . Then there
exist independent identically distributed random variables &1, &2 with values
in X and distribution p ¢ I(X) such that the conditional distribution of
Lo = &1 + g€ given Ly = & + & is symmetric.

Proof. Since X = A, x --- x A, , we have Y ~ Z(p°) x - - X Z(pF).
Let go be an arbitrary positive definite function on Y(g,, 1. Set

g(y) = {90(,@)7 Y € Yomt1)
0, Y & Yomt1)-
Then g is positive definite on Y ([11, §32]). By the Bochner theorem there
exists a distribution pu € M*(X) such that fi = g. It is clear that gy can be
chosen so that p & I(X).
Let &1, &2 be independent identically distributed random variables with
values in X and distribution . We check that the conditional distribution
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of Ly = & + q&2 given Ly = & + & is symmetric. By Lemma 3.3 it suffices
to show that ji satisfies which takes the form .

Let u,v € Y{gp41)- Then qv = (¢ + 1)v — v = —v and holds.

If either u € Y(2p11),v & Yam1) OF 4 € Y(2mq1),v € Y(2pmq1) then
u £ v & Yiomy1)- Hence fi(u +v) = ji(u —v) = 0 and (3.2)) is satisfied.

Let u,v & Y(gm1)- Suppose that the left-hand side of does not
vanish. Then u +v € Y(gpm41), u + qv € Y(op41)- Hence (¢ — 1)v € Y(gpy1)-
Since ¢ — 1 = 4m and f,, € Aut(Y), we have v € Y(g,,,11), contrary to the
choice of v. Hence the left-hand side of is zero. Similarly, we prove that
the right-hand side is zero.

LEMMA 3.6. Let X = X,. If f, € Aut(X), where n = plll-'-pgf is a
prime decomposition, then X contains a subgroup topologically isomorphic
to Ay, X --- X Ay, .

Proof. Since X = X,, the character group Y = H, is a subgroup of Q.
It is well known that the factor-group Q/Z is isomorphic to the weak direct
product

* oo
PLZ®™),

where P is the set of prime numbers ([9, §8]). Since Y C Q, we have Y/Z C
Q/Z. The condition f, € Aut(X) implies that all f,, are in Aut(X), hence
in Aut(Y'). It is obvious that if p is a prime and f, € Aut(Y') then F), C Y/Z,
where F), = Z(p>). Hence L C Y/Z, where L = Z(p3°) x --- x Z(p°). It is
clear that Y/Z = L x M, where M is a subgroup of Y/Z. Since (Y/Z)* ~
A(X,Z) ¢ X and (Y/Z)* ~ L* x M*, the group X contains a subgroup
topologically isomorphic to L*. The conclusion now follows from the form
of L.

LEMMA 3.7. Let X be a locally compact second countable Abelian group.
Let &1, &9 be independent random variables with values in X and distributions
w1, pa. Consider the linear forms L1 = a1&1 + aoés and Lo = 1€ + B26o,
where a, B are continuous endomorphisms of X. The linear forms Ly and
Lo are independent if and only if the characteristic functions of the distri-
butions 1 satisfy the equation

(3.4) . . . .

fi (v + Brv)fia(Gou + Bov) = fi (Gru)fin (B1v) fia(Gou) fia(B2v),  u,v €Y.
Lemma 3.7 was proved in [5, §10.1] in the case where o, 5; € Aut(X).

The same proof is valid for arbitrary continuous endomorphisms «;, 8; of X.

LEMMA 3.8. Let X be a locally compact second countable Abelian group,
and 61,02 be continuous endomorphisms of X. Let &1,& be independent
random variables with values in X and distributions 1, pa. If the conditional
distribution of the linear form Lo = 01&1 + 62& given L1 = & + & is
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symmetric then the linear forms L = (01 + 62)&1 + 28282 and LYy = 261§ +
(01 + 62)&2 are independent.

