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GLOBAL WELL-POSEDNESS FOR THE 2-D BOUSSINESQ SYSTEM
WITH TEMPERATURE-DEPENDENT THERMAL DIFFUSIVITY

BY

QIONGLEI CHEN (Beijing) and LIYA JIANG (Hangzhou)

Abstract. We prove the global well-posedness of the 2-D Boussinesq system with
temperature dependent thermal diffusivity and zero viscosity coefficient.

1. Introduction. The following 2-D Boussinesq system is one of the
most popular models in fluid and geophysical fluid dynamics:

∂tu−∇ · (ν∇u) + u · ∇u+∇p = θe2, e2 = (0, 1),

∂tθ −∇ · (κ∇θ) + u · ∇θ = 0,

∇ · u = 0,

u(0, x) = u0(x), θ(0, x) = θ0(x).

(1.1)

Here u and θ denote the velocity and temperature of the fluid, respectively.
The viscosity ν and the thermal diffusivity κ depend on the temperature.

Owing to the similarity with the incompressible Navier–Stokes equa-
tion, system (1.1) has been studied extensively by many researchers. In the
case when ν and κ are positive constants, global well-posedness results were
proved by numerous authors in various function spaces (see [3, 16] and the
references therein). For the case that one of ν and κ is zero and the other
is a positive constant, results on global well-posedness in various function
spaces can be found in [1, 5, 6, 7, 9, 10, 11]. There is also extensive litera-
ture on the global well-posedness of the anisotropic Boussinesq system (see
[4, 8, 13, 14]). Recently, using methods based on the De Giorgi technique,
Wang and Zhang [19] proved global well-posedness results for system (1.1)
with ν = ν(θ) and κ = κ(θ), where ν(·) and κ(·) are smooth functions
satisfing

C−10 ≤ ν(θ) ≤ C0, C−10 ≤ κ(θ) ≤ C0, θ ∈ R,(1.2)

for some positive constant C0.
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In this paper, we consider the case ν = 0 and κ = κ(θ), i.e.,
∂tu+ u · ∇u+∇p = θe2, e2 = (0, 1),

∂tθ −∇ · (κ∇θ) + u · ∇θ = 0,

∇ · u = 0,

u(0, x) = u0(x), θ(0, x) = θ0(x).

(1.3)

Our main result reads as follows.

Theorem 1.1. Let s > 2 and (u0, θ0) ∈ Hs(R2). Assume that κ(θ)
satisfies (1.2). Then the Boussinesq system (1.3) has a unique global in
time solution (u, θ) such that

u ∈ C(R+;Hs(R2)), θ ∈ C(R+;Hs(R2)) ∩ L2
loc(R+;Hs+1(R2)).

2. Preliminaries. We first recall the nonhomogeneous Littlewood–Pa-
ley decomposition and some classical spaces. Choose a function ϕ ∈ C∞0 (Rd)
supported in the unit ball and satisfying ϕ(ξ) = 1 for |ξ| ≤ 1/2. Let ψ(ξ) =
ϕ(ξ/2)− ϕ(ξ), so ψ ∈ C∞0 (Rd) is supported in {1/2 ≤ |ξ| ≤ 2} and satisfies
the identity

ϕ(ξ) +
∑
j≥0

ψ(2−jξ) = 1, ∀ξ ∈ Rn.

We denote by ∆j and Sj the convolution operators with symbols respectively
ψ(2−jξ) and ϕ(2−jξ), and set ∆−1f = S0f , ∆kf = 0 for k ≤ −2. We can
easily verify that

(2.1) ∆j∆k ≡ 0 if |j − k| ≥ 3, ∆j(Sk−1f∆kg) ≡ 0 if |j − k| ≥ 4.

The Sobolev space Hs,p(Rd) (1 < p <∞) is defined by

Hs,p(Rd) =
{
f ∈ D′(Rd) : ‖f‖Hs,p ∼

∥∥∥( ∑
j≥−1

22sj |∆jf |2
)1/2∥∥∥

p
<∞

}
.