Proof. By Lemma 3.3 the symmetry of the conditional distribution of
Ly given L; implies that the fi;(-) satisfy

(3.5) f1(u+ e1v)fiz(u + e9v) = fn(u — e1v)fiz(u — e9v), u,v €Y,

where ¢; = 6}
Putting u = eoy,v = —y and then u = —e1y,v = y into (3.5) we obtain

(3.6) f1((e2 — e1)y) = i ((e1 + e2)y)fi2(2e2y), yey,
(3.7) fi2((e2 — €1)y) = fun(—2e1y)fia(—(e1 + £2)y), y €Y.
Let t,s € Y. Putting u = €15 + e9t, v = s + t into (3.5)) we obtain

(3.8) fn((e1te2)t+2e1s)fia(2e0t+(e1+e2)s) = fu((e2—e1)t) o (—(e2—¢€1)s)
for all s,t € Y. In view of (3.6) and (3.7)), equation (3.8)) can be written in

the form

(3.9) ﬂl((&“l +€2)t+2€1s)ﬂ2(2€2t+ (€1 +e2)s)
= fu1((e1 + e2)t) f12(2e2t) 11 (2e15) f12((e1 + €2)s), s, t €Y.

Lemma 3.7 and (3.9)) imply that the linear forms L] = (81 4+ 02)&1 + 20282
and L, = 26:& + (01 + d2)&2 are independent.

REMARK 3.9. Lemma 3.8 implies that the Heyde theorem on the group
R for n = 2 can be obtained from the Skitovich—-Darmois theorem.

Proof of Theorem 3.1. By Lemma 3.3 the symmetry of the conditional
distribution of Lo given L; implies that the characteristic functions of the
distributions p; satisfy (3.1)) which takes the form

(3.10) f1(uw+ pv)pe(u+ qu) = fu(u—pv)pe(u —qu), w,veY.

We will study the solutions of this equation.

Consider first the case where pg = —3. Obviously, without loss of gen-
erality we can assume that p = 1 and ¢ = —3, that is, L1 = & + & and
Ly = & — 3&. Lemma 3.8 implies that the linear forms L] = —2& — 6&
and L = 2§ — 2§ are independent. Making the substitution {; = 2&; and
(2 = —2&9, we find that the linear forms LY = —(; + 3 and LY = (3 + (2
are also independent. As has been proved in [6], the independence of L and
L5 implies that the distribution of at least one of the random variables (;
belongs to I'(X) * I(X). Returning to the random variables &;, we obtain
statement (i) of Theorem 3.1.

Now assume that pg # —3. T'wo cases are possible: pq is either composite
or prime.
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We prove that in both cases there exist independent random variables &;
and & with values in X and distributions pq, ue ¢ I'(X) * I(X) such that
the conditional distribution of Ls given L; is symmetric.

CASE 1: pq is composite. In this case we follow the scheme of the proof

of the analogous case in [6, Theorem 3.1].
Put s = p — ¢, and decompose |s| into prime factors, |s| = s’fl ---sf’.
Since fs € Aut(X), the group Y contains the subgroup

m
H: {r :m,nj GZ}
If |s| = 1 we suppose that H = Z. Set G = H*.

CASE la: |p| > 1, |¢| > 1. Since p and s are relatively prime, and so
are ¢ and s, we have H®) #£ H and H@ # H. Assume that A\ € MY(G)

and (A1) C A(G,HW)), o(X\y) € A(G, HD). It follows that A (y) = 1 for
ye H® and \y(y) =1 for y € H@. Therefore

(3.11) A (u+pv) = A (), do(u+ qu) = Ao(u), u,ve H.

Consider the functions g; on Y of the form

(3.12) 050) = {gﬂ'@% L

These functions are positive definite ([I1, §32]). By the Bochner theorem
there exist distributions p; € M'(X) such that j; = g, j = 1,2. We will
show that the characteristic functions fi; satisfy .

We deduce from and that if u,v € H, then holds.

Let u ¢ H,v € H. Then u+pv ¢ H and hence fi; (u + pv) = fi1(u — pv)
=0, and is satisfied.

Let v ¢ H. Suppose that the left-hand side of does not vanish.
Then u+pv € H and u+qv € H. Hence sv € H. Therefore v € H, contrary
to the choice of v. Hence the left-hand side of is zero. Similarly, we
prove that the right-hand side is zero.

So, the characteristic functions fi; satisfy . If &1 and & are inde-
pendent random variables with values in X and distributions 1, then by
Lemma 3.3 the conditional distribution of Lo given L; is symmetric. It is
clear that \; can be chosen in such a way that pq, s ¢ I'(X) * I(X). The
desired statement in Case la is proven.

CASE 1b: Either |p| = 1,|q| > 1 or |p| > 1,]g| = 1. Assume for def-
initeness that |p| = 1. Without loss of generality, we suppose p = 1. Let
q = q1q2 be a decomposition of ¢, where |¢;| > 1, j = 1,2. It is obvious that
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if f, € Aut(X), then f,, f;, € Aut(X). Note that the conditional distri-
bution of Ly = & + g2 given Ly = & + & is symmetric if and only if the
conditional distribution of L}, = q—llfl +qo&2 given L) = & + &, is symmetric.
Making the substitution (; = qilﬁl, we reduce the problem to the case when
L] = q1&1 + &, LY = &1 + ¢2&2. Equation (3.10)) in this case takes the form

(313)  fu(qiu+v)ie(u+ gev) = fn(gru —v)iz(u— gv), u,v€Y.

Assume that \; € M(G) and o(\;) C A(G, H'%)), j =1,2. Tt is obvious
that Xj(y) =1 for y € H%). Hence

(3.14) Mlqu+v) = W), Aa(u+qv) =), uveH

In the same manner as in Case la we define the functions g; by and
the distributions u; € M1 (X). We will show that the characteristic functions
fi; satisfy .

We conclude from (3.14)) and (3.12)) that if u,v € H, then holds.

Let w € H,v ¢ H. Then quutv ¢ H and hence i1 (qru+v) = fi1(qru—v)
= 0, and equation is satisfied.

Let u ¢ H. Suppose that the left-hand side of does not vanish.
Then quu+v € H and u+qgev € H. Hence su € H. Therefore u € H, contrary
to the choice of u. Hence the left-hand side of is zero. Reasoning
similarly we show that the right-hand side is also zero.

So, the characteristic functions fi; satisfy . If & and & are indepen-
dent random variables with values in X and distributions x;, then by Lemma
3.3 the conditional distribution of the linear form Lo given L; is symmetric.
It is clear that A; can be chosen in such a way that pq, pe ¢ I'(X) % I(X).
The desired statement in Case 1b is proven.

CASE 2: pq is a prime, i.e. either |p|=1, |q|>1 or|p|>1, |¢g|=1. Assume
for definiteness that p = 1 and ¢ is a prime, i.e. L1 = & + &2, Lo = &1 + ¢&o.
Equation (3.10]) takes the form

(3.15) f1(u+v)jz(u+ qu) = 1 (u —v)jz(u—qv), u,veY.

CASE 2a: |g| = 2. Since fy € Aut(X), Lemma 3.6 implies that X con-
tains a subgroup topologically isomorphic to Ay. Then Theorem 3.1(ii) fol-
lows from Lemma 3.4.

Let ¢ be an odd number. There exist two possibilities: 1) ¢ = 4m + 3;
2) g =4m+ 1.

CASE 2b: ¢ = 4m + 3. Note that since ¢ is odd and f,41 € Aut(X), the
endomorphism fo is in Aut(X). Hence Lemma 3.6 implies that X contains
a subgroup topologically isomorphic to Ay. Then Theorem 3.1(ii) follows
from Lemma 3.4.
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CASE 2c: ¢ = 4m+1 (m#—1). Since f,4+1 € Aut(X) and ¢+1=2(2m+1),
fom+1 is a topological automorphism of X. Let [2m + 1| = plll o ~p§f be
a prime decomposition. Lemma 3.6 implies that X contains a subgroup
topologically isomorphic to Ay, x --- x A, . Then Theorem 3.1(ii) follows
from Lemma 3.5.