If p = 2, it is just the classical Sobolev space Hs(Rd) whose norm is de-
fined by ‖Λsf‖2, where Λs is the Fourier multiplier operator with symbol
(1+|ξ|2)s/2. Moreover, we introduce the following space-time Sobolev spaces:

L∞(0, T ;Hs) =
{
f ∈ D′((0, T )× Rd) :

‖f‖L∞(0,T ;Hs) ∼
∥∥‖f‖Hs

∥∥
L∞(0,T )

<∞
}
,

L̃∞T (Hs) =
{
f ∈ D′((0, T )× Rd) :

‖f‖L̃∞T (Hs) ∼
( ∑
j≥−1

22sj‖∆jf‖2L∞(0,T ;L2)

)1/2
<∞

}
.

It is obvious that L̃∞T (Hs) ⊂ L∞(0, T ;Hs).
Next we recall some lemmas which will be used throughout this paper.
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Lemma 2.1 (see [12]). Let 1 < p < ∞ and s > 0. Assume that f, g ∈
Hs,p(Rd). Then there exists a constant C independent of f, g such that

‖[Λs, g]f‖p ≤ C(‖∇g‖p1‖f‖Hs−1,p2 + ‖g‖Hs,p3‖f‖p4)

with p2, p3 ∈ (1,∞) such that

1

p
=

1

p1
+

1

p2
=

1

p3
+

1

p4
,

where [ , ] is the commutator.

Lemma 2.2 (see [18]). Let s > 0 and f ∈ Hs(Rd). Assume that F (·) is
a smooth function on R with F (0) = 0. Then

‖F (f)‖Hs ≤ C(1 + ‖f‖∞)[s]+1‖f‖Hs ,

where the constant C depends on supk≤[s]+2, |t|≤‖f‖∞ ‖F
(k)(t)‖∞.

Lemma 2.3 (see [19]). Let s > d/2 and f ∈ Hs(Rd). Then

‖f‖∞ ≤ C(1 + ‖f‖Hd/2) log1/2(e+ ‖f‖Hs).

Lemma 2.4 (see [15]). Let s > 1 + d/2 and f ∈ Hs(Rd). Then

‖∇f‖∞ ≤ C(1 + ‖curl f‖∞) log(e+ ‖f‖Hs).

Lemma 2.5. Let s > 0 and f, g ∈ Hs(Rd) ∩W 1,∞. Then( ∑
j≥−1

22sj‖[∆j , f ] · ∇g‖22
)1/2

≤ C(‖∇f‖∞‖g‖Hs + ‖∇g‖∞‖f‖Hs).

Proof. The proof is standard; we give a sketch for the sake of complete-
ness. Recall Bony’s decomposition (see [2])

fg = Tfg + Tgf +R(f, g),

where

Tfg =
∑
j≥−1

Sj−3f∆jg, R(f, g) =
∑
j≥−1

∆jf∆̃jg, ∆̃j :=
2∑

ν=−2
∆j+ν .

Then we decompose

[∆j , f ] · ∇g = [∆j , fi]∂ig

= [∆j , Tfi ]∂ig − T∆j∂igfi −R(∆j∂ig, fi)

+∆j(T∂ig)fi +∆j(R(fi, ∂ig))

= I − II − III + IV + V,
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where the Einstein convention on the summation over repeated indices i =
1, 2 is used. Thanks to the condition (2.1), and denoting h = F−1ψ, we have

I =
∑
j′∼j

[∆j , Sj′−3fi]∂i∆j′g

=
∑
j′∼j

�

R2

22jh(2j(x− y))(Sj′−3fi(y)− Sj′−3fi(x))∂i∆j′g(y) dy

= −
∑
j′∼j

�

R2

23j(∂ih)(2j(x− y))(Sj′−3fi(y)− Sj′−3fi(x))∂i∆j′g(y) dy

−
∑
j′∼j

�

R2

22jh(2j(x− y))∂i(Sj′−3fi)(y)∂i∆j′g(y) dy.

Applying Taylor’s formula and the usual convolution inequalities yields

‖I‖2 ≤ C‖∇f‖∞
∑
j′∼j
‖∆j′g‖2.

Thus we get the desired estimate(∑
j≥−1

22sj‖I‖22
)1/2

≤ C‖∇f‖∞‖g‖Hs .

For the term II, we can write

|II| =
∣∣∣ ∑
j′≥j−3

Sj′−3∆j∂ig∆j′fi

∣∣∣ ≤ C‖∇g‖∞ ∑
j′≥j−3

|∆j′fi|.

Then thanks to the convolution inequality for series we get, for s > 0,(∑
j≥−1

22sj‖II‖22
)1/2

≤ C‖∇g‖∞
∥∥∥ ∑
j′≥j+2

2(j−j
′)s2j

′s‖∆j′fi‖2
∥∥∥
`2

≤ C‖∇g‖∞‖f‖Hs .

For the term III, it is easy to see that

|III| =
∣∣∣∑
j′∼j

∆j′(∆j∂ig)∆̃j′fi

∣∣∣ ≤ C‖∇g‖∞∑
j′∼j

∆̃j′fi;

hence ( ∑
j≥−1

22sj‖III‖22
)1/2

≤ C‖∇g‖∞‖f‖Hs .

By the same argument, we obtain( ∑
j≥−1

22sj‖IV ‖22
)1/2

≤ C‖∇g‖∞‖f‖Hs .
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The last term can be written as

V =
∑

j′≥j−5
∆j(∆j′∂ig∆̃j′fi).

Hence

‖V ‖2 ≤ C‖∇g‖∞
∑

j′≥j−5
‖∆̃j′fi‖2,

and again using the convolution inequality for series as for II, we get, for
s > 0, ( ∑

j≥−1
22sj‖V ‖22

)1/2
≤ C‖∇g‖∞‖f‖Hs .

Thus the lemma is completely proved.

3. The proof of the main theorem. We divide the proof into three
parts. In the following, the same generic constant C will be used to denote
various constants that depend on C0, T and ‖u0‖H2 , ‖θ0‖H2 . Here C0 comes
from inequalities (1.2).

Step 1. A priori estimates in Hs(R2). First, we prove the following
a priori estimate:

Proposition 3.1. Let s > 2 and (u0, θ0) ∈ Hs(R2). There exists a
constant C such that if (u, θ) is a solution of (1.3), then

(3.1) ‖u‖2Hs + ‖θ‖2Hs + C−10

t�

0

‖∇θ(τ)‖2Hs dτ

≤ (‖u0‖2Hs + ‖θ0‖2Hs) exp
{
C

t�

0

G(τ) dτ
}
,

with G(τ) = 1 + ‖∇u(τ)‖L∞ + ‖∇θ(τ)‖2L2 .

Proof. First, we will obtain an H1 estimate. The straightforward energy
estimate for (1.3) and Gronwall’s inequality give

‖θ‖22 +

t�

0

C−10 ‖∇θ(τ)‖22 dτ ≤ ‖θ0‖22, ‖u‖2 ≤ ‖u0‖2 +

t�

0

‖θ(τ)‖2 dτ,

so

‖u‖2 ≤ C, ‖θ‖2 ≤ C,
t�

0

‖∇θ(τ)‖22dτ ≤ C, ∀t ≤ T.(3.2)
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Let p > 2. Multiplying the second equation of (1.3) by |θ|p−2θ and integrat-
ing by parts leads to

1

p

d

dt
‖θ‖pp + (p− 1)

�

R2

κ(θ)|∇θ|2|θ|p−2 dx = 0.

Thus we have ‖θ‖p ≤ ‖θ0‖p, which implies

‖θ‖∞ ≤ ‖θ0‖∞.(3.3)

It is well-known that u can be recovered from the vorticity ω via the Biot–
Savart law:

u = P.V.K ∗ ω, K(x) =
1

2π|x|2
(−x2, x1).