REMARK 3.10. Theorem 3.1(i) cannot be strengthened. Namely, if pg =
—3 then there exist independent random variables &1, &2 with values in X and
distributions p1, uo such that the conditional distribution of the linear form
Lo = p&1 + &2 given Ly = & + & is symmetric and one of the distributions
i is not in I'(X) * I(X).

It suffices to consider the case when p = 1, ¢ = —3. We shall construct
solutions of equation ([3.1)) which takes the form
(3.16) f1(u+v)pe(u—3v) = 1 (u—v)pe(u+3v), wuveY.

Let 1 and 72 be Gaussian distributions on X with characteristic func-
tions 41 (y) = e=3¥" and Yo (y) = e V. Ttis easy to verify that these functions
satisfy .

Since fp4q € Aut(X), we have fo € Aut(X). Hence fo € Aut(Y).
Therefore Y contains a subgroup of dyadic rational numbers, say H. Since
fq € Aut(X), we have f3 € Aut(X). Hence f3 € Aut(Y'). Therefore 1/3 € Y.
Denote by L the subgroup in Y generated by H and the element 1/3. Ob-
serve that L = {H,1/3+ H,2/3+ H}. Let G = A(X,H), K = A(X,L). Let
w) = %[mg + mg] and we = mg. It follows from 1’ that

L yed, 1 €cH
(3.17) wi(y) =1/2, ye L\ H, c122(1/)2{0’ y¢H,
0, y¢lL, Y

We verify that these functions satisfy .

It is clear that if u € H, v € L then equation is an equality.

Ifue L\H,v € L then u+3v ¢ H. Hence Wa(u—3v) = wa(u+3v) =0
and holds.

If eitheru € Lyvg Loru & L,v € L then u+v ¢ L. Hence @y (u+v) =
w2(u —v) =0 and is satisfied.

Let u,v ¢ L. Suppose that the left-hand side of does not vanish.
Then u+v € L and u—3v € H. Hence 4v € L. We deduce that v € L, con-
trary to the choice of v. Hence the left-hand side of is zero. Reasoning
similarly we show that the right-hand side is also zero.

Put p; = vj *wj, j = 1,2. It is obvious that the functions fi;(y) satisfy
. If & and & are independent random variables with values in X and
distributions p;, then Lemma 3.3 implies that the conditional distribution
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of the linear form Lo = & — 3£ given Ly = & + & is symmetric. By
construction p; & I'(X) * I(X) and pg € I'(X) x I(X).

REMARK 3.11. We note that if in Theorem 3.1 the distributions p1, us
have nonvanishing characteristic functions, then pi,pus € I'(X). Indeed,
it follows from the conditions on the coefficients of the linear forms that
one of the numbers p, q,p £ ¢ is even. So, fo € Aut(X). Hence the group
X = Y, does not contain elements of order two. The following theorem
(see [3]) implies the desired statement: Let X be a locally compact second
countable Abelian group containing no elements of order two. Let &1,&
be independent random variables with values in X and distributions pq, po
with nonvanishing characteristic functions. Consider the linear forms L; =
& + & and Ly = 01§71 + 0262, where 0,01 £ 62 € Aut(X). If the conditional
distribution of Lo given L is symmetric then py, puo € I'(X).

4. The Heyde theorem (the special case). We prove in this section
that Theorem 3.1 can be essentially strengthened if we assume in addition
that the support of at least one of the distributions p; is not contained in a
coset of a proper closed subgroup of X.

Let 1 € M1(X). It is easy to see that o(u) is not contained in a coset of
a proper closed subgroup of X if and only if

(4.1) {yeY :|aly) =1} ={0}.

THEOREM 4.1. Let X = X,. Assume that fp, fq, fo+q € Aut(X) for
some p and q relatively prime. The following statements hold:

(i) Assume pq > 0. Let &1,& be independent random wvariables with
values in X and distributions py, po such that at least one support
o(pj) is not contained in a coset of a proper closed subgroup of X . If
the conditional distribution of the linear form Lo = p&1 + &2 given
Ly =& + & is symmetric then pup = pug = mx.