Thus ‖∇u‖2 ' ‖ω‖2 and ‖∆u‖2 ' ‖∇ω‖2. The vorticity equation is given
by

∂tω + u · ∇ω = −∂1θ.(3.4)

Hence, the energy estimate and Gronwall’s inequality give

‖ω‖2 ≤ ‖ω0‖2 +

t�

0

‖∇θ(τ)‖2 dτ,

which implies

‖∇u‖2 ≤ C.(3.5)

For the high order energy estimate for θ, it follows from [17] that the quantity

Θ = K(θ) =
	θ
0 κ(z) dz satisfies the following simple equation:{

k′(Θ)(∂tΘ + u · ∇Θ)−∆Θ = 0,

Θ(0, x) = K(θ0(x)),
(3.6)

with k an increasing smooth such that k(Θ) = k(K(θ)) = θ and

K ′(θ) = κ(θ), k′(Θ) = (K ′(θ))−1 =
1

κ(θ)
.

By the energy estimate (for more details, see [17, Step 2 in Section 4, Proof
of Theorem 1.2]), we finally deduce that

1

2C0

�

R2

Θ2
t (t) dx+

d

dt

�

R2

|∇Θ|2 dx ≤ C
(
1 + ‖u‖2L2‖∇u‖2L2

)
‖∇Θ‖2L2 ,

from which, (3.2), (3.5) and Gronwall’s inequality, it follows that

‖∇Θ‖L∞T (L2) + ‖Θt‖L2(QT ) ≤ C‖∇Θ0‖L2 ≤ C‖θ0‖H1 .(3.7)

From (3.6) and Gagliardo–Nirenberg’s inequality, we get

‖∇2Θ‖L2 ≤ C‖∆Θ‖L2 ≤ C‖Θt‖L2 + 1
2‖∇Θ‖H1 + C‖u‖L2‖∇u‖L2‖∇Θ‖L2 .
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Moreover, we have

‖∇θ‖L2 = ‖k′(Θ)∇Θ‖L2 ≤ C‖∇Θ‖L2 ,

‖∇2θ‖L2 = ‖k′(Θ)∇2Θ + k′′(Θ)∇Θ ⊗∇Θ‖L2 ≤ C(1 + ‖∇Θ‖L2)‖∇2Θ‖L2 .

Thus we infer that

‖∇θ‖2 ≤ C,
t�

0

‖∆θ‖22 ≤ C, ∀t ≤ T.(3.8)

Next we will get an Hs estimate. Applying Λs to the velocity equation
and computing the L2(R2) inner product with Λsu, we get

1

2

d

dt
‖Λsu‖22 = −

�

R2

Λsu[Λs, u] · ∇u dx+
�

R2

ΛsuΛs(θe2) dx,

where we have used the fact div u = 0. It follows from Hölder’s inequality
and Lemma 2.1 that

d

dt
‖u‖2Hs ≤ 2‖θ‖Hs‖u‖Hs + C‖u‖2Hs‖∇u‖∞(3.9)

≤ (‖θ‖2Hs + ‖u‖2Hs)(1 + C‖∇u‖∞).

Similarly, applying Λs to the temperature equation and taking the L2(R2)
inner product with Λsθ, we obtain

(3.10)
1

2

d

dt
‖Λsθ‖22 +

�

R2

κ(θ)|Λs∇θ|2 dx

= −
�

R2

Λsθ[Λs, u] · ∇θ dx−
�

R2

Λs∇θ · [Λs, κ(θ)− κ(0)]∇θ dx.

Obviously, ∣∣∣ �
R2

κ(θ)|Λs∇θ|2 dx
∣∣∣ ≥ C−10 ‖∇θ‖Hs ,(3.11)

and by Lemmas 2.1 and 2.2,

(3.12)
∣∣∣ �
R2

Λs∇θ · [Λs, κ(θ)− κ(0)]∇θ dx
∣∣∣

≤ ‖∇θ‖Hs

{
(1 + ‖θ‖∞)1+[s]‖θ‖Hs‖∇θ‖∞ + ‖∇θ‖∞‖θ‖Hs

}
≤ C‖θ‖Hs‖∇θ‖Hs‖∇θ‖∞ ≤

C−10

4
‖∇θ‖2Hs + C‖θ‖2Hs‖∇θ‖2∞,

where in the second inequality the estimates (3.3) and ‖θ0‖∞ ≤ C‖θ0‖H2

are used. For the last term of the right hand side of (3.10), we have∣∣∣ �
R2

Λsθ[Λs, u] · ∇θ dx
∣∣∣ ≤ ‖Λsθ‖4‖[Λs, u] · ∇θ‖4/3.
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Using the Gagliardo–Nirenberg inequality in 2-D, we obtain

‖Λsθ‖4 ≤ C‖Λsθ‖1/22 ‖Λ
s∇θ‖1/22 = C‖θ‖1/2Hs ‖∇θ‖1/2Hs .

Lemma 2.1 and the Gagliardo–Nirenberg inequality give

‖[Λs, u] · ∇θ‖4/3 ≤ C
(
‖∇u‖2‖∇θ‖Hs−1,4 + ‖u‖Hs‖∇θ‖4

)
≤ C

(
‖∇u‖2‖θ‖1/2Hs ‖∇θ‖1/2Hs + ‖u‖Hs‖∇θ‖1/22 ‖∆θ‖

1/2
2

)
.

Collecting the above three estimates, we finally get

(3.13)
∣∣∣ �
R2

Λsθ[Λs, u] · ∇θ dx
∣∣∣

≤ C−10

4
‖∇θ‖2Hs + C(‖θ‖2Hs + ‖u‖2Hs)(‖∇u‖22 + ‖∇θ‖22 + ‖∆θ‖22).

Combining (3.10) with (3.11)–(3.13) yields

d

dt
‖θ‖2Hs + C−10 ‖∇θ‖

2
Hs

≤ C(‖θ‖2Hs + ‖u‖2Hs)(‖∇θ‖2∞ + ‖∇u‖22 + ‖∇θ‖22 + ‖∆θ‖22).

This estimate together with (3.9) leads to

(3.14)
d

dt
(‖u‖2Hs + ‖θ‖2Hs) + C−10 ‖∇θ‖

2
Hs

≤ C(‖θ‖2Hs + ‖u‖2Hs)(‖∇u‖∞ + ‖∇θ‖2∞ + ‖∇u‖22 + ‖∇θ‖22 + ‖∆θ‖22).

By Gronwall’s inequality, we deduce

En , ‖u‖2Hs + ‖θ‖2Hs + C−10

t�

0

‖∇θ(τ)‖2Hs dτ

≤ (‖u0‖2Hs + ‖θ0‖2Hs)

× exp
(
C

t�

0

(1 + ‖∇u‖∞ + ‖∇θ‖2∞ + ‖∇u‖22 + ‖∇θ‖22 + ‖∆θ‖22) dτ
)
.

This inequality combined with (3.5) and (3.8) implies (3.1).

Step 2. Local well-posedness. Here, we construct local in time solu-
tions.

Theorem 3.2. Let s > 2 and (u0, θ0) ∈ Hs(R2). Then there exist T > 0
and a unique solution (u, θ) on [0, T ) of the Boussinesq system (1.3) such
that

u ∈ C([0, T ];Hs(R2)), θ ∈ C([0, T ];Hs(R2)) ∩ L2(0, T ;Hs+1(R2)).
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Furthermore,

(3.15) ‖u‖2
L̃∞(0,t;Hs)

+ ‖θ‖2
L̃∞(0,t;Hs)

+ ‖∇θ‖2
L̃2(0,t;Hs)

≤ (‖u0‖2Hs + ‖θ0‖2Hs) exp
(t�
0

Z(τ) dτ
)
,

with Z(τ) = F (‖θ‖L∞)(1 + ‖∇u(t)‖2L∞ + ‖∇θ(t)‖2L∞), where F (·) is a non-
decreasing function on R+.