(ii) Assume pqg = —3. Let &1,& be independent random variables with
values in X and distributions py, po such that at least one support
o(uj) is not contained in a coset of a proper closed subgroup of X.
If the conditional distribution of Lo = p&1+q&o given L1 = &1+ &9 is
symmetric then at least one of the distributions p; is in I'(X)*I(X).

(iii) Assume pg < 0 and pq # —3. Then there exist independent random
variables &1, & with values in X and distributions py, pe such that
the conditional distribution of Lo = p&1 + q€o given L1 = &1 + &2 is
symmetric, the distributions p; are not in I'(X)*I1(X), and none of

the supports o(u;) is contained in a coset of a proper closed subgroup
of X.
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To prove Theorem 4.1 we need some lemmas. Lemmas 4.2 and 4.3 below
were proved in [6] in the case a = 1. For a # 1 the proofs follow the same
scheme.

LEMMA 4.2. Let Y be an arbitrary Abelian group, let a,b € Z, ab # 0,
and let g1 and go be functions on Y satisfying the equation
(4.2) g1(u+ av)ga(u + bv) = gi(u)g1(av)ga(u)g2(bv), w,v €Y,

and the conditions

43) g(-y)=0(), @y =90k, veY¥, ¢(0)=g0)=1

Set c =a—>b. If g1(cz0)g2(cz0) # 0 for a certain zy € Y then g1(y)ga(y) # 0
for all y in the subgroup M = {kabzo}rez.

Proof. Putting u = —by, v = y and then u = ay, v = —y in (4.2)) we
get,
(4.4) g1(cy) = g1(=by)g1(ay)g2(—by)ga2(by), ye€Y,
(4.5) 92(cy) = g1(ay)g1(—ay)g2(ay)g2(—by), yeY.
Substituting y = 2 into (4.4 and (4.5)) we conclude that
(4.6)  gi(azo) #0, gi1(b20) #0,  g2(az0) #0, ga(bzo) # 0.
Putting v = azp, v = kzp and then u = bzg, v = kzg, k € Z, in (4.2) we
obtain
(4.7)  q1((k + 1)azo)g2((0k + a)zo) = g1(azo)g1(akz0)g2(azo)ga(bkzo),
(4.8)  g1((ak +b)z0)g2((k + 1)bz0) = 91(bZO)gl(akZO)QQ(bZO)g2(kaO)

Taking into account (| ., it follows by induction from and (| .
that gi(kazo) # 0, ga(kbzg) # 0, for all k € Z, as desired.

LEMMA 4.3. Let M be an arbitrary subgroup in Q, and g1 and go be
functions on M satisfying (4.2)) and (4.3) with Y = M, and the conditions

(4.9) 0<gi(y) <1, 0<ge(y) <1, yeM.

Put ¢ = b — a. Then on the subgroup M®) the following representation
holds:

(4.10) 91(y) = exp{—My?},  g2(y) = exp{—Nay’},
for some \; > 0.

Proof. Set ¢i(y) = —Ingi(y) and ¢2(y) = —Inga(y). It follows from
(4.2) that
(4.11) o1(u+ av) + pa(u+bv) = A(u) +

B(v)
where A(u) = p1(u) + p2(u), B(v) = ¢1(av) + @g(bv)
We use the finite difference method to solve

v), u,v€ M,
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Let hy € M. Substitute u + bhy for u and v — hy for v in (4.11]) and
subtract (4.11) from the resulting equation. We get

(4.12) Achyo1(u+ av) = App, A(u) + A_p, B(v).
Putting v = 0 in (4.12)) and subtracting the resulting equation from (4.12))

we obtain
(4.13) AgpAch,p1(u) = A_p, B(v) — A_p, B(0).

Let ha € M. Substitute u + hg for v in (4.13)) and subtract (4.13) from the
resulting equation. We get

(4.14) Apy AgyAchy 01 (u) = 0.
We conclude from (4.14) that the function ¢; satisfies
(4.15) Aoi(y) =0, yeM, he M,

Reasoning similarly we get

(4.16) A%g@g( )=0, yeM heM®,

It follows from (4.15)) and (4.16} - ) that the o, are polynomlals of degree 2
on the subgroup M Ca Takrng into account and we get p;(y) =

)\ij where y € M) and Aj > 0.