Proof. We modify the proof in [19, Theorem 3.1] using Friedrichs’
method to construct approximate solutions. Define the projector operator
Pn by

F(Pnf)(ξ) = χBnF(f)(ξ), Ff(ξ) =
�

R2

f(x)e−ixξ dx,

where χBn is the characteristic function on the ball Bn centered at the origin
with radius n. The approximate system of (1.3) is

∂tun + PnP(Pnun · ∇Pnun) = P(Pnθne2),

∂tθn − Pn∇ · (κ(Pnθn)∇Pnθn) + PnP(Pnun · ∇Pnθn) = 0,

un(0, x) = Pnu0(x), θn(0, x) = Pnθ0(x).

(3.16)

Here P denotes the Helmholtz projection operator onto the divergence-free
fields, which is given by

P = (δij +RiRj)1≤i,j≤2
with Riesz transform Ri defined by

F(Rif)(ξ) =
iξi
|ξ|
Ff(ξ).

It is clear that PnP = PPn. It is known that system (3.16) has a unique
solution (un, θn) ∈ C([0, Tn];L2(R2)) for some Tn > 0. Thanks to P 2

n = Pn,
(Pnun, Pnθn) is also a solution of (3.16), so (Pnun, Pnθn) = (un, θn). Thus
approximate system (3.16) can be rewritten as

∂tun + PnP(un · ∇un) = P(θne2),

∂tθn − Pn∇ · (κ(θn)∇θn) + PnP(un · ∇θn) = 0,

un(0, x) = Pnu0(x), θn(0, x) = Pnθ0(x).

(3.17)

Next we will show energy estimates. Applying the operator ∆j to (3.17)
yields 

∂t∆jun + PnP∆j(un · ∇un) = P∆j(θne2),

∂t∆jθn − Pn∆j∇ · (κn∇θn) + PnP∆j(un · ∇θn) = 0,

∆jun(0, x) = Pn∆ju0(x), ∆jθn(0, x) = Pn∆jθ0(x).

(3.18)
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Multiplying both sides of the first equation in (3.18) by ∆jun and integrating
over R2, we obtain

1

2

d

dt
‖∆jun‖22 = −〈[∆j , un] · ∇un), ∆jun〉+ 〈P∆j(θne2), ∆jun〉(3.19)

≤ ‖[∆j , un] · ∇un‖2‖∆jun‖2 + C‖∆jθn‖2‖∆jun‖2
≤ ‖[∆j , un] · ∇un‖22 + C‖∆jθn‖22 + C‖∆jun‖22.

Here we have used the fact that div un = 0. Similarly, from the second
equation of (3.18) and div un = 0 we get

1

2

d

dt
‖∆jθn‖22 = −〈∆j(κn∇θn), ∆j∇θn〉 − 〈∆j(un · ∇θn), ∆jθn〉

= −〈κn∆j∇θn, ∆j∇θn〉 − 〈[∆j , κn]∇θn, ∆j∇θn〉
− 〈[∆j , un] · ∇θn, ∆jθn〉.

This equality implies that

(3.20)
1

2

d

dt
‖∆jθn‖22 +

C−10

2
‖∆j∇θn‖22

≤ C‖[∆j , κn − κn(0)]∇θn‖22 + C‖∆jθn‖22 + C‖[∆j , un] · ∇θn‖22.
Summing up (3.19) and (3.20) yields

d

dt
(‖∆jun‖22 + ‖∆jθn‖22) + C−10 ‖∆j∇θn‖22

≤ C
(
‖∆jun‖22 + ‖∆jθn‖22 + ‖[∆j , κn − κn(0)]∇θn‖22

+ ‖[∆j , un] · ∇un‖22 + ‖[∆j , un] · ∇θn‖22
)
.

Applying Gronwall’s lemma, it follows that

‖∆jun‖2L∞t (L2) + ‖∆jθn‖2L∞t (L2) +

t�

0

‖∆j∇θn(τ)‖22 dτ

≤ eCt
{
‖∆ju0‖22 + ‖∆jθ0‖22 + C

t�

0

e−Cτ
(
‖[∆j , κn − κn(0)]∇θn(τ)‖22

+ ‖[∆j , un] · ∇un(τ)‖22 + ‖[∆j , un] · ∇θn(τ)‖22
)
dτ
}
.

According to Lemma 2.5, we have, for s > 2,

‖un‖2L̃∞t (Hs)
+ ‖θn‖2L̃∞t (Hs)

+ ‖∇θn‖2L̃2
t (H

s)

≤ eCt(‖u0‖2Hs + ‖θ0‖2Hs) + CeCt
t�

0

e−Cτ
{

(1 + ‖θn(τ)‖∞)2[s]+2

× (‖∇un(τ)‖2∞ + ‖∇θn(τ)‖2∞)(‖un‖2Hs + ‖θn‖2Hs)
}
dτ,
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whence, owing to Gronwall’s inequality, we get

‖un‖2L̃∞t (Hs)
+ ‖θn‖2L̃∞t (Hs)

+ ‖∇θn‖2L̃2
t (H

s)

≤ (‖u0‖2Hs + ‖θ0‖2Hs) exp
(
C

t�

0

Zn(τ) dτ
)
,

with Zn(t) = F (‖θn(t)‖L∞)(1 + ‖∇un(t)‖2L∞ + ‖∇θn(t)‖2L∞).
These a priori estimates are sufficient to show the convergence of the

sequence (un, θn) towards a unique solution of problem (1.3). We refer the
reader to [19] for more details.

Step 3. Global well-posedness. Let us prove the following blow-up
criterion first.

Theorem 3.3. Let (u0, θ0) ∈ Hs(R2), s > 2. Suppose that u ∈ C([0, T ];
Hs(R2)), θ ∈ C([0, T ]; Hs(R2))∩L2(0, T ;Hs+1(R2)) is the smooth solution
to (1.3). If the vorticity ω corresponding to the solution u satisfies

T�

0

‖ω(τ)‖∞ dτ <∞,

then the solution (u, θ) can be extended beyond t = T.

Proof. Using Lemma 2.3 with f = ∇θ, we deduce

‖∇θ‖2∞ ≤ C(1 + ‖θ‖H1)2 log(e+ ‖θ‖2Hs).

Applying Lemma 2.4 , we obtain

‖∇u‖∞ ≤ C(1 + ‖ω‖∞) log(e+ ‖u‖2Hs).

So, by Theorem 3.1, we have

‖u‖2Hs + ‖θ‖2Hs ≤ (‖u0‖2Hs + ‖θ0‖2Hs)

× exp
(
CT +C

t�

0

(1 + ‖θ‖2H1 + ‖ω(τ)‖∞) log(e+ ‖u(τ)‖2Hs + ‖θ(τ)‖2Hs) dτ
)
.

Setting E(t) , log(e+ ‖u(t)‖2Hs + ‖θ(t)‖2Hs), the above inequality implies

E(t) ≤ E(0) + CT + C

t�

0

(1 + ‖θ‖2H1 + ‖ω(τ)‖∞)E(τ) dτ

for all 0 < t < T. Applying Gronwall’s inequality and (3.2), we obtain

E(t) ≤ (E(0) + CT )exp
(
C

t�

0

(1 + ‖ω(τ)‖∞) dτ
)
.

This completes the proof.
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Now let us turn to global well-posedness; we just need to show that

T�

0

‖ω‖∞ <∞.(3.21)

In fact, recall the vorticity equation

∂tω + u · ∇ω = −∂1θ.
Let p > 2. Multiplying the vorticity equation by |ω|p−2ω and integrating by
parts leads to

1

p

d

dt
‖ω‖pp =

�

R2

∂1θ|ω|p−2ω dx ≤ ‖ω‖p−1p ‖∇θ‖p.

where, in the last inequality, we have used Hölder’s inequality. Thus we have

d

dt
‖ω‖p ≤ ‖∇θ‖p.

By integrating in time over [0, T ], we deduce

‖ω‖p ≤ ‖ω0‖p +

T�

0

‖∇θ(τ)‖p dτ.

This implies that

‖ω‖∞ ≤ ‖ω0‖∞ +

T�

0

‖∇θ(τ)‖∞ dτ.

It follows from [19, Proposition 5.1] that

T�

0

‖∇θ‖∞ <∞.

Therefore estimate (3.21) holds true.
This completes the proof of Theorem 1.1.
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