Proof of Theorem 4.1. Let pg > 0. Lemma 3.8 implies that the linear
forms L} = (p+q)&1+2¢&2 and L}, = 2p&1+(p+q)&2 are independent. Making
the substitution & = (p —|— q)&1 and &, = 2¢&2, we find that the linear forms
Ly =& +&and Ly = 5 +q£1 p+q§2 are also independent. We also note
that if § € Aut(X) then linear forrns Ly and Ly are independent if and only
if so are L1 and dLs. Thus we may assume without loss of generality that

=&+ & and Ly = 4pg€h + (p + q)*&L. Denote by p; the distributions of
the random variables {9. Since fa, fp, fq, fo+q € Aut(X), it suffices to prove
that u} =mx.

By Lemma 3.7 the independence of L} and L} implies that the charac-
teristic functions of the distributions /r;- satisfy which takes the form
(4.17)

A (u+4pqu) iy (u+(p+)?v) = i (u) ity (dpqu) iy (w) iy ((p+4)?v),  wv €Y.

It is Clear that the characteristic functions of the distributions ,u also
satrsfy Therefore the characteristic functions of the drstrlbu‘mons vj =
s * I satrsfy . Note that 7;(y) = [i}(y )2 >0, j = 1,2. Moreover,
since at least one support o () is not contained in a coset of a proper closed

subgroup of X, at least one support o(v;) is not contained in any such coset.
It follows from (4.1 that for at least one 7,

(4.18) {yeY:0(y) =1} = {0}
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Putting u = —(p+ ¢)%y,v = y and then u = —4pqy,v = y into (4.17) we
obtain

(4.19)  1((p—@)%y) = n((p+ @)*y)o1(dpay) o3 ((p + @)%y), Yy €Y,
(4.20)  2o((p — @)%y) = 21 (4pqy)Da(4pqy) o2 ((p + @)°y), yev.

Assume first that 2;(y)ie(y) = 0 for all y € Y \ {0}. It follows from
that 71((p — q)*y) = 0 for all y € Y \ {0}. Since f,—, € Aut(X),
we conclude that 4 (y ) =0 for all y € Y \ {0}. Hence v; = mx, so that
wy = mx. Similarly, (4.20) implies that p), = mx.

Assume now that Vl(yo)VQ(yo) # 0 for some nonzero yy € Y. Since
fp—q € Aut(X), we have y((r=9*) = . We apply Lemma 4.2 to obtain a
subgroup M C Y such that ;1 (y)ie(y) # 0 for all y € M. By Lemma 4.3 the
restrictions of the characteristic functions 7; and 5 to M (4pa(p+a)*)(P—a)*)
have form . Substituting these representations into we get

4pghi + (p+q)* X2 = 0.

Since pg > 0, this equality implies that \; = Ao = 0. Hence 1 (y) =0 (y) =1
for y € M@ar+)*)(P=0*)  which contradicts .

Let pg = —3. The desired statement follows from Theorem 3.1(i).

Let pg < 0, pg # —3. Denote by w; the distributions constructed in the
proof of Theorem 3.1 in the corresponding cases. We note that w; and wo
satisfy . Denote by the v; Gaussian distributions on X with 41(y) =

e~ and Yo (y) = e , where X\ > 0. It is easy to verify that 41 and 49
satisfy . Put p; = wj*v;. It is obvious that fi; and fi2 also satisfy -
Since the support of a symmetric nondegenerate Gausssian distribution is
a connected closed subgroup, we have o(vy;) = X. Hence o(u;) = X. By
construction, p; & I'(X) * I(X). Thus the p; are as desired.

REMARK 4.4. The distributions constructed in Remark 3.9 show that

Theorem 4.1(ii) cannot be strengthened to the statement that both p; is in
INX)=I1(X).
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